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Abstract. A three-dimensional nonlinear beam-column element for the simulation of the 

global and local response of frames under monotonic and cyclic loading conditions is pre-

sented. The element belongs to the group of concentrated plasticity models, with plastic 

hinges located at the ends of the element and described with yield and limit surfaces. The 

concept of generalized plasticity, originally developed for material plasticity, is extended to 

force resultants in the element formulation. The element takes into account the interaction of 

the axial force and the bending moments about the principal axes of the cross section and the 

hardening behavior. The gradual yielding of the cross section is described by the asymptoti-

cal approaching of the limit surface. 
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1 INTRODUCTION 

The adoption of performance-based guidelines for the earthquake resistant design of struc-
tures encourages the use of nonlinear analysis methods in professional engineering practice, 
since it provides more detailed information about the structural response, such as inelastic de-
formations, than traditional design procedures. Besides the need for a more accurate evalua-
tion method, it is equally important to assess the efficiency and cost of the analysis, which 
directly, depends on the efficiency and cost of the deployed nonlinear elements. Because of 
the good compromise between accuracy and computational efficiency, frame elements are 
commonly used in earthquake engineering practice. In this context distributed inelasticity 
beam-column elements with integration of the inelastic material response over the cross-
section, commonly called fiber beam-column elements, offer a high level of accuracy and 
flexibility in modeling the 3d inelastic response of structural members, but are computational-
ly expensive, and put high demands on computer storage and memory. Consequently, more 
economical point hinge models are still widely used for the simulation of the hysteretic re-
sponse of frames. 

To date, many studies have been conducted on concentrated plasticity (or point hinge) 
beam-column elements [1-6]. The resultant plasticity beam-column elements use concepts of 
plasticity theory to describe the relation between basic element forces and deformations. The 
interaction of the axial force and bending moments about the principal axes of the cross sec-
tion is described by a stress-resultant yield surface, which will be called yield surface in the 
following presentation. Yield surface equations for different types of cross sections are avail-
able [1, 7-9]. Also, different strategies have been proposed for approaching the yield surface 
and preventing the element force path from drifting away from it. Orbison [1] used a single 
polynomial expression for the yield surface and developed a five step procedure for mapping 
the element forces onto the yield surface. The algorithm has some limitations such as the need 
to subdivide each increment into several sub-increments in order to prevent large errors. Also, 
the element response can represent an elastic-perfectly plastic material, but not a material with 
hardening and it does not account for gradual yielding, since the element ends are either fully 
elastic or fully plastic. 

Several models that improve the shortcomings of Orbison’s model were proposed in the 
last 15 years. The idea of loading and bounding surfaces, introduced by Dafalias and Popov 
[10] for material plasticity, has been successfully applied to the concentrated and distributed 
plasticity beam-column elements [4, 5, 11-13]. In these models, the loading and bounding sur-
faces have the same shape, in order to prevent the two surfaces from overlapping. Once the 
force point touches the bounding surface (at point A), with continued plastic loading, the 
force point moves along the line that connects the point A and its conjugate point A' that lies 
on the bounding surface. 

A different algorithm for the gradual, asymptotical approach of the bounding surface for 
the material plasticity was proposed in the generalized plasticity model by Lubliner and Auri-
chio [14-16]. The model is simple, does not require an expression for the bounding surface 
and has a straightforward implementation. It introduces two parameters with clear physical 
meaning β and δ. With the implementation of the return mapping algorithm, it is computa-
tionally very efficient. 

The element in this paper adopts the idea of the generalized plasticity material model. The 
backward-Euler algorithm with general closest point projection [17] is modified to suit the 
element-based force-deformation relationship. Isotropic and kinematic hardening (or soften-
ing) is possible. Because of its quadratic convergence and simplicity, the element is computa-
tionally very efficient and overcomes shortcoming of elastic-perfectly plastic elements. 
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2 ELEMENT FORMULATION 

2.1 Basic Framework 

The underlying assumption of the generalized plasticity theory is the existence of two con-
tinuous real valued functions, the limit function F and yield function f  [15, 16]. The yield 
function f encloses the region with elastic behavior forming the boundary between elastic and 
inelastic region:  
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f
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The basic forces q of a three-dimensional (3d) frame element without rigid body modes are 
shown in Figure 1. The corresponding deformations are denoted with v. Zero-length plastic 
hinges may form at one or both element ends, while the rest of the element is elastic. 

 
Figure 1: Basic element forces q. 

In beam-column stress-resultant plasticity elements the classical material plasticity rules 
are modified to represent the axial force, bending moment interaction under inelastic behavior. 
Therefore, the following equations, that govern the element behavior, are assumed:  

1. The element deformations v are decomposed into the linear elastic contribution ve 
and the plastic contribution vp:  

 pe
vvv   (1) 

2. There is a linear elastic relation between basic forces and elastic element deforma-
tions: 

  p

e

e

e vvkvkq   (2) 

     where ke is the elastic element stiffness matrix. 
3. The yield function f is expressed in terms of the basic element forces q, of vector a 

which defines the position of the center of the surface and a hardening variable α 
which models isotropic hardening. Hiso and Hkin are the isotropic and kinematic 
plastic hardening (or softening) non-dimensional parameters, respectively. The 
yield function f distinguishes between elastic and inelastic states. 

 αHαf iso )()( a-qa,q,  (3) 

4. The limit function F depends on the nonnegative consistency parameter λ and has 
the following form proposed for generalized plasticity models: 

  )()(
dt

d
fhF  (4) 
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 )()(
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kiniso HHf
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  (5) 

where δ and β are two non dimensional positive constants (δ measures the speed of 
approach of the model to the asymptotic behavior, and β measures the distance be-
tween the current and the asymptotic yield function). The meaning of surfaces and 
parameters δ and β is shown in Fig.2. 

 
Figure 2: Basic force q versus generalized element deformation v. 

5. An associative plastic flow rule is assumed that is described with the following eq-
uation: 

 
q

v
p






f
 . (6) 

6. The surface motion (kinematic hardening mechanism) is defined by Ziegler's rule: 

 
q

ΠvΠa
p




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f
HH kinkin  . (7) 

 
where Π is a scaling matrix, that accounts for the different dimensions between a 

and vp and is adopted here equal to:  
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7. The simplest evolutionary equation for α is adopted corresponding to equivalent 
plastic strain:   

 
q

v
p




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f
α  , (9) 

where:  
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with a scaling matrix Λ defined as: 
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diag . (11) 

Matrix I4 is the 4x4 identity matrix.  
8. The Kuhn-Tucker complementarity conditions are:    

 0,0,0  FF  . (12) 

These conditions reduce the plastic problem to a constrained optimization problem.  
9. The limit equation can be written in the following form, -F=0:     

 0)()( 
dt

d
fh . (13) 

Integrating this equation over the time interval [tn, tn+1], we obtain the discrete limit 
condition:   

 0))(( 1   nnfh . (14) 

2.2 Integration Algorithm  

The model in the previous section can be transformed into a discrete constrained optimiza-
tion problem by applying the backward (implicit) Euler numerical integration scheme. 

Assuming that the state of the element is known at time step tn, means that the values {vn, 
vn

p, an, αn} are available. The basic forces are also known since they can be found from equa-
tion (2): 

 )( p

nnen vvkq  . (15) 

Suppose that we know an increment in total element deformations Δv at the time step tn+1, 
so that vn+1 = vn + Δv. Other state variables vn+1

p, an+1 and αn+1 should be updated, as well, 
and this is the problem to be solved. 

By applying the backward-Euler method we have: 

   ),( 111 nnn aqgvv
p

n

p

1n . (16) 

   ),( 1111 nnnkinnn H aqΠgaa . (17) 

   ),( 1111 nnnnn αα aqg . (18) 

where 



1n

n

t

t

dt and 
q

g





f . The discrete version of the Kuhn-Tucker conditions (12) is: 

 0,0,0 11   nn FF  . (19) 

 The discrete system of equations will be solved by the two-step predictor-corrector return 
mapping algorithm. 

2.3 Return Mapping Algorithm  

 
The return mapping algorithm is an efficient and robust integration scheme, which belongs 

to the family of elastic predictor - plastic corrector algorithms. In the first, predictor step, a 
purely elastic (trial) state is computed ( trial

1nq  ). If this trial state violates the integrated limit in-
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equality F≤0, the element forces are corrected in the second, corrector, step using the trial 
state as an initial condition. Otherwise, the second step is skipped and the trial solution 
represents the solution at tn+1. 

Since the element has two nodes, and plastic deformations can occur at both of them, the 
yield functions f1 and f2, limit functions F1 and F2, consistency parameters Δλ1 and Δλ2 and 
hardening variables α1 and α2 are lumped into vectors f,  F, Δλ and α, respectively. The di-
agonal 2x2 matrix that has nonzero values on the main diagonal, equal to f1 and f2 is denoted 
as diag(f), and similarly for others: diag(F), diag(Δλ), etc. 

When both plastic hinges form at element ends, g is a 3x2 matrix, with the first column 
equal to 11 gq  f  and the second equal to 22 gq  f . If only one node yields, g is a 3x1 vec-
tor and is equal to g1 or g2, depending on which node yields. The parameter ΔΔλ for the non-
yielding node is zero. 

1. Predictor step: We consider a purely elastic step obtained by freezing the plastic 
flow, so that Δλ=0.     

 )( 1

p

nne

trial
vvkq 1n    (20) 
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n vv 
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 n
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n αα 1  (23) 
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n H 111111 ),,(   αΦαaqff  (24) 

 )( 111

trial

n
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n

trial

n   aqΦΦ  (25) 

Once the trial state is computed, we check the limit condition F≤0, which due to 
Δλ=0, reduces to the condition 0)( 11  n

trial

n

trial

n ΦΦf .  
If this condition is not violated, the trial state is admissible state and: 

 p

n

p

n vv 1  (26) 

 nn aa 1  (27) 

 nn αα 1  (28) 

 trial

nn 11   qq  (29) 

 ekk   (30) 

If the condition 0)( 11  n

trial

n

trial

n ΦΦf  is not satisfied, the trial state is nonadmissi-
ble state and the correction should be done in the corrector step. 

2. Corrector step: We require the residuals R1,n+1, R2,n+1 and R3,n+1 and the limit con-
dition (14) to be zero.     

 λΔgvvR 1n

p

n

p

1n1n1,    (31) 

 1n1nn1n1n2, ΔλΠgaaR   kinH  (32) 

 1n1nn1n1n3, ΔλgααR    (33) 
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After linearization of equations (31)-(34) and the limit equation (14) and after some 
numerical manipulations, we get the following nonlinear system of equations for 
determining the parameter ΔΔλ: 

 0dλcΔΔλbΔΔλaΔΔ ))((  (34) 

The smallest positive solution ΔΔλ (the increment of the consistency parameter in 
the k-th iteration) corresponds to the physically correct solution.  
The system can be solved, for example, with the Newton method or another algo-
rithm for a nonlinear equation system. The solution of the linear equation system 
cΔΔλ +d =0 can be used as initial value. The coefficients a, b, c and d are: 

 Φ2δa  )(diag  (35) 

 f2b   (36) 

 
f2ΦΦ1

Φ2f1βf1βδf2Δλδc

n )(

)())(()(


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diag

diagHH)(diagdiag kiniso  (37) 

 )()))()((( nkiniso HHdiag ΦΦ1f1βf1βδΔλd   (38) 

where 

 TPMgff1 iso

Ttrial H )(  (39) 

 LSNgf2 iso

T H )(  (40) 

 )( PMgΦΦ1  Ttrial  (41) 

 )( SNgΦ2  T  (42) 

 )( 1 2QΔΔλBRRCM   (43) 

 )( ΠgQΔΔλgCN kinH  (44) 

 ΠQΔλM)RBP kinH 2(  (45) 

 )( gQΔΔλΠBS  kinH  (46) 

 )((3 PMQnΔλRT  T)  (47) 

 gS(NQnΔλL  )( T)  (48) 

with  
11 ) QΔΔ(kA

-

e , fQ qq

2 , 1 )H( kinΠQΔλ1B , 
g

Λg
n   and  

11 )(   ΠQΔλQΔΔλAC kinH . In the equations (34) to (48) the superscript k, de-
noting the iteration, and subscript n+1, denoting the value at tn+1, are omitted for 
simplicity. 
For δ=0 and Hiso =Hkin =0 the model reduces to elastic-perfectly plastic behavior 
with the solution: 
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The elastic-perfectly plastic solution is also recovered when β=0 and Hiso =Hkin =0.  
In the case when only one node yields, the system of nonlinear equations trans-
forms into a single quadratic equation. 
After finding the increment ΔΔλ, either as a solution of a system of nonlinear equa-
tions or a single equation, the consistency parameter is updated: 

 )(

1

)(

1

)1(

1

k

n

k

n

k

n 



  ΔΔλΔλΔΔλ  (50) 

2.4 Tangent Stiffness Matrix  

The tangent stiffness can be obtained by enforcing the satisfaction of the linearized discrete 
limit condition. After some manipulation the following expression for the tangent stiffness 
matrix kn+1 results 
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 (51) 

We used the substitutions X1 and X2 with the following definition 

 
112

111111









nn

nnnkinnn H

SNX

CΔλΠQBCX
 (52) 

As for the consistency parameter ΔΔλ, for parameters δ=0 and Hiso =Hkin =0 or β=0 and  
Hiso =Hkin =0, the consistent tangent stiffness matrix reduces to the expression for the elastic-
perfectly plastic case: 

   11

1

1111111   n

T

n

-

nn

T

nnnnn AggAggA-Ak  (53) 

3 NUMERICAL EXAMPLES 

To verify the capabilities of the new element, two simple examples are studied. The re-
sponse of the new element, named GPMNYS element (from Generalized Plasticity N-M 
Yield Surface), is compared with the solution of the elastic-perfectly plastic concentrated 
plasticity element (EPPNMYS element) [18] and the fiber hinge element [19] whose solution 
is denoted as FIBER and represents the benchmark solution. FEDEASLab, a Matlab toolbox 
for nonlinear static and dynamic analysis [20], was used for the simulation.  

3.1 Cantilever Column  

The first example refers to the cantilever column shown in Figure 3(a) which is used be-
fore in a study of efficient cross section discretization of fiber beam-column element [21]. In 
tests B6 and B8_7, the column was subjected to uniaxial and biaxial tip translation history 
with variable axial force (Figure 3(b-c)). In Test B6, the column tip is subjected to lateral dis-
placements in the strong axis direction, with variation of axial force between -0.05Np and       
-0.45Np. In Test B8_7, the column tip is subjected to displacements in the Y and Z directions 
so that normalized bending moments about strong and weak axis are in the ratio 0.5, with var-
iation of axial force between -0.05Np and -0.45Np.  



Svetlana M. Kostic, Filip C. Filippou and Chin-Long Lee 

 9 

The response of a homogeneous column with elastic perfectly plastic material, obtained 
with the distributed inelasticity fiber model with fine section discretization (108 fibers) and 
five Gauss-Lobatto integration points along its length, is compared with the response of the 
two concentrated plasticity elements, GPNMYS and EPPNMYS elements. 

 

 
Figure 3: (a) Cantilever column; (b) B6 and B8_7 tip displacement pattern; (c) tip displacement history. 

The assumed yield function, i.e. N-Mz-My interaction curve, for each end of the beam is: 

 cmmmpmpmmpmmpf yzyzyzyz  242622422 65.4367.315.1),,(  (54) 

Where p is the normalized axial force pp NaNp )(  and pzzzz MaMm )(   and 

pyyyy MaMm )(  , respectively, are the normalized bending moment about strong and 
weak axis. The variables ap, az and ay are components of the vector that describes the dis-
pacement of the yield surface in the N-Mz-My space due to kinematic hardening mechanism. 
The variable c determines dimensions of the yield surface. Coefficients in the equation (54) 
are determined to fit the best yield surface for W12x30 US steel cross section with c=1.0 [1]. 
In GPNMYS and EPPNMYS models, both nodes are assumed to have the same properties. 
The coefficient c is taken equal to 0.3 in GPNMYS and 1.0 in EPPNMYS model. Additional 
parameters of the GPNMYS model are: δ=0.15, β=0.70 and Hiso =Hkin =0.  The results are 
shown in Figures 4-5 for Test B6 and in Figures 6-9 for Test B8_7. 

It should be emphasized that the elapsed time during these tests were, approximately, in the 
ratio 1:1.15:21 for EPPNMYS: GPNMYS: FIBER element, respectively. 

 
Figure 4: Test B6: normalized bending moment – normalized axial force path                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 
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Figure 5: Test B6: normalized bending moment – rotation relation                                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 

 
Figure 6: Test B8_7: normalized bending moment about Z – normalized axial force path                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 

 
Figure 7: Test B8_7: normalized bending moment about Y – normalized axial force path                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 

 
Figure 8: Test B8_7: normalized bending moment about Z – rotation relation                                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 
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Figure 9: Test B8_7: normalized bending moment about Y – rotation relation                                                                                   

(a) GPNMYS and FIBER; (b) EPPNMYS and FIBER element. 

To verify the capabilities of the GPNMYS element to simulate hardening behavior, the 
Test B6 is conducted again. The material is assumed to have 3% kinematic hardening in 
FIBER model. Parameter Hkin of the GPNMYS model is taken equal to 0.08, while other pa-
rameters are the same as in the Test B6 without hardening. Results are shown in Figure 10.  
 

 
Figure 10: Test B6 with hardening - GPNMYS and FIBER element: (a) normalized bending moment – norma-

lized axial force path; (b) normalized bending moment about Y – rotation relation. 

3.2 Portal frame example  

The second example refers to the portal frame shown in Figure 11, previously studied by 
El-Zanaty [22]. Gravity loads are applied first and then kept constant wile lateral load is grad-
ually increasing. The residual stresses are not considered since this effect cannot be captured 
with the EPPNMYS element. In the GPNMYS element this effect can be included by specify-
ing the size of the elastic domain (loading surface) [23].  

The nonlinear geometry under large displacements is accounted for with the corotational 
formulation [24]. In each of the three models (GPNMYS, EPPNMYS and fiber) each member 
of the portal frame is represented with one element. The material model is assumed elastic-
perfectly plastic. Three different levels of vertical load are studied: 20%, 40% and 60% of the 
ultimate vertical load of the frame and results for bending about the major axis are given in 
Figure 12. 
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Figure 11: El-Zanaty portal frame. 

The following yield function is used:  

 cmpmpmpf zzz  2222 5.3),(  (55) 

Where p and mz are as defined before. The parameter c equal to 1.0 is used in EPPNMYS 
element, and c=0.71 for GPNMYS element. Additional parameters of the GPNMYS model 
are: δ=0.1, β=0.27.  

 

 
Figure 13: Load-displacement response of El-Zanaty frame. 

As can be seen from the results, the response of the GPNMYS element is closer to the ex-
act – FIBER solution due to its capability to describe the gradual yielding of the cross section.  

4 CONCLUSION  

In the paper, a new three-dimensional nonlinear beam-column element, called GPNMYS, 
for the simulation of the global and local response of frames under monotonic and cyclic load-
ing conditions is presented. The element belongs to the family of concentrated plasticity ele-
ments, with plastic hinges located at the ends of the element and described with yield and 
limit surfaces. The concepts of generalized material plasticity are extended to force resultants 
and used in the element formulation. The element takes into account the interaction of the 
axial force and the bending moments about the principal axes of the cross section and the har-
dening behavior. The gradual yielding of the cross section is described by the asymptotical 
approach to the limit surface. The model is relatively simple and introduces parameters with 
clear physical meaning. With the implementation of the return mapping algorithm and qua-
dratic convergence it is, also, computationally very efficient. 
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The capability of the new GPNMYS element is verified with two examples by comparing 
its response with that of an elastic perfectly plastic element resultant plasticity element, which 
is also based on the return map algorithm, and with the results of a fiber beam-column ele-
ment. In comparison with perfectly-plastic element, the GPNMYS element proves significant-
ly more versatile in the simulation of frame response under complex loading conditions 
without significant increase in calculation time, which remains equal to approximately 15% of 
the time required by the fiber beam-column with an adequate level of discretization. 
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