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E. Oñate, J. Oliver and A. Huerta (Eds)

A FINITE ELEMENT MODEL FOR THE PREDICTION OF
YOUNG’S MODULUS AND COMPRESSIVE STRENGTH

OF LIGHTWEIGHT CONCRETE

ETIENNE MALACHANNE∗, RITA SASSINE∗ AND ERIC GARCIA-DIAZ∗

∗ Centre des Materiaux des Mines d’Ales (C2MA)
Ecole des mines d’Ales

6 avenue de Clavieres, 30319 Ales, France
e-mail: etienne.malachanne@mines-ales.fr, web page: http://www.mines-ales.fr

Key words: Lightweight concrete, Mesostructure, Computational method, Elastic be-
havior

Abstract. In this study a numerical approach to simulate elastic behavior of lightweight
concrete, is presented, at mesoscopic level. Concrete is considered as a bi- phasic ma-
terial, composed of a granular skeleton dispersed in a mortar. Aggregates generation
should respect a granular model. A numerical concrete sample is carried out, using three-
dimensional finite element mesh. Here lightweight concretes are considered, with Youngs
modulus of natural sand based mortar is higher than the modulus of the lightweight
coarse aggregates. Different concretes are carried out, according to experimental studies
from literature, in order to distinguish the influence of the Youngs modulus contrast, and
of the concrete compacity, on mechanical behavior. After a prediction of the equivalent
Young’s modulus, numerical compressive tests are realized until an experimental value
of compressive strength, in order to propose a rupture mode of concrete, and predict a
compressive strength.

1 INTRODUCTION

Lightweight concretes have been a resurgence of interest in the past years, because of
their good thermal properties [1]. Several kinds of lightweight concretes are used, but
the structural concretes with lightweight coarse aggregates and natural sand are studied
here. In these concretes, the density is reduced by introducing air in aggregates [2]. At
mesoscopic level, concrete is described as a bi-phasic material : a group of lightweight
aggregates (inclusions) is embedded in a mortar paste (matrix) [3], compounded with
natural sand. The prediction of the elastic behavior of this material, depends both on
elastic parameters of each phase, and on the granular skeleton. The study presented here
is divided in two parts, first a determination of equivalent Young’s modulus of concrete
is presented. Then a predictive model of compressive strength is developed.
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Some models used for the determination of the equivalent elastic behavior take into
account only elastic parameters of the matrix and inclusions, and are based on the rep-
resentative element behavior. The bounds of Hashin and Shtrickman [4, 5] is one of
them. In the same way the three spheres model of De Larrard [6] and Le Roy [7], allows
to study the influence of elastic parameters of mortar and aggregates on the equivalent
behavior. Nevertheless these models are less accurate when the contrast between the
moduli of inclusions and the matrix is important as shown in [8]. An other work [9] uses
a microtomography image of a representative sample, to study the equivalent behavior.
Homogeneization models based on the tensor of Eshelby [10] consider the shape of the
particles, and the interaction between phases. For example the Mori-Tanaka model [11]
uses spherical particles, as the one of Benveniste [12], when the auto-coherent model pro-
posed by Hill [13] considers polygonal shapes. Once again,these models are less accurate
when the contrast between matrix and inclusion increases, as shown in [14]. In addition,
the approximation of dilute medium, used for the resolution, makes these models less
accurates when the volume fraction of inclusions increases.

Another model uses a micro-mechanical model and defines equivalent elastic parmeters
depending on the Young’s modulus of aggregates [15].

The localisation of local stress concentration around aggregates, used for the prediction
of concrete compressive strength, needs to consider the shape, the granular distribution
and the location of aggregates in mortar. In this case, numerical approaches take the
place of analytical ones. Numerical models, based on three-dimensional microstructures,
obtained by microtomography, are among the more accurate for the reprensentation of a
realistic granular skeleton [8]. The classical finite element approaches, allow to describe
a material with at most a thousand of inclusions. Indeed, the high number of finite ele-
ments needed for the discretization, tends to limit the number of aggregates represented
in a concrete sample, for that, as explained previously, concrete is modelised as coarse
aggregates embedded in a mortar paste. Aggregates are rather represented as spheres,
dispersed randomly in the mortar [16, 17]. In order to represent the mesostructure in
a realistic way, a granular model could be adopted [18]. In this model, a thickness is
imposed between coarse aggregates [19]. On the contrary, Ke et al [20] has developed
a model using inverse analysis to predict compressive strength, taking into account in-
terfacial transition zone, but without representation of the concrete structure. At that
stage, the determination of concrete failure mode is not solved in literature. If the study
cited previously [20], proposes a rupture inside aggregates by compressive strength, others
explains that cracking are due to tensile stresses around aggregates [21], when the rheo-
logical serie/parallel of de Larrard [6] suggests that the concrete compressive strength is
governed by the one of mortar.

The work presented in the present paper proposes a numerical model used to predict
the mechanical elastic properties of concretes of lightweight aggregates. First a three-
dimensional numerical model has been carried out taking into account a specific granular
law. A bi-phasic lightweight concrete is generated, with a perfect mechanical link between

2



Etienne Malachanne, Rita Sassine and Eric Garcia-Diaz

mortar and aggregates. After calculation and validation of the equivalent Young’s modu-
lus, the numerical model will be performed to determine stress and strain concentration
around aggregates and to predict the compressive strength of concrete.

2 NUMERICAL MODEL

2.1 Generation of concrete

Concrete samples are generated as a granular skeleton of coarse aggregates, embedded
in a mortar, without interfacial transition zone between them. The generation of the
granular skeleton is detailed on [22]. The granular model, explained in [6], introduces the
notion of maximum mortar thickness (MMT) between two coarse aggregates, depending
on the volume fraction of aggregates in the sample, g, and the maximum compacity for a
given mixture, g∗, defined below :

g∗ = 1− 0.47

(

dmin

dmax

)0.22

(1)

where dmin and dmax are the minimum and maximum diameter of aggregates in the con-
crete sample. Thus the distance MMT can be expressed by the mathematical relationship
:

MMT = dmax

(

3

√

g∗

g
− 1

)

(2)

Using these definitions and introducing a specific granular curve [22], an algorithm
allows to generate a granular skeleton at mesoscopic level. Then aggregates and mortar
are meshed separately by finite elements. An example of the numerical concrete sample
is presented on Figure 1.

2.2 Experimental data from literature

The numerical model presented in this study, is validated and calibrated on experimen-
tal data from works of Ke et al [15, 23, 20]. In these works, compression tests are realised
on lightweight concretes, and have provided results on equivalent Young’s modulus of
concrete, and compressive strengths. Let us introduce these material parameters, which
will be used in the following.

2.2.1 Lightweight aggregates

In the concretes considered here, Young’s modulus of mortar is higher than the one
of lightweight aggregates. Three lightweight aggregates are used, called 430A, 520S and
750S. Young’s modulus of these aggregates are given by an empirical equation provided
by the ACI Committe [24], which binds the Young’s modulus of aggregates Eagg with
their density ρagg by the relationship :
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Figure 1: Concrete meshed by finite elements with a volumic fraction of 45%

Eagg = 0.008× ρ2agg (3)

Following the previous equation, Young’s modulus of aggregates are summarized in the
Table 1. Thus the aggregates chosen allows to consider a range of aggregates more and
more rigid.

Table 1: Mechanical elastic properties of lightweight aggregates

Lightweight aggregate ρagg (kg/m
3) Eagg (GPa)

430A 737 4.3
520S 901 6.5
750S 1577 19.9

2.2.2 Mortars of natural sand

Mortars of natural sand used in the lightweight concretes modelised here, comes from
experimental works of Ke et al. Indeed modulus of elasticity have been determined with
compressive tests [25] until the value of mortar compressive strength. Here two mortars are
selected, called M8 and M10. Values of Young’s modulus Em and compressive strengths
fcm of these mortars are presented on Table 2.

One can notice that mortar M10 is stronger than the M8. Moreover Ke et al [15]
has observed that properties of interfacial transition zone (ITZ) are not the same for
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Table 2: Mechanical properties of mortars

Mortar Em (GPa) fcm (MPa)
M8 28.6 40
M10 35.4 86

both mortars. If the ITZ is nonexistent for concretes with the matrix M10, microscopic
observations have shown a thickness until 100µm between aggregates and matrix M8.

2.2.3 Lightweight concretes

Lightweight concretes studied for the calibration and validation of the numerical model,
come from aggregates and mortars defined previously. Thus concretes will be called M8-
430A, M8-520S and M8-750S, for the ones with mortar M8, and M10-430A, M10-520S
and M10-750S for mortar M10. Moreover, the volume fraction of these concretes equals to
12.5%, 37.5% and 45%. Young’s modulus Ec and compressive strengths fc coming from
experimental works are recalled in Table 3.

Table 3: Mechanical properties of lightweight concretes

Concrete g(%) Ec (GPa) fc (MPa)

M8-430A
12.5 24.9 37.2
37.5 17.3 27.8
45 15.7 25.8

M8-520S
12.5 25.1 38.1
37.5 25.3 30.5
45 18.3 28.8

M8-750S
12.5 27.4 42.3
37.5 25.3 43.1
45 24.3 42.6

M10-430A
12.5 30.2 62.8
37.5 22.3 39.4
45 20.1 33.9

M10-520S
12.5 32.8 70.7
37.5 24.3 47.6
45 22 42.3

M10-750S
12.5 34.2 81.7
37.5 32.9 75.4
45 33 73.2
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Figure 2: Granular curves of the three aggregates

3 NUMERICAL SIMULATION

The size of experimental samples are about 16× 32 cm. In order to reduce the number
of finite elements generated, 4× 8 cm numerical samples are generated and meshed with
tetrahedron elements. Nevertheless the diameter of aggregates being included between
4mm and 10mm, the diameter of the sample is greater than three times the maximum
aggregate diameter according to [26]. All the aggregates considered respect the granular
curves presented by the Figure 2.

Boundary conditions are applied on each concrete sample as close as experimental
study. Indeed a compression loading is applied until the experimental compressive strength
of concrete.

3.1 Identification of the equivalent Young’s modulus

After a compression loading applied on the 18 concretes presented in Table 3, an equiva-
lent Young’s modulus is calculated using numerical results provided by the computational
simulation. Let us call σ0 the stress applied on the lower and upper face of the sample,
and ε the global strain defined as below:

ε =
L− L0

L0

(4)

where L0 is the initial length of the sample and L the length after the compression
loading. Since the test is uniaxial and the mechanical behavior is considered elastic, the
Hooke’s law is reduced to the following expression :

E =
σ0

ε
(5)

Aggregates in the concrete sample are randomly drawing, thus in order to estimate the
mean error, 4 draws have been performed, for each kind of aggregate and volume fraction.
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Results are summarized in Table 4, where Enum is the average of the 4 Young’s modulus
calculated after the 4 draws, and the error calculated is the standard deviation.

Table 4: Young’s modulus calculated by numerical computation

Concrete g(%) Enum (GPa) Error (%)

M8-430A
12.5 25.7 0.9
37.5 18.2 3.2
45 17.9 3.1

M8-520S
12.5 26.2 0.6
37.5 19.7 4.2
45 17.7 2.3

M8-750S
12.5 27.8 0.7
37.5 25.8 1
45 25.4 0.9

M10-430A
12.5 30.9 4.1
37.5 22.1 4.9
45 21.5 4

M10-520S
12.5 31.3 5.8
37.5 23.5 4.8
45 23.5 2

M10-750S
12.5 33.8 1.8
37.5 30.2 1.3
45 29.7 1.3

One can notice that the maximum error due to the random draw equals to 5.8 %.
The relationship between experimental Young’s modulus and numerical ones, for every
concretes, is represented in Figure 3. The slope of the regression curve is near 1, which
allows to consider that the prediction of Young’s modulus, for the lightweight concretes
studied here, is quite acurate.

3.2 Prediction of rupture mode

The Young’s modulus being predicted by the numerical model, let us now focus on
the state of strains around aggregates. In order to visualize strains inside and around ag-
gregates, geometrical zones are defined as shown in Figure 4. The three delimited zones,
represent the center of aggregate and the core of mortar, and a geometrical zone between
them. Nevertheless, as explained previously, a perfect mechanical link is considered be-
tween aggregate and mortar.

All the concrete samples are loaded until their compressive strengths, recalled in Table
3. The aggregate with the maximum diameter (dmax = 10mm) is isolated and the strains
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Figure 3: Comparison between experimental and numerical Young’s modulus

Figure 4: Geometrical zones inside and around an aggregate

are calculated in the different zones presented in Figure 4. The influence of the size and
the location of the aggregate chosen in results, has been studied [27], and considered as
insignificant. The evolution of the principal strain ε1, associated with a principal axis
quasi collinear with the compression axis (0,z), is presented in Figure 5. The strain is
ploted along the (0,x) axis introduced in Figure 4. One can notice a convergence of strains
inside mortar and inside aggregates, and peaks of strain in the geometrical transition zone,
moreover when the ratio between Young’s modulus of mortar aggregate is important. The
curves ploted in Figure 5, present only results for concretes with mortar M10, nevertheless
the same tendancy is observed for every concretes tested here. If we focus on the state of
strains, it appears that means values of 1.5×10−3 and 2.25×10−3 are reached respectively
in concretes with mortar M8 and M10.
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Figure 5: Strain evolution around an aggregate for concretes with mortar M10

Knowing the mechanical properties of the two mortar tested, see Table 2, it is possible
to calculate the experimental maximum adimissible strain assuming that mortar is elastic
until its compressive strength. These values are equal to 1.45× 10−3 for mortar M8 and
2.45 × 10−3 for M10 and are near to these obtained by numerical simulation. Thus for
a loading until the compressive strength of concrete, the maximum admissible strain is
reached on mortar, for every lightweight concretes tested in this study.

3.3 Prediction of concrete compressive strength

In order to test the numerical model, boundary conditions are changed, and the nu-
merical computation is run until the maximum admissible strain calculated previously
be reached in mortar. Then the values of stress applied on upper and lower surfaces of
the sample are selected and compared for each concrete to their compressive strengths.
The comparison between experimental and numerical predicted compressive strengths are
presented on Figure 6. A linear regression is performed with a slope equals to 1.02 and a
regression coefficient about R2 = 0.98.

4 DISCUSSION AND CONCLUSION

In this study, the numerical model proposed is used as a predicitve tool for mechanical
behvior of lighweight concretes. Results have been focused on two mechanical parameters,
the equivalent Young’s modulus and the compressive strengths of the lightweight concretes
tested. Intrinsic values of Young’s modulus defined by the ACI [24] have been kept to per-
form the numerical simulation, and the prediction of the equivalent modulus of elasticity,
for the 18 concretes tested, has provided a good correlation between experimental and
numerical studies as shown in Figure 3. The comparison between concretes with mortar
M8, which presented in experimental works an interfacial transition zone (ITZ), and the
ones with mortar M10, doesn’t show a noticeable difference in numerical results. Thus, for
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Figure 6: Comparison between experimental and numerical predicted concrete compressive strengths

the lightweight concretes considered here, the modelisation of the ITZ, which hasn’t been
taken into acount, doesn’t influence the results. Keeping the same materials parameters
for aggregates and mortars, the state of strains inside concretes, inside and aroud the
aggregate with the maximum diameter, has shown that the maximum admissible strain
were reached in mortar, for a lightweight concrete loaded until the compressive strength.
If the other rupture modes are not eliminated, we assume that in concretes tested the uni-
fying hypothesis is the rupture by compression inside mortar. Thus a good correlation is
again found between experimental and numerical predicted compressive strength, keeping
intrinsic material parameters. The mean error equals to 8.9% for concretes with mortar
M10, and 9.8% for concretes with mortar M8. Once again, the lack of modelisation of an
interfacial transition zone, doesn’t increase the error. Nevertheless the model has to be
improved, in order to take into acount damage effects.
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