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Abstract. This document presents several versions of a non linear rod model with flexible
cross-sections that can account for the complex behavior of tape springs such as folding
and dynamic deployment. Energetic formulation and local equilibrium equations of the
model are considered, and several numerical simulations are presented.

1 INTRODUCTION

In its free state, a tape spring shows a very simple geo-
metric configuration : it resembles a thin-walled beam
with an open circular cross-section. Its mechanical be- y—
havior is however complex : let us take the example

of a carpenter’s tape measure. One can easily cre- “/ S
ate one or several folds in it, and make these folds f
propagate, merge, disappear (figure 1)... The number J

and position of folds depend on the boundary condi-

tions applied to the tape spring, and for a same set of

boundary conditions, a tape spring can show several
stable configurations.

Figure 1: Folding of a carpenter’s tape
measure

Modeling of tape springs had already been addressed in literature and could be classified
into two main approaches.

e Full computation of non linear shell models gives precise results ([1]) but leads to
hard to drive calculations.
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e Discrete models obtained from considering a folded tape spring as an assembly of
rigid bars of variable lengths and of non linear springs ([1]) makes the simulation of
deployment scenarios easy, but requires the introduction of the folds ab initio. Such
models cannot account for the creation of folds.

An intermediate new approach, modeling the tape spring as a beam whose cross-section
is highly flexible, has been recently proposed ([2], [3]). The main originality of these rod
models resides in the use of an FElastica kinematics to describe the important changes in
the shape of the circular cross-section, with very few kinematic parameters. It is shown
in this work that these rod models correctly account for the complex behavior of tape
springs, such as 2D and 3D foldings.

2 ROD MODELS WITH FLEXIBLE CROSS-SECTIONS
2.1 Kinematic description and basic assumptions for the planar model

The complete description of the model proposed by Guinot et al can be found in [2]
; only the essential elements of the model will be recalled in this section. The model
presented here will show a few differences with the model proposed by Guinot et al, as
detailed just below.

e The reference rod line will be taken as the line passing through the sections’ cen-
troids. Indeed, taking the centerline as reference rod line instead of the bottomline
leads to better matching results between numerical simulations and experiments
([4])-

e Rotations of the cross-sections will be represented by an unitary quaternion. We
will discuss the advantage of doing so later.

e The cross-sections will be here considered as shallow, for simplicity purposes.

Starting from a non linear shell model, the tape spring is regarded as a rod whose
reference line is initially straight and whose cross-section curve is circular (figure 2). The
reference rod line is chosen as the line going through the sections’ centroids. The fixed
orthogonal frame (O, ey, ez, e3) is set in such a way that the axis (O, e1) contains the rod
line and that the plane (O, ey, e3) is a plane of symmetry for the tape spring.

To map this shell, we introduce a curvilinear coordinate system (s1, $3) € [0, L] x[—a, a],
L being the initial length of the rod line and 2 a the length of the cross-section curve.
Position of point M(sy, s9,t) in the deformed configuration is given by :

OM(Sl,SQ,t) = OG(Sl,t) +GM(81,82,t) (1)

where G(s1,t) is the center of gravity of the section in the deformed configuration.
We restrict our study to the plane case : we suppose that the motion of the rod line
is restrained to the plane (O, e, e3) and that the cross section curve remains symmetric
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cross-section plane M

. .
bottom line ="

rod line =

Figure 2: Kinematic description of the tape spring

towards this same plane. Therefore, position of point G(s;,t) can be given by :

OG(Sl,t) = (81 +U1(81,t)) eq +U3(81,t) €3 (2)

where uy(sy,t) and us(sy,t) are respectively the translation of point G in the e; and in
the ez direction. Rotation of the cross-section plane is only authorized around the e,
axis, and can be represented by an angle 6(s;,t). For quaternions offer a non-singular
way to map rotations, we chose to represent the rotation of the cross-section by an unitary
quaternion q = qo + ¢1 + ¢2 + g3 instead of angle (sq,t). Since the cross-section can only
rotate by angle 0(s,t) around the e, axis, we directly obtain :

0 )
g = 008(5); =0 q= 81n(§); g3 =0 (3)

And since q must be unitary, we have the following constraint between its components :
%+ =1 (4)

For notation purposes, let us also introduce @ the matrix representation of rotation (s, t)
with the components of quaternion q :

1-2¢5 0 2q0q
Q=0Q,=| 0o 1 o0 (5)
—2q0q2 0 1—2¢2

The proposed model relies on three main hypotheses :
(i) the cross-section curve remains in a plane after deformation ;

(ii) the section plane is orthogonal to the tangent vector of the rod line in the deformed
configuration ;

(iii) the cross-section curve is inextensible.



P. Marone-Hitz, E. Picault, S. Bourgeois, B. Cochelin, and F. Guinot

Assumptions (i) and (ii) are classical hypothesis of the Euler-Bernoulli beam the-
ory. Assumption (i) enables us to introduce a rotated frame (G, e7, e}, e}), image of
(G, ey, ez, e3) through rotation 0(s,t) around the e, axis :

el =Q-e; fori=123 (6)

Position of point M(si, se,t) in figure 2 can then be expressed in the local frame
(Gaeiaegaeg) :

GM(Sla‘SQat) :y(sla‘S?at) eg+2(51132,t)eg (7)

Assumption (ii) implies that e] is colinear to the natural rod tangent vector a] =
OG (s1,t) where X ; stands for the partial derivative of X with respect to curvilin-
ear coordinate s;. This second hypothesis sets a constraint between wu, us and 6 through
the relation :

al-e; =0. ()

Assumption (iii) is the main originality of the model. This assumption is equivalent to
using an Flastica kinematics to describe the cross-section. Introducing f((sy, s9,t), the
angle between the tangent to the cross section curve and the vector e, we get :

yo=cosf and z,=sinf (9)

Moreover, we suppose that the cross-section always remains circular, with a curva-
ture function of s; only, and we introduce the opening angle of the cross-section curve
B¢(s1,t) = P(s1,52 = a,t). Analytic integration of (9) is then possible, and assuming
that the cross-section is shallow, limited development at the first order in (¢ of these
expressions is legitimate, and yield :

. e 2
y:%sin <ﬁe%>m32 and Z:%{Slgeﬁ — COoS (56%2)] ~ [ (%_%> (10)

In the end, the tape spring kinematics is totally described by five kinematic parameters
attached to the rod line and functions of s; and ¢ only :

e the translations u; and us of the reference point of the cross-section

e components ¢g and ¢s of the unitary quaternion q accounting for the rotation of the
cross-section plane around eq

e the angle 3¢, characterizing the opening of the cross-section.
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2.2 Energies of the model and application of the Hamilton principle

At the beginning the tape spring is regarded as a thin shell whose strain energy is given

by :

1 L a
Ue = 5 / / (eaﬁ Na,@ + kaﬁ Maﬁ) d82 dSl (11)
0 —a

where en(s1, S2,t) and kap(s1, S2,t) are respectively the membrane and bending strains
and are defined respectively by the Green-Lagrange tensor and by the difference between
the initial and actual curvature tensors of the shell. Nys(s1, $2,t) and M,p(s1, s2,t) are
respectively the membrane stresses and bending moments. All these tensors are expressed
thanks to the kinematic parameters uq, us, qo, ¢2, 5.
A few additional hypotheses are made, to obtain a simple expression of the strain energy.
According to usual beam theory assumptions and since the shell’s width 2a is small
compared to its length L, we suppose that Ni3 = Nos = 0. The membrane strains are
supposed to be small : the shell’s thickness h is very small compared to the length of the
cross-section curve 2 a, so local and global buckling will prevent large strains to occur.
In this context, simplified expressions for the membrane strains and bending curvatures
can be obtained ([2]) :

enrn =¢e +zky+ €% ki=—yoki+ ki;s ko =kiy koo = k5, (12)
where :
T 1 2 2 r T T
e =u+ 9 (ul,l + U3,1) ;o k= €31 €1 = Q131 Q11 + Q33,1 Q31
65—1(2+2)- Ky = — o k=81 ki=PB2—8 13
=9 Yi11vt21); 11— Y2211 —22Y11; 12 — P13 29 = P2 0,2 (13)

Expression (12) show strains induced by the global rod kinematics (subscript r) and those
induced by evolution in the cross-section’s shape (subscript s).

The shell, of thickness h, is made of an isotropic elastic material defined by its Young
modulus E and its Poisson coefficient v. The constitutive equations are thus :

Ny = A€11; My = D11 k11 + Dyo k22;

My = Dy kgo + Dig k11, Mg = 2 D33 kya; (14)
with A, D11, D1s , Doy , D33 the elastic constants of the shell :
Eh3

A=Fh; Dy =Dy = Dy = v Dy,

12(1—22)

After integration over the cross-section, the strain energy can be expressed in the following
way :

L
U = / (ul +u +ul®) dsq (15)
0

)
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in which u], v and u.® are the three terms that define the strain energy density of the
rod model:

up =} (Aa(e)? + (4% + DiB) () + 245k )
ug = % A(€S)2 + Dll(kf1)2 + D22(k352)2 (16)
+2D10k3 ko + 4D33(kf2>2) ;
| W = Aee + Akyze — ky (Duyaki; + Diay2ks,)
The overline indicates an integration over sy: X (s1) = ffaX (s1,82) dsg. The first

term wu, corresponds to the classical strain energy of a rod. The second term u only
depends on the variable § and represents the strain energy due to the variations in the
cross-section’s shape, independently of the overall rod behavior. The last term u.® shows
coupling between the overall rod behavior and the deformation of the cross-section.

Starting from the kinetic energy of the initial shell model and using the hypotheses
detailed above, we obtain the following expression for the kinetic energy :

L
1 2 — .a
U,c_/0 (5p3{2a(u%+u§)+y262 + 22 €} +z‘2}> ds; (17)

where X stands for the time partial derivative of X.

The external loads that can be applied to the tape spring are : distributed forces f;
and f3 ; distributed torques mg and my ; distributed torques mg, and bge ; point forces
Fy, F5 and point torques My, My, Mge, Bge applied at the two ends s; = 0 and s; = L.

The total work done by these external forces is :

L
Wexl = / Wexrt d81 + ng/tL
0

L
:/ (frur + fsus +mo o + ma gz + mge B + bge ) dsy
0

—|-F1 ’LLl(Sl = O/L) + F3 U3(81 = 0/L> + M() qO(Sl = 0/L> + M2 q2(8]_ = O/L) (18)
+Mge 56(81 = O/L) + Bﬁe 5’61(81 = O/L)

Now that all the energies of the unidimensional model have been obtained, the problem
can be solved by using the Hamilton principle :

to to
d H(ulau?n qo, 42, 66) dt =96 {/ (Uk: - Ue + We:vt) dt} =0 (19)

t1 t1

However, displacements wuy,u3, components qg,q2 of the unitary quaternion and angle 3¢
are not free from each-other : the tape spring is subject to the kinematic constraints
introduced in (4) and (8). These constraints are imposed in the derivation of the equations
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of equilibrium by adding two Lagrange multipliers into the variation of the energies. The
augmented Hamiltonian functional to consider is then :

L
%*(ulau?ananaﬁe: /\27 /\3> = H(Ul,ug, q07Q2aﬁe> +/ /\n Cn d81 (20>
0

where C,,(s1,t) are the prescribed constraints :
Cy=al-ef=0 and Cs3=q +¢—1=0 (21)

2.3 Numerical implementation using COMSOL

The finite element software COMSOL ([5]) can be used for numerical simulations, for
it offers the possibility to handle directly the expressions of the energies by proceeding to
an automatic differentiation. The rod line is meshed with Hermite quintic elements and
the default implicit time-dependent solver of COMSOL is used with a variable time-step
and a numerical damping handled automatically. Results obtained through this numerical
implementation will be presented in sections 3.1, 3.2 and 3.4.

2.4 Strong form of the planar model for implementation in ManLab

If the implementation of the model presented in section 2.3 allows us to conduct nu-
merous numerical simulations, we however have little control over the numerical aspects
of the resolution of the problem. Tape springs are such complex structures that several
responses are possible for a same set of boundary conditions : convergence of COMSOL
solver towards a particular solution does not guarantee that it is the only possible solu-
tion. In this context, full static bifurcation diagrams would be helpful to understand the
overall behavior of a tape spring. To meet this need, a home-made modeling tool using
the Matlab ([6]) package ManLab ([7]) has been developed to detect bifurcation points
and follow all equilibrium branches, whether stable or unstable.

This modeling tool requires that the system is expressed in the form of local equilibrium
equations ; this section is thus dedicated to explaining how these equations are obtained.

Local equilibrium equations are obtained by the calculus of variation of the energies
and the Hamilton principle. In this case, we will only consider static of quasi-static
simulations : the kinetic energy is set to zero.

First variation of the strain energy yields :

L a
—(SUe = —/ / (NH (5611 +M11 (5]{311 +2M12 (5]{312 +M22 (5]{22) d52 d81 (22)
0 —a
and can be expressed in the form :
L
—0U, = —/ (NT de" + My okl + T° 6B + M* 09 +Mb56f11) dsy (23)
0

7
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where N" is a generalized tension stress, Mj a generalized bending moment in the
(G, €%, e}) plane, T° a generalized stress associated to the opening of the cross-section, M’
and M? generalized stresses associated respectively to & B9 and 639;. All these generalized
stresses are function of s; only.

The first variation of the external loads gives :

L
Wyt = / (fl duy + fsdus + modqo + ma 0ge + mpe 05 + bge (553) ds;
0

F1 5U1(51 = O/L) + F3 (5%3(81 = O/L) + MO 5qO(81 = O/L) + M2 (5(]2(81 = O/L)
+Mge 53%(s1 = 0/L) + Bge 685 (s1 = 0/L)  (24)

The first variation of the constraints leads to :

L L L L L
(5/ )\nCnd81 :/ (5)\202d81+/ 5)\303(1814‘/ )\2(502(181 +/ /\3(503(181 (25)
0 0 0

0 0

In the end, the local equilibrium equations on [0; L] and boundary conditions on 0 and
L are derived from the Hamilton principle and integration by parts of equations (23), (24)
and (25) to obtain expressions in duality with the seven kinematic variables uy,us, qo, g2,
B¢, Aa, As.

Discretization of the strong form of the model is done by orthogonal collocation ([9])
and resolution is done in the framework of asymptotic numerical methods ([8]) in the
software package ManLab ([7]). The system is completed by a set of boundary conditions
applied to the tape spring. Results obtained through this numerical implementation will
be presented in section 3.3.

Thanks to the use of quaternions, the system can easily be put in the form required by
ManLab M(U’) = Lo+ L(U) 4+ Q(U, U) ; U being the vector of the unknowns, notation
A’ meaning derivation of A with respect to s; , and Lo, L, M, @ being respectively
constant, linear, linear, and quadratic operators.

2.5 Accounting for three-dimensional behavior

An extension of the planar model presented in sections 2.1 and 2.2 has been proposed
in [3] to account for three-dimensional behavior of tape springs : this extended version
of the model allows the tape spring to deform in the three dimensions, including through
twisting. The changes in the cross-section’s shape in its plane are still described by an
Elastica kinematics, and a Vlassov kinematics is introduced to define the warping in the
local frame attached to the section. The energetic model is then constructed in the same
way as in section 2.2 and the strong formulation of the associated problem is obtained in
a similar way as in section 2.4.

3 NUMERICAL SIMULATIONS

The results presented hereafter demonstrate the model’s ability to account for complex
scenarios encountered when manipulating tape springs. Geometric and material proper-
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ties of the tape spring considered in the simulations are given in table 1.

Length L Width 2a Thickness o  Initial opening angle [
1170 mm 60 mm 0.15 mm 0.6 rad
Poisson ratio v Young modulus £ Density p
0.3 210 000 M Pa 7800 kg.m=3

Table 1: Tape spring properties

3.1 Static folding using the 2D version of the model in COMSOL

Let us first consider a static simulation, where opposite rotations around e, are pre-
scribed at the end of the tape spring. This bending test leads to the creation of a fold, due
to flattening of the cross-section. Figure 3 shows that at the beginning, the tape spring
behaves like a beam : evolution of bending moment Mj (L) versus prescribed rotation
O(L) is linear. Then, flattening of the cross-section, concentrated in the middle of the
tape, leads to a loss of stiffness and a snap-through buckling, thus creating a fold in the
middle of the tape spring.

1600

1400
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—~

S 1000

800

3(L)(N

600

400

200

1 L L 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

6(L)(rad)

Figure 3: Moment versus rotation diagram obtained in static bending and deformed configurations along
the diagram. Blue solid line : results obtained thanks to the model. Purple solid line : comparison to
results obtained through full computation of a non linear shell model in finite element software Abaqus.
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3.2 Dynamic flattening of an end cross section using the 2D version of the
model in COMSOL

In this test, the tape is initially horizon- />
/ B

tal, submitted to gravity (fs = —2pag with @
g = 9.81m.s7?) and free at the right end \3
s1 = L. The left end cross-section at s; = 0
is gradually flattened (5° : 55 — 0). The
dynamic response of the model is presented
in figure 4 : complete flattening of the left
end cross-section leads to a significant loss of
bending stiffness of the left end of the tape Figure 4: Pendulum effect of a tape spring under

spring, and gravity initiates a pendulum ef- gravity induced by the flattening of the left end cross-
fect. section : deformed configurations.

—/
—

3.3 Static folding using the 2D version of the model in ManLab

Let us now reconsider the simulation conducted in section 3.1, but with the strong form
of the model, implemented in ManLab. If the end cross-sections are left free to deform
(8°(0) and p°(L) are free), the bifurcation diagram is quite complex (figure 5) : It shows a
fundamental branch of solution from where numerous bifurcation points appear, initiating
several secondary branches of solutions that lead to different possibilities of localization
of folds. In particular, the first bifurcation point encountered on the fundamental branch

leads to the deformed configurations [a] and [b].

My (L) (R‘)N.mrn,)‘
=

W06 pen

o6

Figure 5: Left : Bifurcation diagram obtained in static bending when the end cross-sections are free to
deform Right : possible deformed configurations

10
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However, as soon as the end cross sections are constrained (8¢(0) = pB¢(L) = f§),
all branches disappear past the first bifurcation point and branch, and the only possible
solution for the tape spring is the deformed configuration where the fold appears in the

middle (figure 6).

M'(8) (N.mm)

L i L i i
0 0.1 02 03 0.4 0.5 06

8(L) (rad)

Figure 6: Bifurcation diagram and only possible deformed configuration of a tape spring submitted to

static folding when the end cross sections are constrained

3.4 Bending and torsion using the 3D energetic model in COMSOL

This last simulation starts just like the one
conducted in section 3.1 : the end sections of
the tape spring are at first submitted to op-
posite rotations around the ey axis. When
the fold is created, another set of bound-
ary conditions is applied : each end cross-
section is submitted to opposite rotations
around the ey axis. Figure 7 compares the
deformed configurations obtained by simula-
tion and in reality. This last simulation il-
lustrates the model’s ability to account for
three-dimensional behavior of tape springs.

11

Figure 7: Comparison between the de-
formed configuration obtained through
simulation and reality when the tape
spring is submitted to 3D bending and tor-
sion.
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4 CONCLUSIONS

We have presented in this work a rod model with flexible cross-sections that is able
to account for two-dimensional and three-dimensional behavior of tape springs. This
model can be implemented in its energetic version in the COMSOL software, and in its
strong form version in the ManLab toolbox. This latter implementation enables us to
get full bifurcation diagrams, leading to a better understanding of the behavior of tape
springs. Numerical simulations and their comparison to experiments or literature show
that the proposed model accounts perfectly for the complex behavior of tape springs, such
as creation and migration of folds.
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