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Abstract. In this paper, viscoplasticity is adopted as regularization technique to avoid the 

mesh sensitivity problem in strain localization simulation of multiphase geomaterials in quasi-

static and isothermal conditions. Drucker-Prager yield surface with isotropic linear 

hardening/softening and non-associated plastic flow is used for simplicity. The regularizing 

effect of viscoplastic model is analyzed by numerical simulation of an undrained plane strain 

biaxial compression test on initially water saturated dense sand. Mesh sensitivity is examined 

by using different spatial discretization and the results denote the crucial influence of the 

loading velocity on the viscous regularization of quasi-static process.  

1 INTRODUCTION 

Strain softening in geomaterials is usually accompanied by localized deformation and lead 

to ill-posedness of the boundary value problem when a Cauchy continuum is used. 

Mathematically, it has been widely recognized that the governing differential equations loοse 

ellipticity and become ill-posed at the onset of localization, as a consequence of material 

instability. The boundary value problem may exhibit an infinite number of linearly 

independent solutions or the solutions of the boundary value problem do not depend 

continuously on the data [1]. From the numerical point of view, ill-posedness is manifested by 

excessive pathological sensitivity of the results to the size of finite elements. 

In the framework of single phase solids, several techniques for regularizing the quasi-static 

(or dynamic), boundary (or initial) value problem with material instability can be found in the 

literature [2,3,14,18,19,21,28]. In case of multiphase porous media, strain localization 

problems have been studied the recent years, using rate-dependent constitutive models 

[5,16,25,27], gradient plasticity models [29] or by using a micropolar continuum [6].  

Aiming at geotechnical applications, the coupling of the solid deformation with the pore-

fluid flows is of great importance and should not be neglected. The objective of the present 

paper is to simulate strain localization of multiphase materials without mesh dependency. 

Herein, viscoplasticity is adopted as regularization technique in the post bifurcation regime. 

More specifically, a local viscoplastic constitutive model of Perzyna type and its consistent 

viscoplastic tangent operator have been formulated and implemented in the finite element 
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code Comes-geo [7,8,9,15,23,24] developed at the University of Padua based on the 

multiphase porous media model developed in [15]. The effectiveness of the model is 

examined by the simulation of a biaxial compression test. The results indicate that rate 

dependency prevents strains from localizing into infinitely narrow bands when the mesh is 

refined. 

2 MATHEMATICAL MODEL 

The full mathematical model necessary to simulate the thermo-hydro-mechanical transient 

behaviour of variably saturated porous media has been developed within the Hybrid Mixture 

Theory in [15,26] following [10,11,12,13].  

The variably saturated porous medium is treated as a multiphase system composed of solid 

skeleton (s) with open pores filled with liquid water (w) and gas (g). The latter, is assumed to 

behave as an ideal mixture of dry air (non-condensable gas, ga) and water vapour 

(condensable one, gw). The solid is deformable and non-polar and the fluids, solid and 

thermal effects are coupled. All fluids are in contact with the solid face.  In the model, heat 

conduction and heat convection, vapour diffusion, (liquid) water flow due to pressure 

gradients or capillary effects and water phase change (evaporation and condensation) inside 

the pores are taken into account.  

In the partially saturated zones the liquid water is separated from its vapour by a concave 

meniscus (capillary water). Due to the curvature of this meniscus, the sorption equilibrium 

equation [10] gives the relationship p
c
=p

g
-p

w
 between the capillary pressure p

c
(x,t) (also 

known as matrix suction), gas pressure p
g
(x,t) and water pressure p

w
(x,t) where, x is the vector 

of the spatial coordinates and t the current time. Note that pore pressure is defined as 

compressive positive for the fluids, while stress is defined as tension positive for the solid 

phase.  

The state of the medium is described by gas pressure p
g
, capillary pressure p

c
, temperature 

T and displacements of the solid matrix u. The balance equations were developed in 

geometrically linear framework and are written here at the macroscopic level considering 

quasi-static loading conditions. 

For the sake of completeness the model is only briefly summarized in this section and 

more details can be found in [23]. In what follows symbols in bold indicate vectors or tensors.  

2.1 Equilibrium equation 

The equilibrium equation of the mixture in terms of generalized effective Cauchy’s stress 

tensor σ′(x, t) [15,20] assumes the form: 

 div 0
g c

w- p - S p + ρ =   1 gσ  
(1) 

where ρ = [1-n]ρ
s
+nSwρ

w
+nSgρ

g
 is the mass density of the overall medium, n(x, t) is the 

porosity, Sw(x, t) and Sg(x, t) are respectively the water and gas degree of saturation, g is the 

gravity acceleration vector and 1 is the second order identity tensor. The form of Eq. (1) 

assumes the grain incompressible, which is common in soil mechanics.  In order to consider 

compressible grains, the Biot coefficient should be present in front of the solid pressure (this 

becomes important when dealing with rock and concrete). 
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2.2 Mass balance equations 

The mass conservation equation for the mixture of solid skeleton, water and its vapour is: 
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where k

(x, t) = k


(x, t)1 is the intrinsic permeability tensor of the porous matrix in π-fluid 

saturated condition [m
2
], which is assumed to be isotropic, k

r
(x,t) is the fluid relative 

permeability parameter and 
(x, t) is the dynamic viscosity of the fluid [Pa·s], with π= w, g.  

gw

gD is the effective diffusivity tensor of water vapour in the gas phase contained within the 

pore space, βswg = βs(1-n)·(Sg ρ
gw

+ ρ
w
Sw) and Mα, Mw and Mg(x,t) are the molar mass of dry 

air, liquid water and gas mixture, respectively. 

Similarly, the mass balance equation for the dry air is: 
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g
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(3) 

2.3 Enthalpy balance equation 

The enthalpy balance equation of the mixture has the following form: 

 

 

w

vap vap
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(4) 

where, ρ(Cp)eff is the effective thermal capacity of the porous medium,   , w

pC tx  and  , g

pC tx
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are the specific heat of the water and gas mixture respectively, and χeff(x, t) is the effective 

thermal conductivity of the porous medium. The right hand side term of Eq. (4) considers the 

contribution of the evaporation and condensation.  

2.4 Constitutive equations 

To complete the description of the mechanical behaviour, constitutive equations have to be 

specified. For the gas phase which is assumed to be a perfect mixture of two ideal gases, the 

state equation of a perfect gas (Clapeyron’s equation) and Dalton’s law are applied to dry air 

(gα), water vapour (gw) and moist air (g). In the partially saturated zones, the water vapour 

pressure p
gw

(x, t) is obtained from the Kelvin-Laplace equation. The saturation Sπ(x, t) and the 

relative permeability k
rπ

(x, t) are experimentally determined functions of the capillary 

pressure p
c
 and the temperature T.  

The behaviour of the solid skeleton is described within the framework of elasto-

viscoplasticity theory for geometrically linear problems. In order to take into account the 

dilatant/contractant behaviour of sands, the yield function F(p', s', q) is developed in the form 

of Drucker-Prager for simplicity: 

   F F 0

2
F , , q = 3α + - β c + Hq

3
p p   s s  

(5) 

In Eq. (5) p' = (1/3)trσ' is the mean effective Cauchy pressure, ||s'|| is the norm of the 

deviator effective Cauchy stress tensor σ', c0 is the apparent cohesion, αF and βF are two 

material parameters related to the friction angle φ of the soil defined by Eq. (6), H is the 

hardening/softening modulus and q is the equivalent viscoplastic strain. The flow rule is of 

non-associated type, with the plastic potential function given by Eq. (5) but with the dilatancy 

angle ψ substituting the friction angle in Eq. (6). 

F F

2 sinφ 6cosφ3
α = 2     ,      β = 2

3 - sinφ 3 - sinφ
 

(6) 

The viscoplastic constitutive relationships employed to model the soil behaviour are briefly 

outlined in the following section. 

3 CONSTITUTIVE EQUATIONS FOR VISCOPLASTICITY 

In viscoplasticity theory an important distinction from the inviscid plasticity theory stems 

from the fact that in the former the current stress states can be outside the yield surface and 

hence the yield function may have a value larger than zero, whereas in the latter such states 

are not allowed. Therefore, the Kuhn-Tucker conditions are not applicable in viscoplastic 

models.  

The total strain rate in an elasto-viscoplastic material is additively decomposed into an 

elastic and a viscoplastic strain rate: 

e vp
= +ε ε ε  

(7) 
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where the superimposed dot denotes time derivative. The stress rate is related to the strain rate 

via the following constitutive relation: 

 e vp
:σ = D ε - ε  (8) 

where D
e
 is the fourth-order elastic tensor and double dots “:” denote the doubly contracted 

tensor product.   

Two commonly used models, the Perzyna model [22] and Duvaut-Lions model [4] belong 

to this category.  The difference between these two models is based on the different choice of 

the viscoplastic strain rate. Herein the first model will be treated. 

In the theory proposed by Perzyna, the viscoplastic strain rate is determined by the gradient 

of a plastic potential function calculated at the current stress point: 

N

vp

0

F

F

Q
= γ φ

σ'

 
  
 




ε  

(9) 

with F being the yield function, F0 introduced as a reference fixed value making F/F0 

dimensionless, γ is a “fluidity” parameter which depends on the viscosity η of the material 

(γ=1/η) and can be constant or a function of the stress or strain rate, N is a calibration 

parameter (N ≥ 1) and Q is the viscoplastic potential function. Associative flow is invoked by 

Q=F. 

In above equation, “<·>” are the McCauley brackets, such that: 

 
   

 

φ x   if   φ x 0
φ x =

0        if   φ x < 0





 

(10) 

5 NUMERICAL EXAMPLE  

In this section, the elasto-viscoplastic model presented above is applied to a plane strain 

compression test in case of an initially water saturated dense sand. The regularizing effect on 

the respective numerical simulations is discussed. The example problem was inspired by the 

work of [17,23]. Mesh sensitivity of the results is examined by using three different finite 

element discretisations. The meshes consist of 85, 340 and 1360 quadrilateral elements 

respectively, for a rectangular sample of homogeneous soil of 34 cm height and 10 cm width. 

The specimen is kept fixed horizontally and vertically at the bottom surface whereas the 

boundaries are impervious and adiabatic. Axial compression is applied to the specimen by 

imposing vertical velocity on the top nodes. Two different loading velocities were used 

(1.2mm/s & 0.2mm/s) to examine the influence of loading velocity on the viscous 

regularization of quasi-static process. Details concerning the material parameters used in the 

computation can be found in [23].  

Figure 1 shows the contours of the equivalent viscoplastic strains in case the viscous 

parameter (η) is set equal to 30sec and a loading velocity (v) of 1.2 mm/sec is applied on the 

top surface. The mesh refinement has no influence on the width of shear band (especially for 

meshes with 340 and more elements) and hence the results are mesh insensitive. Mesh 

independency of the results is also detected from the plot of the equivalent viscoplastic strains 

in the vertical centre section of the sample in Figure 2(a), where proper similarity between the 
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meshes is observable.  

The importance of the considered viscous parameter and the influence of the loading 

velocity on the material response, are evidence through Figures 2, 3. In particular, Figure 2(b) 

clearly shows the dependence upon mesh refinement of both the shear band width and 

maximum value of viscoplastic strain, when decreasing six times the loading velocity but 

keep constant the viscous parameter (η = 30sec). In contrast to the mesh-dependent behaviour 

depicted in Figure 2(b), the results coming from the simulations with increasing viscous 

parameter up to 110 sec show much better characteristics (Figures 3 and 4). In these figures 

are presented the equivalent viscoplastic strains in the vertical centre section of the sample for 

the three discretisations and the corresponding contours respectively, for η=30sec and 

v=0.2mm/sec. No fundamental difference can be detected for results obtained by meshes with 

340 or more elements.  

 

   
5x17 elements 10x34 elements 20x68 elements 

Figure 1: Equivalent viscoplastic strain contours in case v=1.2 mm/s and viscosity η=30 sec for coarse (5x17), 

intermediate (10x34) and fine (20x68) mesh respectively. 

 
 

(a) (b) 

Figure 2: Distribution of the equivalent viscoplastic strains in the vertical centre section of the specimen for 

three meshes and viscosity η=30 sec in case (a)  v=1.2 mm/s and (b) v=0.2 mm/s. 
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Figure 3: Distribution of the equivalent viscoplastic strains in the vertical centre section of the specimen for 

viscosity η=110 sec in case v=0.2 mm/s. 

   
5x17 elements 10x34 elements 20x68 elements 

Figure 4: Equivalent viscoplastic strain contours in case v=0.2 mm/s and viscosity η=110 sec for coarse (5x17), 

intermediate (10x34) and fine (20x68) mesh respectively. 

6 CONCLUSIONS 

In the current study, the Perzyna elasto-viscoplastic model is employed to regularize the 

numerical solution in localization process, for the scope of mesh independency. The model is 

implemented in the finite element code Comes-geo developed at the University of Padua, 

based on the multiphase porous media model by [15]. The behaviour of the solid skeleton is 

described, within the framework of elasto-viscoplasticity theory, by the yield function in the 

form of Drucker-Prager.  

Numerical results of strain localization in globally undrained dense sand have been 

presented for three different meshes. The results of mesh sensitivity analysis indicate that the 

shear band width is not exclusively governed by the viscous parameter, but depends also on 

the applied loading velocity. In fact, if a viscous parameter is given, for a low loading velocity 

the shear band width is narrow and the viscoplastic solution has mesh dependency, as the 

elastoplastic one. In this case, a higher loading velocity should be considered to obtain mesh 

independent results. In other words, for a material characterized by a specific value of 
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viscosity the effect of loading velocity is crucial for the regularization of the numerical 

solution. 

It should be noted that in the present work the elasto-viscoplastic model is used to obtain a 

regularized numerical solution and not with the aim to describe the real viscous behaviour of 

the soil. The behaviour of the fluids on the aforementioned plain strain localization test will 

be discussed in a future work. 
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