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Abstract. We study the electromechanical behavior of a thin interphase, constituted
by a linearly piezoelectric anisotropic material with high rigidity, embedded between
two generic three-dimensional piezoelectric bodies by means of the asymptotic expansion
method. After defining a small real dimensionless parameter ¢, which will tend to zero,
we characterize the limit model and the associated limit problem. Moreover, we identify
the non classical electromechanical transmission conditions at the interface between the
two three-dimensional bodies.

1 INTRODUCTION

In the last decades the use of smart materials in aeronautical, mechanical and civil
engineering has provided a new degree of design flexibility for advanced composite struc-
tural members. This kind of technology is based on the ability to allow the structure
to sense and react in a desired fashion, improving its performances. The new concept of
adaptive structure requires, for instance, the use of piezoelectric sensors and actuators for
controlling the mechanical behavior of structural systems. Piezoelectric materials may
be integrated into a host structure to change its shape and to enhance its mechanical
properties with different configurations: for instance, a piezoelectric transducer can be
embedded into the structure to be controlled or it can be glued on it, as in the case of
piezo-patches. Moreover, the same piezoelectric actuators are often obtained by alternat-
ing different thin layers of material with highly contrasted electromechanical properties.
This generates different types of complex multimaterial assemblies, in which each phase
interacts with the others.

The successful application of the asymptotic methods to obtain a mathematical justi-
fication of linear and non linear plate models in elasticity [1] has stimulated the research
toward a rational simplification of the modeling of complex structures obtained joining
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elements of different dimensions and/or materials of highly contrasted properties. The
asymptotic analysis has been also used to formally derive simplified models for piezo-
electric plates, taking into account both sensor and actuator functions, see, for instance,
2, 3, 4], as well as pyroelectric and pyroelastic effects, see [5]. The direct solution of
a complex multimaterial problem by a standard finite element method is too expensive
from a computational point of view and the presence of strong contrasts in the geometry
and mechanical properties causes numerical instabilities. That is why specific asymptotic
expansions are used and allow to replace the original problem by a set of problems in
which the thin layer, for instance, is substituted by a two-dimensional surface. The thin
inclusion of a third material between two other ones when the rigidity properties of the
inclusion are highly contrasted with respect to those of the surrounding materials has
been deeply investigated in different functional frameworks in the case of linear elasticity,
see [6, 7, 8], and, also, in the case of thin conductor plates embedded into a piezoelectric
matrix [9].

In this work we consider a particular piezoelectric assembly, constituted by two generic
three-dimensional piezoelectric bodies separated by a thin piezoelectric interphase with
high rigidity. By defining a small real parameter ¢, associated with the thickness and the
electromechanical properties of the middle layer, we perform an asymptotic analysis by
letting e tend to zero, following the approach by P.G. Ciarlet [1]. Then we characterize the
limit model and its associated limit problem. Within the reduced model the intermediate
interphase “disappears” and it is replaced by a specific electromechanical surface energy
defined over the middle plane of the plate. This surface energy is then traduced in ad hoc
transmission conditions at the interface between the two piezoelectric bodies in terms of
the jump of stresses, electric displacements and electric potentials.

The paper is organized as follows. In Section 2 we define the notation and the position
of the problem. The limit model is then deduced through an asymptotic analysis, as
shown in Section 3. In Section 4 we determine the electromechanical interface problem.

2 THE PHYSICAL PROBLEM

In the sequel, Greek indices range in the set {1,2}, Latin indices range in the set
{1,2, 3}, and the Einstein’s summation convention with respect to the repeated indices is
adopted.

Let us consider a three-dimensional Euclidian space identified by R? and such that the
three vectors e; form an orthonormal basis. Let Q7 and 2~ be two disjoint open domains
with smooth boundaries Q% and 9Q~. Let w := {9QT NIN~}° be the interior of the
common part of the boundaries which is assumed to be a non empty domain in R? having
a positive two-dimensional measure. We consider the assembly constituted by two solids
bonded together by an intermediate thin plate-like body 2™*¢ of thickness 2h%, where
0 < € < 1 is a dimensionless small real parameter which will tend to zero. We suppose
that the thickness h® of the middle layer depends linearly on e, so that h® = eh.

More precisely, we denote respectively with Q¢ := {2° := x & ches; = € QF}, the
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Figure 1: The reference configuration of the multimaterial and the geometry of the interphase.

translation of Q1 (resp. 27) along the direction e (resp. —es ) of the quantity h, with
Q™ .= w x (—¢eh,eh), the central plate-like domain, and with QF := Q™ U Q"™ U Q™
the reference configuration of the assembly.

Moreover, we define with S*¢ := w x {£eh} = QF° N Q™= the upper and lower faces
of the intermediate plate-like domain, '+ := 90*¢/S%¢ and T := 0w x (—¢eh,ch),
its lateral surface, see Figure 1.

Let (I, p, ¢ y) and (IS, ) be two suitable partitions of 9QF := I'®° U T}, with
both I'Y ,, and I'¢,, of strictly positive Lebesgue measure. The multimaterial is, on one
hand, clamped along I, , and at an electrical potential ¢§ = 0 on I';;; and, on the other
hand, subject to surface forces ¢g; on I' \ and electrical displacement d* on I'¢y. The
assembly is also subject to body forces ff and electrical loadings F*© acting in Q°. We
suppose, without loss of generality, that Q"¢ and I'}; are both free of mechanical and
electrical charges. The work of the external electromechanical loadings takes then the
following form:

() o= /Q e+ Pt /

5
F'mN

g;vsdl® + / d*yedl®
I'en
We suppose that ff € L2(QF), Fe € L2(Q*F), gf € L*(T¢ ) and d° € L*(T%y). We fi-
nally assume that Q%¢ and Q"¢ are constituted by two homogeneous linearly piezoelectric
materials, whose constitutive laws are defined as follows:

o5 (u®, %) = Cfjpeeie(u’) — Py B (9°),
Di(u®, %) = Pl (u®) + H5E5(¢),

1, 7]

where (03;) is the classical Cauchy stress tensor, (ef;(u®)) := (3(d5u5 + 8}%?)) is the lin-
earized strain tensor, (Df) is the electrical displacement field, ¢° is the electrical potential
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and Ef(¢°) := —05¢° its associated electrical field. (Cf;,,), (Pf;,) and (Hf;) represent, re-

spectively, the classical fourth order elasticity tensor, the third order piezoelectric coupling
tensor and the second order dielectric tensor related to Q¢ and Q™.

Tensors (Cfy,), (H;) and (Py;) satisfy the following coercivity properties: for any sym-
metric matrix field (b;;), there exists a constant ¢ > 0 such that Crinebrebiy > CZ |bij %
for any vector field (a;), there exists a constant ¢ > 0 such that Haja; > cz |a;]?.
Moreover, we have the symmetries C7, = Cyyy; = C%ppy Hi; = H; and P = Pay

The electromechanical state at the equilibrium is determmed by the pair s := (u®, ¢°).
We define the functional spaces

Ve(QE,T°) = {ve € HY(Q%;R3); v =0 on ¥},
VeE(Qe,T9) = {v® € HY(QF); v* =0 on I'¥}.

The physical variational problem P¢ defined over the variable domain €2° reads as follows:

Find s* € VE(Q°, I ) x VE(Q2,1%,) such that (1)
A_’€<S€,T€)—|—A+’8<8877’8)—|—Am’5<8877’8) — LE<T‘E),

for all ¢ € VE(Q=,T¢ ) x VE(QF,T¢,), where the bilinear forms A%#(-,-) and A™(-, ")
are defined by
A7) = [ (ORI (v) + HE BB+
+ Efkg(Ef(W)eik(uE) — E; (¢%)ein(v9)) } dat,
(e, i [ O e (v) + H B () EE0)+
JDZ-’ZLE(Ef(i/J Jens(u®) — E7 (%) ehy(v7)) ) da”

By virtue of the VE(Q<, 1% ) x VE(QF, 1% ,)-coercivity of the bilinear forms and thanks
to the Lax-Milgram lemma, problem (1) admits one and only one solution.

3 ASYMPTOTIC ANALYSIS

In order to study the asymptotic behavior of the solution of problem (1) when ¢ tends
to zero, we rewrite the problem on a fixed domain €2 independent of . By using the
approach of [1], we consider the bijection 7° : x € Q +— 2° € Q given by

(21, X2, x3) = (21, 22,23 — (1 —¢h)), forall z € Qtr,
(21, o, x3) = (T, T2, £x3), for all z € Q"
7 (21, T2, 3) = (21, 79,03 + (1 — h)), forall x € Q,,

try

where QFf = {z +e3, € QF}, O = w x (=h,h) and S* := w x {£h}. In order
to simplify the notation, we identify QF with QF, and Q with Q ua™ Likewise, we

4
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note [y := 90F/S%, T, := 0w x (—h,h), (Typ, Lmn) and (Tep, Cen), the partitions of
o0 :=TEUTpy,.

Consequently, 05, = 0, and 05 = %83 in Q™.

With the unknown electromechanical state s° = (u®, ¢°), we associate the scaled un-
known electromechanical state s(e) := (u(e), p(€)) defined by:

uE (2°) = ug(e)(z) and ug(2°) = e tus(e)(z) forall af =7z € Q'
©°(2°) = ep(e)(x) for all 2° =z € Q"

We likewise associate with any test functions r¢ = (v,1¢), the scaled test functions
r = (v,1), defined by the scalings:

Ve (2°) = vo(z) and v§(2°) = e lug(z) for all 2° = 7 € Q"7

e (2°) = () for all 2 = mez € Q™.

For ¢ sufficiently small, we associate with the constant functions C’;I’;, Hg’a, P;f :
ﬁi’a — R the constant functions Cii]r‘kza H, P ﬁi — R defined by

ij0 ~igk
:l:,E R + :l:,E R + :l:,E . + g __ € _:lt,E
Ciine = Chpey Hiy" = H;, Pyp= P forallaf=m (x) e Q7

and we associate with the constant functions CJ55, Hjj", Py° 0™ = R the constant

o ij 0 T ijk
functions Ci7y,, Hi', P : & — R defined by

me . 1,m me . 1rrm me . 1 pm e _ € e ki

We also make the following assumptions on the applied mechanical and electrical forces:

fe(zf) = fi(x) and g¢5(2°) = gi(x) for all 2 = 7°x € ﬁi’e,
Fe(zf) = F(z) and d°(2°) =d(z) for all 2° = 7°x € ﬁi’e,
where functions f; € L*(QF), F € L*(Q%), g; € L*(T,,n) and d € L*(T.n) are indepen-

dent of €. Thus L*(r¢) = L(r).
We define the spaces

V(Q,T):={ve H(QR?); v=0 on T},
V(Q,T):={ve H(Q); v=0 on I}

According to the previous assumptions, problem (1) can be reformulated on a fixed domain
) independent of . Thus we obtain the following scaled problem P(¢):

{ Find s(¢) € V(Q,T,.p) X V(Q,Tep) such that @)
A7 (s(e),r) + AT (s(e), 1) + A" (e)(s(€), ) = L(r),
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for all € V(Q,T,,p) x V(,Tep), where the bilinear forms A*(-,-) and A™(e)(:,-) are
given by
:/Q {Chrere(u(e))ei; (v) + H50;0(e) 0+

+ P (Ei(¥)enk(ule)) — Ei(p(e))en(v)) } da,
A™(e)(s(e),r) == Za™y(s(e),r) + ZaTs(s(e),r) + ZaTy(s(e), r) + 1a™ (s(e), )+
+ag'(s(e),r) +eal(s(e),r) + e*as'(s(e), 1),

with
a”y(s,r) = /m Ci3ssess(u)ess(v)de,
a™y(s,r) = / 207 qs(es3(0)eas(V) + eqs(u)ess(v))de,

(5:7) = | {Cllslenlu)eas(v) + coslwesn(v)) + 4T eun(uesalv)
+P333(8390633( ) — e33(w)0s9)) pd,
a™ (s,r) = Qm{QCoTﬁa?)(eU?’(u)eOéﬁ(v) + eqp(1)ess(V)) + Pras(Oapess(v) — ess(1)0at))+
+2P5n 4 (05p€as3(V) — eqs(u)05¢) bz,
R (5:7) = [ {Cliortar (Weas(v) + 2P Ouspen(v) = em(w)0uw) + HSOupOhu+
Py (Oapanlv) — canlw)Oui)
P(5.7) = [ AP Oupesnl¥) — esa(wat) + HE}(OuiOuts + OutOu) } d

ay'(s,r) ::/Q H 50500410 dx.

The rescaled variational problem (2) has a unique solution in V(2,T,,p) x V(Q,Tp)
by virtue of the Lax-Milgram lemma. In the sequel, only if necessary, we will note,
respectively, with (v*,¢%) and (v™, ™), the restrictions of functions (v,?) to Q* and
Qm,

We can now perform an asymptotic analysis of the rescaled problem (2). Since the
rescaled problem (2) has a polynomial structure with respect to the small parameter e,
we can look for the solution s(¢) = (u(e), ¢(¢)) of the problem as a series of powers of ¢:

ue) =u’ +eu +2u®+ ...
o) = P + el + 20 + ...

with s = (u?,¢?) € V(Q,T',,p) x V(Q,Tep), ¢ > 0. By substituting (3) into the rescaled
problem (2), and by identifying the terms with identical power of £, we obtain, as cus-

s(e)=s"+est +e22+ ... = {

, (3)

6
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tomary, a set of variational problems to be solved in order to characterize the limit elec-
tromechanical state s = (u°, ¢°) and its associated limit problem.

3.1 The limit model

When dealing with the asymptotic models for piezoelectric plates, the scaling that we
use for the electric potential is commonly associated with a piezoelectric actuator plate
(see [3]). By identifying the terms with identical power, we define the following set of
variational problems:

Py am™(s%r) =0,

P_z: a™(st,r)+amy(s%r) =0,

Py a™(s*r)+amy(sh,r) +am (s r) =0,

P_y:oa™(s3r) +am(s3r) +amy (st r) +a™ (s ) =0,

Po:  amy(str)+am(s3r) +amy (s r) + a™ (st r) + ad (0 )+
+AT(s%r) + A (s r) = L(r)

To proceed with the asymptotic analysis we need to solve each variational subproblem
above and characterize the limit electromechanical state s° = (u°, ©°) and its associated
limit problem.

We start by solving problem P_,. Let us choose test functions r = s € V(Q,T,,,p) x
V(Q,Tep):

/ ngggegg(uo)egg(uo)dl‘ =0.

Since Cilyy > 0, we have eg3(u’) = 0 and, thus, u§"® = w(%), with # = (z,) € w.

Let us consider problem P_3. Since es3(u’) = 0, we get

/ {0£33633(u1) + 202?5336043(110)} 633(V)d[L‘ = O,
Qm

. . . 20
which is satisfied when egs(u') = — et e 3(u).
3333

Let us consider problem P_, with test functions vs = 0:

gy O
/ ( 0333 — M) es3(u!)O5vadr = 0.

This implies that ez3(u') = 0 and, thus, e,3(u’) = 0, i.e., u™0(Z, x3) = 00 (7) —230,w°(Z).
The displacement field u™° corresponds to a Kirchhoff-Love-type kinematics and it be-
longs to Vg (™ T0 ) = {v € H'(Q™R3); e3(v) =0, v=0onI%,} = {v e
H'(w;R?*) x H*(w); v; = ,v3 = 0 on v}, where TY , := 7y x (—h,h) C I}, denote the
fixed part of the boundary I'}7, of the plate-like body.

By choosing test functions v, = 0, problem P_j is verified when

01?533633(“2) + 202%336043(111) + 00%336046(“0) + P§§383800 =0. (4)

7
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By taking into account test functions vz = 0 in problem P_;, we obtain that:

Cl3a3e33(u ) + 2073, 3€03(1 ) +C 573€aﬁ< ) + P§Z383<p0 = 0. (5)

The linear system constituted by equations (4)-(5)

{ C33ze33(u ) +2C 333€a3(u1) = _00%336015(“0) - P§7§383g00,
Cligzess(0?) + 2075 seq3(ut) = _C(%T:seaﬁ(uo) — P05,

admits one and only one solution, such that

{ 603(111) = Aﬂk(cgbﬁkfieaﬁ( ) + P£383()00)7 (6)
ez3(u?) = 2A3k(0a6k3605< u’) + P§713383<P0)-

Coefficients A, = Ay; are shown below

[ m m m 1 _  m m
A= El]kCi31BCj323Ck3337 Ay = AEkZJCi32BCj3337
Agy, = _A5k1]0j3130i3337 Agp, = Aekwci313cj323’

and e€;; denotes the Ricci’s alternator symbol.
We define the following functional spaces:

V= = {vF e V(O Thp), v € Vo (", TV p); vE[se = v™[gx},
\If = {y € L*(Q™); O3 € L*(Q™)},
U= {yF € V(QF,Top), ™ € W; oh*[ge = ¢™s= .

Let us consider problem P,. By choosing test functions r € V x \Tl, and by means of the
relations (6) among u?, u’ and °, one obtains the following limit problem:

{ Find s° € V x ¥ such that 7)

A2, r) + A (O, r) + AT, (sO,r) = L(r) forall r € V x W,

where
A (0 r) = O eor(U°) + P 050%)eas(v) — (P seas(u®) — HIO50°) 051 b da.
KL ’ afor~0T 3ap 3¢ )€ap 3apta 3303¢ 3

The reduced electromechanical coefficients Caﬁm,

ngﬁ and H 34 are listed below

Cm

afp3~oTq3’

Hyy = Hzs — 20, Py s Py

~m ="M 4 Zqu

aBor * afot P?fgzﬁ = ngzﬁ + 2qu PZZ]L?)?

afp3

The limit electric potential ™ can be explicitly characterized as a second order poly-
nomial function of z3. Indeed let us consider the limit problem (7) and choose test

8
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functions r = (0,v) € V x . By integrating by parts, we obtain the following equation
with its associated continuity conditions of the electric potential at the interfaces S=:

pm
3a .
aggtpm’o = — ~nf 8a5w0 mn Qm,
33

"0 (w1, w2, h) = ¢

4,0 0 ) n
, @™y, e, —h) = on S&,

where 0 := ©*0(xy, 29, &h). The electric potential can be written as follows

2
SOmO {L‘l,l’g,l’g Z¢k $1,$2 (8)
k=0
with
¢0 _ SOJF’O + Spi’o + h2 30458 0 1 _ SOJF’O - 90770 2 3056
= hpW*, Q= Q7=
2 2H§7§ 2h 2H§§

Remark. The previous characterization of the electric potential ™ is a rigorous jus-
tification of the a priori assumptions conjectured by Bernadou and Hanel [10] and it
represents the complete anisotropic generalization with respect to the paper [11]. We can
also notice that the regularity of the electric potential only depends on the regularities
of ™0 and of w®. Hence, o™ € L*(w) and w°® € H?(w) imply that ¢™° € . The
space W with the norm [[¢[|§ = [¥[5gm + [051]§ om can be identified with the space
H'(=h, h; L*(w)) endowed with the usual norm. Therefore, the trace of the elements of
U on S* makes sense in L?(S%).

3.2 A different form of the limit problem

By taking advantage of the explicit form (8) of the electric potential ©™° and of the
Kirchhoff-Love displacement field u™? := (4™ = @0 (%) — 230,w’(&), uf"’ = w'(%)),
with u%, = (@), we rewrite problem (7) in a different way: the bilinear form, defined on
Q™. will be associated with a two-dimensional appropriate bilinear form defined over the
middle plane w of the plate, which represents the interface between QF and Q.

Thus, by choosing test functions ™ (z, z3) = ¥°(%) + z30'(z) + x30*(z) € U™, with
Pl = [[2%]] € L*(w), and v"™ := (v = 02(Z) — x30,v3(T), v = v3(Z)) € Vg, the bilinear
form A%, (s, r), defined over Q™ can be identified with an equivalent two-dimensional

bilinear form K% (8%, 7), defined over w, as follows:

A ) = 2n [ {(Coreontaty) + P LD ot

Sm o [T [¥1 20° [ -
+ <_P3a66045< ) H33 oh o dzx + ? QBUT&,TwO@agvgdx,

w
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P P
where A7 = (%UT % and [[f] := f* — f~ denotes the jump function at the
33

interface w between Q1 and Q™.
Hence the limit problem (7) takes the following equivalent form

Find s° € V x U such that
AH(SO, 7)) + A= (0,r) + A (0, r) = L(r) for all 7 € V x U.

4 THE ELECTROMECHANICAL INTERFACE PROBLEM

The aim of this section is to derive a coupled electromechanical interface problem
between the two piezoelectric bodies Q7 and Q- with some ad hoc transmission con-
ditions at the interface w. By virtue of the asymptotic methods we replace the three-
dimensional electromechanical energy of the intermediate piezoelectric layer with a specific
two-dimensional surface energy defined over the middle plane of the plate. This surface
energy generates non classical transmission conditions between the two three-dimensional
bodies. We distinguish, respectively, between the electric and the mechanical interface
problems, each one with their associated appropriate transmission conditions. By rewrit-
ing problem (7) in its differential form after an integration by parts and by using the
expression (8) of the limit electric potential, we obtain:

Electrostatic problems in Q*  Elasticity problems in OF

0;DF(u’, %) = F in QF, _ajgéﬁ(uo,w) = f; in QF,
DF(u’, p"n; =d on oy, Uij;-(u @)y =g;  on Dpy,

<p0 =0 on I'.p, uw =0 onI',,p,

Transmission conditions on w

[Ds(u®, ")) =0 on w,
[o0s (0, )] — Pirs[05¢°] = Osnap(uly) on w,
[[033(1107 900)]] = OapMap(w 0) on w,
[u’] =0 on w,

where 075 (u’, ") := C’Zj;k

ije]k( u’) + HiEj(cp ) is the electric displacement field, n,g(u%) := 2h aﬁwe”(u%)

i
2hn*
3 aBoT

ere(u’) — P

1 Er(¢?) is the Cauchy stress tensor, DF(u°, %) =

the membrane stress tensor, while mz(w w?) = — 0,,w? is the moment tensor.
Remark 2. The previous electromechanical interface problem can be considered as a
generalization in the case of piezoelectric assemblies of the transmission problem obtained
in [7, 8] for thin elastic inclusions with high rigidity. The particular jump conditions at
the interface yield to a non standard transmission problem which can be solved by an
adapted Neumann-Neumann domain decomposition algorithm [12].

10
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5 CONCLUDING REMARKS

In the present work we derive an interface model corresponding to a generic piezo-
electric assembly with a piezoelectric interphase through an asymptotic analysis. The
middle layer is replaced by a particular surface energy which is associated with ad hoc
transmission conditions at the interface of the two bodies. This model is extremely versa-
tile because it can capture the electromechanical behavior of different assemblies, just by
varying the nature of the constituent materials. Here, we propose the more general situa-
tion, in which the multimaterial is constituted by three different anisotropic piezoelectric
materials. However, we can adapt the model by using other material combinations: for
instance, we can choose two elastic and conductor bodies separated by an intermediate
piezoelectric layer, which could describe the behavior of a piezoelectric actuator embedded
within a certain structural member.

As future developments, we would like to prove the strong convergence of the solution
of the physical problem towards the solution of the limit problem, in order to mathemat-
ically justify the limit model. Moreover, we would like to study more complex interface
problems taking into account thermo-electromagnetoelastic couplings and time-dependent
phenomena.
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