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Abstract. The Finite Element (FE) computations of complete aircraft structures sub-
jected to impact loads requires the use of “super-elements” for the modelling of the riveted
assemblies. Macro-elements for the fastener have been developed and validated, but, the
structural embrittlement caused by holes in the sheets is not taken into account in this
modelling. Some of the authors of the paper formulated and validated a hybrid-Trefftz
perforated super-element able to take into account the stress concentrations due to the
hole. The hole boundary however was intrinsically a load-free analytical boundary mak-
ing impossible the interaction of the super-element for the perforated plate with the rivet
macro-models. In this paper, a new 16-node hybrid-Trefftz perforated super-element fea-
turing 8 nodes on the hole boundary is formulated in order to model this interaction
thanks to the new nodes and the FE hole boundary. The new perforated super-element
is first validated by considering no loads applied on the nodes of the hole boundary. It is
shown that the results obtained with the new super-element are very accurate whatever
the test-case considered (e.g., tension, shear) and that the super-element is cost-efficient.
The second step of the validation, which consists in considering, in the test-cases, nodal
concentrated forces applied on the hole boundary, is in progress.

1 Introduction

Finite element analysis of airframe under High Velocity Impacts hardly succeeds in
representing the failure of the structure when it occurs in riveted joint areas. However,
experimentations show that the aircraft structure survivability is tightly related to the
mechanical behaviour of riveted assemblies. The loads that occur in the riveted area
can result in fasteners rupture and in cracks initiation along the hole boundaries in the
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sheets, which can lead to the catastrophic loss of the aircraft (cracks propagation along
rivet lines, dismantlement of structural parts). Consequently, in order to properly predict
the structure survivability, it is necessary to model accurately the behaviour of riveted
assemblies in structural computations. Because of the large difference in scale between
the aircraft and the assembly, and the large number of fasteners on complete structures,
a refined FE modelling of each assembly is obviously not suitable to take into account the
influence of the assemblies within the FE computation. For several years, the research in
this domain is focused on the development of “macro-elements”. The assembly is often
represented with 1D element whose nodes are connected to two conventional shell elements
using kinematic conditions.

At first, macro-elements (1D beam, spring) dedicated to the modelling of fasteners have
been formulated and validated. The most advanced formulations are able to describe the
non-linear behaviour of the rivet until rupture [1, 2]. However, the experimental and com-
putational results comparison has shown that the structural stiffness was overestimated
by the numerical model and the plastic strain within the FE shell elements connected to
rivets was not efficiently enough predicted so as to initiate the failure of the sheet metal
plates [3, 4]. The assembly modelling suffers in fact from a lack of representativeness.
The structural embrittlement caused by holes in the sheets is not introduced in the con-
ventional shell elements to which rivets macro-elements are connected. The forces are
moreover not correctly transferred from the rivet macro-element to the shell elements.
The interaction between the fastener and the perforated sheets is improperly taken into
account, and, several failure modes (e.g., bearing, pull-through) can not be handled.

In order to improve the modelling of riveted assemblies in structural computations,
“super-elements” featuring a hole have been studied. Piltner [5], Zhang et al. [6], Dhanasekar
et al. [7], and Qin et al. [8] developed perforated super-elements for various applications
(computation of stress concentration factor, mechanical analysis of heterogeneous mate-
rial, etc.). More recently, Leconte et al. [9] developed a 8-node perforated super-element
for the modelling of riveted assemblies (plane stress/strain element). It allows to compute
accurately and efficiently (cost-efficient due to few degrees of freedom (dofs)) the displace-
ment and stress fields in particular around the hole for any external load case considered
in plane elasticity. Nevertheless, even if the stress concentrations due to the hole in the
sheet can now be taken into account in structural computations, the interaction between
both the rivet and the sheet macro-models can not be handled because the hole bound-
ary of the perforated super-element is a load-free analytical boundary, preventing any
connections with rivet elements.

The authors propose to formulate a new perforated super-element which features nodes
on the hole boundary in order to allow the interaction with a rivet macro-element via these
new nodes and the FE hole boundary. The proposed formulation is based on the previous
8-node super-element to which 8 new additional nodes have been added on the hole
boundary. The number of nodes placed on the hole boundary of the new super-element
is chosen by the authors so that the super-element is efficient (compromise between the
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accuracy and the number of dofs) and that the interaction between the proposed super-
element and the rivet macro-element is properly modelled. The developments and the
validation of a 16-node Hybrid-Trefftz (HT) perforated super-element featuring 8 nodes
for the hole boundary which can be loaded is consequently presented in this paper.

2 Formulation of a new perforated super-element featuring nodes on the hole
boundary

The new perforated super-element (Fig. 1) is a generalization of the previous 8-node
hybrid-Trefftz FE developed by Leconte et al. [9], which did not feature internal nodes
on the hole. Its formulation is based on a HT displacement variational principle in which
the hole boundary, denoted by Sp, is now taken into account. The super-element is
supposed to be completely surrounded by conventional FEs, and, is formulated so that the
displacement compatibility is required and ensured on the external inter-element boundary
only, denoted by Si. The displacement compatibility is however not ensured on the internal
boundary, because the case of an inclusion would be considered otherwise [10]. The vector
of assumed boundary displacements along the external boundary ũ is thus introduced
in the formulation such as ũ = Ñq̃ext, with q̃ext the external nodal displacements and
Ñ the shape functions matrix computed according to the conventional adjacent FEs.
The homogeneous solutions uh and Th (traction vector) are expressed by uh = Nc and
Th = Pc where c is a vector of parameters known as generalized dofs, N and P are the
interpolation functions computed from complex variable method [11].

The accuracy of the interpolation functions of the 16-node super-element (with internal
nodes) has been first studied. The increase in the parameters number of the solution
(which is related to the nodes number) has shown a little influence on the accuracy of
the obtained mechanical fields. The differences come from the introduction of additional
spurious parameters via new series terms. The mechanical fields within the super-element
are whatever properly predicted by the interpolation functions and especially close to the
hole [12].

The formalism proposed by Soh [13, 14] has been considered to express the displacement
and stress fields depending on physical dofs, d, instead of the previous generalized ones
c (Eq. (1)). It is indeed necessary to distinguish the dofs located on both the external
and internal boundaries, and also to place 8 nodes on particular locations on the hole
boundary.

uh = Ud and Th = Md (1)

where d is the vector of external and internal nodal displacements, and, U and M are
the shape functions of the super-element.

Loads applied on the hole boundary are finally taken into account in the element
formulation by a particular solution, (up,Tp), which is added to the previous homogeneous
one. The particular solution considered here is related to concentrated forces applied on
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the nodes of the hole boundary [15]. The interaction with the rivet model can then be
established.

The minimization of the obtained functional ΠHT (Eq. (2)) with respect to d and q̃ext,
respectively, leads to a system where the internal dofs are eliminated from the formulation.
Nodes placed on the hole boundary can not consequently be loaded, which is contrary to
what we look for.

ΠHT [d, q̃ext] =
1

2
dtHd + dtLq̃ext + dtrc + q̃t

extr
d (2)

with H =

∫
Sp

MtU dS −
∫
Si

MtU dS, L =

∫
Si

MtÑ dS, rd =

∫
Si

ÑtTp dS, and

rc =
1

2

[∫
Sp

Mtup dS +

∫
Sp

UtTp dS −
∫
Si

Mtup dS −
∫
Si

UtTp dS

]
.

In order to keep qint within the element formulation, it is first necessary to separate d such
as d = [qt

ext,q
t
int] in order to express ΠHT as a function of the overall dofs: qext, qint and

q̃ext. By taking the first stationary condition with respect to qext, a linear relation between
qext and the two others dofs vectors, q̃ext and qint, is thus established. The expression of
qext is then introduced within the variational principle, so that ΠHT depends only on the
variable q = [q̃t

ext,q
t
int]. The expected system Kq = f is finally obtained by taking the

second stationary condition with respect to the dofs vector q and is presented in Eq. (3).[
K11 K12

K21 K22

] [
q̃ext

qint

]
=

[
fext
fint

]
(3)

The stiffness matrix K of the new FE is a 2 × 2 blocks matrix which is symmetric by
construction. The two diagonal blocks of the matrix K represent the stiffness related to
external and internal dofs respectively; the two off-diagonal blocks represent the stiffness
related to the interaction between the nodes of each boundary. These are full matrices
which means that there is a coupling between nodes of the hole boundary and the ones
of the external boundary of the super-element. The load vector f is defined as a function
of the vectors rc and rd. As the latest depends on the particular solution up,Tp, it can
be concluded that the load vector f corresponds effectively to the hole boundary loading.
When the hole boundary is load-free, i.e. when the particular solution is supposed to
be zero (up = Tp = 0), it can be easily observed that the load vector f equals to zero,
which was already the case for the previous 8-node super-element. Moreover, if the new
nodes are eliminated from the above developments, the formulation of the previous 8-node
super-element is recovered.

3 Evaluation of the new perforated super-element

The new perforated super-element is implemented into the implicit FE code ZéBuLoN
(Mines ParisTech/ONERA/NorthWest Numerics) [16, 17], and it is based on a 8-node
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Figure 1: A 16-node HT super-element featuring 8 nodes for the hole boundary.

quadratic quadrilateral element where 8 internal nodes and an internal piecewise quadratic
boundary (FE hole boundary) have been added. The inter-element boundary displace-
ments ũ are piecewise quadratic. The computation of the stiffness matrix K and the load
vector f of the new super-element requires integration of vectors u and T along both
the external and internal boundaries, so Gauss quadrature and 16 Gauss points per side
(points and weights were taken from [18]) are used. The validation of the proposed de-
velopments is performed in two steps: (1) test-cases where no force is applied on the hole
boundary are considered to check the results non-regression compared to the previous
8-node super-element; (2) test-cases where forces are applied on the hole boundary are
considered to completely validate the new super-element. In this paper, only the first step
of validation is presented. The second validation step is currently being addressed.

A perforated plate (size: 14 mm×14 mm) featuring a load-free centred circular hole of
radius a = 0.2 mm subjected to several external loads (i.e., uniaxial tension, biaxial ten-
sion, pure shear, simple shear) is considered. The material properties are E = 74,000 MPa
and ν = 0.3, for the Young’s modulus and the Poisson’s ratio respectively. Reference data
are obtained thanks to a standard FE model, particularly refined close to the hole, featur-
ing 12,000 standard quadratic 8-node elements. The implementation of the super-element
is validated using a coarse mesh made of 48 standard quadratic 8-node elements and a
central perforated super-element only.

The results are presented in terms of von Mises stress distribution. Results obtained
with the new perforated super-element are compared, for each test-case investigated, with
those provided by the reference refined FE model and the previous 8-node super-element
in Fig. 2. The von Mises stress field is consistent with the studied test-case, and this for
all test-cases. The same analysis can be made for each component of the stress tensor
and the displacement vector, although these results are not presented here for the sake of
conciseness. The results are also compared along the y-axis in Fig. 3. The distribution
of displacement and stress is accurately computed and is in close agreement with the
reference data, particularly close to the perforation. Besides, for an uniaxial tensile test-
case, the hoop stress is slightly better evaluated with the new perforated super-element:
Kt = 2.972, while Kt = 2.967 with the previous super-element (with 16 Gauss points
per side too). However, for shear loads, the von Mises stress is slightly underestimated
by the new 16-node super-element compared to the reference refined FE model and the
previous 8-node super-element. This difference could be explained by the fact that the
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interpolation functions of the 16-node super-element are less accurate than the ones of
the 8-node super-element, as it has been highlighted by the authors in particular for
shear load cases [12]. The new super-element remains very efficient because about 0.35 s
(CPU) only are necessary to compute one test-case using the super-element, while 50 s
are necessary to compute the same problem (with the same accuracy) using the reference
FE model. The computational costs increase slightly for the new super-element when
compared to the previous perforated super-element (0.3 s) because additional integration
computations on the hole boundary are performed. It remains really cost-efficient and
the costs are of the same order of magnitude that of the previous formulation.

4 Conclusions

A new perforated super-element featuring nodes on the hole boundary is formulated
in order to improve the modelling of riveted assemblies in structural computations. The
proposed super-element allows, on the one hand, to take into account the stress concen-
trations due to the hole in the sheet requiring only few dofs; and, on the other hand,
to establish the interaction between the rivet macro-element and the perforated super-
element thanks to the new nodes located on the hole boundary. Interaction forces can be
applied to these new nodes, implying displacements and stresses within the super-element.

Only the first step of the validation of the new perforated super-element has been
presented. Forces applied to the hole nodes are omitted for this first validation step. The
capability of the new super-element to predict the distribution of the displacement and
stress fields around the hole boundary and within the element under several external loads
is tested. The results obtained for uniaxial or biaxial tension and simple or pure shear
have shown that the new perforated super-element is very accurate and efficient. The
second step of the validation, which consists in applying concentrated forces on the nodes
of the hole boundary, is currently being handled.

Once the new super-element with internal nodes fully validated for elastic material
behaviour, its extension to non-linear material behaviours will be studied and addressed.
Future works will concern the extension to a shell formulation, suitable for structural
aircraft computations.
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Figure 2: Comparison of the von Mises stress distribution between the standard FEM (left), the 8-node
super-element (center), and the new 16-node super-element (right).
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Figure 3: Comparison of the von Mises stress distribution along the y-axis between the standard FE
analysis, the 8-node super-element (without internal nodes), and the new 16-node super-element (with
internal nodes) (a) Uniaxial tension (b) Biaxial tension (c) Pure shear (d) Simple shear.
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