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Abstract. This paper shows the application of Generalized Finite Difference Method (GFDM)
to dynamic analysis of beams and plates. The use of a meshless method with the possibility of
using an irregular grid-point distribution can be of interest for modeling this problem.
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1 INTRODUCTION

The Generalized finite difference method (GFDM) is evolved from classical finite difference
method (FDM). GFDM can be applied over general or irregular clouds of points [7]. The basic
idea is to use moving least squares (MLS) approximation to obtain explicit difference formulae
which can be included in the partial differential equations [9]]. Benito, Urena and Gavete have
made interesting contributions to the development of this method [1} 2, 16l 4, 5, [12]]. The paper
[3] shows the application of the GFDM in solving parabolic and hyperbolic equations.

This paper decribes how the GFDM can be applied for solving dynamic analysis problems of
plates [[10} (11} [13].

The paper is organized as follows. Section 1 is the introduction. Section 2 describes the explicit
generalized finite difference schemes. In section 3 is studied the von Neumann stability. In
Section 4 is analyzed the relation between stability and irregularity of a cloud of nodes. In Sec-
tion 5 some applications of the GFDM for solving problems of dynamic analysis are included.
Finally, in Section 6 some conclusions are given.

2 EXPLICIT GENERALIZED FINITE DIFFERENCE SCHEMES
2.1 Vibrations of simple beam
Let us consider the problem governed by the following partial differential equation (pde)
02U (x,t) 0*U (z,t)
ot? Ox*

with boundary conditions at the ends of the beam of length L for each particular case and initial
conditions

+ A2 = Fy(z,t) z€(0,L), t>0 1)

—8Uéf’ Do = Fala) )
where F} and F, are two known smooth functions, the constant A; depends of the material and
geometry of the beam.

Firstly, we use the explicit difference formulae for the values of partial derivatives in the space
variable. The intention is to obtain explicit linear expressions for the approximation of partial
derivatives in the points of the domain.

First of all, an irregular grid or cloud of points is generated in the domain. On defining the
composition central node with a set of NV points surrounding it (henceforth referred as nodes),
the star then refers to the group of established nodes in relation to a central node. Each node in
the domain have an associated star assigned [1, 5, (7, 9].

If ug 1s an approximation of fourth-order for the value of the function at the central node (U)
of the star, with coordinate x, and u; is an approximation of fourth-order for the value of the
function at the rest of nodes, of coordinates x; with j = 1,--- | N, then, according to the Taylor
series expansion

U(z,0) = 0;

o, 1o, 10t |
T Ox 2 Ox? 6 Ox3 24 Oz

U;=Uy+h 3)

where h; = x; — xy.
If in equation 3| the terms over fourth order are ignored. It is then possible to define the function
By(u) as in [1} 3, 45, 7, 9]

<
Q
T
Q
S
>

al dug  h? Hox )
By(u) = Z[(UO —u; +h Oz + 9 92 + 6 0 + 24 Ot Jw(hy)] )

J=1
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where w(h;) is the denominated weighting function.
If the norm 4] is minimized with respect to the partial derivatives the linear equations system is
obtained

A4D,, = b, 5)
where
szNh?QNh42Nh?2
D mu® D Gt Fut ) g
7=1 j=1 j=1 j=1
N 4 N 5 N 6
B4 Bo X
g2 yo2 g2
; i ;1210 ;48w
A4— N hG N h7 (6)
Sl 3 e
~—~ 36 c 144
7j=1 j=1
SY M 3 L
£ 576"
and .
Du4 _ Ouo 82u0 (93u0 84UQ (7)
or 0Ox%2 Ox3 Ox*
4 N 3\
Z(—UO + Uj)hjU}Q
j=1
N
h2
> (~ug+ Uj)gjw2
ba=1{ 'y 3 (8)
> (—uo+ Uj)gJMQ
j=1
N 4
B4
Z(—u0+uj)—Jw2
Jj=1 24 )

\

and solving system [3] the explicit difference formulae are obtained as in [2]. On including the
explicit expressions for the values of the partial derivatives the star equation is obtained

MU (z,t al
%kxo,n) = notto + Y _ 15 ©)
=1

with

N
m+ Y n=0 (10)
j=1

Secondly, we shall use an explicit formula for the part of the equation [I] that depends on time.
This explicit formula can be used to solve the Cauchy initial value problem. This method
involves only one grid point at the advanced time level. The second derivative with respect to
time is approached by X X
2 n+ n n—
aa_tlgjl(ﬂfo,yoﬂ) = 20 2 2+ = (11)
(At)
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If the equations [9] and [T1] are substituted in equation [I] the following recursive relationship is
obtained

ug“ = 2uy — A2(At) [moug + Zm + Fi(zo,n) (12)

7=1
The first derivative with respect to the time is approached by the central difference formula

ou uy — ug*

Eu,o =5 = Fy(z0) = ug ' = up — 20t Fy(z0) (13)

If equation [13]is substituted in equation [12] and taking into account initials conditions (2)), the
following equation is obtained

Fl(x()a 0)

5 (14)

u(l) = Ath([Eo) +

The equation |14 relates the value of the function at the central node of the star, at time n = 1,
with the values F (o, 0) and the initial conditions F(x).
2.2 Vibrations of plates
Let us to consider the problem governed by
MU (x,y,t) 0 (x,y,t)
2 7 Y 7 Y — G t
O + 91202 + ay4 ] 1(1’,:1/, )
(x,y) € (0,L) x (0,L), t>0 (15)

82U(‘T7y7t) A2[84U(‘T7y7t>
ot?

with boundary conditions at the edges of the plate [0, L] x [0, L] for each particular case and
initial conditions ou( )
T,y,t

T|(x,y,0) = Ga(z,y) (16)
where (G; and GG, are two known smooth functions, the constant A5 depends of the material and
geometry of the plate.

In a similar way that the one used in the subsection previous. If ug is an approximation of
fourth-order for the value of the function at the central node (Uy) of the star, with coordinates
(20, yo) and u; is an approximation of fourth-order for the value of the function at the rest of

U(z,y,0) = 0;

nodes, of coordinates (x;,y;) with j = 1,--- | N, then, according to the Taylor series expansion
oUy  OU, h30%°U, k3 0%U, 82U0
Uy=Up+hj—+k—+ =2 -1 hjk;
0 e Ty T2 o T2 o M amay T
WUy K Uy Mk 8Ty hik 90y by 9'Us  K; 0"y
6 Oz3 6 0y3 2 0220y 2 Oxdy?> 24 0x* = 24 Oy*
Wik o0, | hik} 98U, hikj 8*U, A

6 0x30y 4 0x20y? 6 O0x0y3
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where hj = .fL'j — X, kj = yj — Yo.
If in equation[I7]the terms over fourth order are ignored. It is then possible to define the function

N 2 2
8u0 auo hz 82U0 k: 82UQ 82u0
B = — s+ hi— 2y - hik,——
14(u) ;1[(“0 uj + hj o + K; y + 2 D2 2 Oy? + N jax8y+
+ h? 8311,0 i k‘? 83u0 i hik] 83’&0 h]k? 83’&0 h;l 841,60 k:;l 84’&0
6 Ox® 6 Oy? 2 020y 2 Oxdy? 24 0x* 24 Oyt

h?kj 84'&0 hj2k,]2 84UO 4 h]kjg 84U0
6 0x30y 4 0x20y? 6 Oxdy?

Jw(hy, k) (18)

where w(h;, k;) is the denominated weighting function.
If the norm [I8]is minimized with respect to the partial derivatives the linear equation system is
obtained

A1aDy,yy = b1y (19)

where Ai4, D,,,, and by4 can be obtained in a similar way that the one used in the expressions
[6} [7] and [8] and solving system the explicit difference formulae are obtained. On including the
explicit expressions for the values of the partial derivatives the star equation is obtained

0 (z,y,t) oMU (z,y,t)  0WU(x,y,t) N
[ ot +2 01202 + ay4 ](:Eo,yo,n) = [oUp + ; Hjts (20)
with
N
po+ > =0 Q1)
=1

If the equations [9] and [20] are substituted in equation [I5] the following recursive relationship is
obtained

N
uptt = 2ul — ud Tt — AN [poud + Z pius] + Gi(xo, Yo, m) (22)
j=1

Using a similar process for to obtain the equation [14] the following equation is obtained

Gl(x(b Yo, O)

uy = ANtGy(wo, yo) + 5

(23)

The expressions [12] and 22] relates the value of the function at the central node of star, at time
step n + 1, with the values of the functions in the nodes of the star at time step n.

3 CONVERGENCE

According to Lax’s equivalence theorem, if the consistency condition is satisfied, stability
is the necessary and sufficient condition for convergence. In this section we study firstly the
truncation error of the equations [I|and |14} and secondly consistency and stability.
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3.1 Truncation error

As it is well known, the truncation errors for second order time derivative (TEt) is given as
follows:

0?U(x, t) u?m —2u! —i—ug At

o2 (At)?
(A)2 04U (z, 1)) 4
- o +O((A)Y),t <ty <t+ At (29)
2 54
(TE,) = — (81)° 9V, t1) +O((AY)Y),t <ty <t+ At (25)

12 ot
In order to obtain the truncation error for space derivatives, Taylor’s series expansion including
higher order derivatives is used and then higher order functions B;[u], p = 4,14 are obtained.
The expressions of B,[u|, p = 4, 14 are similar to the ones given in and but incorporating
now higher order derivatives. If the new norms B;[u], p = 4, 14 are minimized with respect to
the partial derivatives until the fourth order, the following linear equation systems are obtained:

A,D,, = b (26)

where A,,, D, and b, with (p = 4, 14) are as previously calculated in [6)} for p = 4 and
similarly for p = 14, and b; can be split in two parts as follows

b’ = b, + b2* 27)

where the news terms b;* correspond to the new higher order derivatives incorporated in the
Taylor’s series expansion to extend the functions from B, [u], p = 4,14 to B;[u], p = 4, 14.
Then a better approximation of the partial derivatives can be obtained using the inverse matrix
—1
4 1 1
—_ —_ k%
D,,=A"b,+ A b (28)

In the equation 28| the expression A;lbp is the approximation used in the GFDM ( see [3]] and
[12]]) and then the truncation errors for spatial derivatives are given by

_ —1g %%
TE,, = A;'b} (29)

We develop only the truncation error corresponding to p = 4 case. The other truncation error
for p = 14 case can be obtained in a similar way that the one used in p = 4 case.

N 2 3 4
. an h? 82U0 R 93U, ki orU,
B (u) :Z[(U U + hj—=— 5t ol g2 +3—f! s +4—f! 7t

Jj=1

h_? U, h_;‘- U,
5! Oxb 6! O

If the function [29]is minimized with respect partial derivatives up to the fourth order, the fol-
lowing linear equations system is defined

N N N 3} N N\ T
A4Du4:(ZEh] > S5 D 257) (31)

j=1 j=1 j=1 j=1

+ - Jw(hy)]® (30)
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where h5 . 16 a6
_ U,  hS oo,
2= 0 U e ) (32)

with NV > 4, and then

N2 N3 N T
1 ] j J
TE,, = ——A ( ZT Z — 21{5 ZITE ) (33)
= = j= Jj=
where 15 o5 16 6
10Uy 1 0°Uy
T=_[2 L .. )2 4
[5! 1o 6! 926 + - )Jw(hy) (34)
and operating
aG

B =1 Z‘I’u ]+ 6(h) (35)

where ¥, ;(h;) and Uy ;(h;) are homogeneous rational functions of order two and O(h;) is a
series of third- and higher-order functions.

The expression [35]is the truncation error for spatial derivatives.

Taking into account that the total truncation errors (TTE) is given by

ITTE =TE, +TE,, (36)
where T'E,; and T'E,, are given by [25] and [35]respectively.

3.2 Consistency
By considering bounded derivatives in

lim TTE—0 (37)
(At,hy)—(0,0)

Then, the truncation error condition given in [37|shows the consistency of the approximation.

3.3 Stability criterion

For the difference schemes, the von Neumann condition is sufficient as well as necessary for
stability [8]. "Boundary conditions are neglected by the von Neumann method which applies
in theory only to pure initial value problems with periodic initial data. It does however provide
necessary conditions for stability of constant coefficient problems regardless of the type of
boundary condition”.

For the stability analysis the first idea is to make a harmonic decomposition of the approximated
solution at grid points and at a given time level n. Then we can write the finite difference
approximation in the nodes of the star at time n, as

T T .
ug — Snezu 1130; u;l — gnezu x4 (38)

where £ is the amplification factor,

— . _ —iwAt
T; = xo + hj; §=e
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v is the column vector of the wave numbers

v
Vy
then we can write the stability condition as: ||¢|| < 1.
Including the equation [38|into the equation or cancelation of f"e""T“”O, leads to

N
E=2+ % — (A)2A% (mg + Y mye™ ) (39)

1

where A is the constant A; or A, respectively and mg, m; are the coefficients 7y, n; or po, f;.
Using the equations [[0]or[21]and after some calculus we obtain the quadratic equation

N N
&= &2+ (A mi(l —cosv"hy) =iy mysinv"hj)]+1=0  (40)
1

1

Hence the values of ¢ are

E=bt V21 41)

where N v
A2 (A\t)? A?(A\t)?
b= 1+(T)ij(1—COSVThj) —i(T)ijsinuThj (42)
1 1
If we consider now the condition for stability, we obtain

b+ VeE—1|| <1 (43)

Operating with the equations [42] and 43| canceling with conservative criteria, the condition for

stability of star is obtained as

A<t (44)
4A \m0|

4 IRREGULARITY OF THE STAR (/1S) AND STABILITY

In this section we are going to define the index of irregularity of a star (//.5) and also the
index of irregularity of a cloud of nodes (/IC).
The coefficient mg is function of:

e The number of nodes in the star
e The coordinates of each star node referred to the central node of the star
e The weighting function (see references |1, 4])

If the number of nodes by star and the weighting function are fixed, then the equation [44] is
function of the coordinates of each node of star referred to its central node.
Denoting 7, as the average of the distances between of the nodes of the star and its central node
with coordinates (¢, yo) and denoting 7 the average of the 7 values in the stars of the cloud of
nodes, then

Mo = met” (45)

8
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The stability criterion can be rewritten as

ANt < ———— (46)
1A/l

For the regular mesh case, the inequality 4] is for the cases of one and two dimensions as
follows

2 2
At < V2T if N=4
184V/3 47)
or’ f N=2
At < 7 =
AVI3[3(1 +v/2) + 2V/5)2
Multiplying the right-hand side of inequalities 4/} respectively, by the factors
AL /\/_i_ if N=4
13[3(1 2)+2
VI3EQ+ V2) + 2V if N=24

36+/[mo|

the inequality [46]is obtained.
For each one of the stars of the cloud of nodes, we define the IIS for a star with central node in

(z0,%0) as Eq.
9v3

= — Y2 if N=4
ISy = YIBBOAVI + VA o)

36+ /[l

that takes the value of one in the case of a regular meshand 0 < 7715 <'1

If the index 115 decreases, then absolute values of 777y increases and then according with @,
At decreases.

The irregularity index of a cloud of nodes (IIC) is defined as the minimum of all the IIS of the
stars of a cloud of nodes.

S NUMERICAL RESULTS

In this section we present different numerical results.

5.1 Transverse vibrations of a simply supported beam

In this section, the weighting function used is

1
Qh,) = (50)
(/h3)?

The global exact error can be calculated as

NT
Zi:l ezz

Global t =
obal exact error NT

(D
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Figure 1: regular and irregular mesh
Figure 2: irregular meshes

where NT is the number of nodes in the domain and ¢; is the exact error in the node 1.
Let us solve the pde

*U(e,t) 1 9U(w.1)

il vk A 1 t 52
BT o 0 xe€(0,1), >0 (52)
with boundary conditions
U,t)=U(1,t) =0
02U (x, 02U (z, (53)
{—giz Y00 = Tgrlan =0,
and initial conditions U
t
U(z,0) =0; %’)Rx,o) = sin(7x) (54)
The exact solution is
U(z,t) = sin(mx)sint (55)

Table 1 shows the results of the global error, using a regular mesh of 21 nodes (figure 1), for
several values of At.

At Global error IIC  Global error
0.005 0.00276 0.96 0.00107
0.002 0.00109 0.78 0.00295
0.001 0.00017 0.62 0.00534
0.0005 0.00002 0.46 0.00903
Table 1: Influence of At in the global error. Table 2: Influence of irregularity of mesh in the global error

Table 2 shows the results of global error with At = 0.001 for several irregular meshes of
21 nodes (figures 1 and 2). We have established a measure of the irregularity of the nodes
distribution in the domain. For this purpose we have assigned to every node in the domain a
value that corresponds with the average of the distances from it to the rest of its star nodes.
Then, the index of irregularity (IIC) is defined as the standard deviation of these values.

Figure 3 shows the approximated solution of the equations [52] [53] and [54] in the last time step
(n = 1000) with At = 0.005.

As new initial conditions let us assume that due to impact an initial velocity is given to a point
of the beam at the distance x = 0.5 from the left-hand support, which give the initial conditions

W) =1 if x=05
U(x,0) = 0; { 8U?§c,t)|( 0

56
i |(x,0):0 lf Z‘;’é05 ( )

10
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Figure 3: Approximated solution in the last time step (At = 0.005)

AT
|y o by

A N

FV o g Sy
b eal ey
= ’ ¥ 4. A
a e

i

Figure 4: Approximated solution with n=100 Approximated solution with n=200

The exact solution in this case is given by

Uz, ) = 2(sin(mz) sin(t) — %sin(?mx) in(9t) + 2—15 sin(5mx) sin(256) —---)  (57)

Table 3 shows the results of the global error, using a regular mesh of 21 nodes (figure 1) and
At = 0.001, when we increases the number of time steps (n).

Figures 4 and 5 shows the approximated solution of the equation [52] with the initial conditions

n Global error
100 0.001628
200 0.001700
500  0.001816
1000 0.002252
Table 3: Variation of global error versus the number of time steps.

@]in the last time step for n = 100, n = 200, n = 500 and n = 1000 respectively.

5.2 Forced vibrations of a simply supported beam

In this section, the weighting function used is[50]and the global error is calculated by [51]
The pde is given by

*U(x,t) 1 0U(x,t) . .
52 + g 15sin(27rx)sint = € (0,1), t>0 (58)

with boundary conditions

{U(O,t) =U(1,t) =0 (59)

02U (,t 02U (x,t
8352 )‘(O,t) = ax(2 )’(Lt) =0,

11



F. Urena, L. Gavete, J.J. Benito and E. Salete

,,(.-r" A N "m.t
A LS
¢ 4

Figure 5: Approximated solution withn=500 Approximated solution with n=1000

Figure 6: Approximated solution in the last step (At = 0.005)

and initial conditions

U (z,t
U(x,0) = 0; %\(%0) = sin(7z) + sin(27z) (60)
The exact solution for this case is given by
U(x,t) = (sin(mx) + sin(27z)) sint (61)

Table 4 shows the results of the global error, using a regular mesh of 21 nodes (figure 1) for
several values of Af.

Table 5 shows the results of global error with At = 0.001 for several irregular meshes of 21
nodes (figures 1 and 2).

Figure 6 shows the approximated solution of the equation |57|in the last time step (n = 1000)

At Global error IIC Global error
0.005 0.01025 0.96 0.00744
0.002 0.00987 0.78 0.00751
0.001 0.00625 0.62 0.01960

0.0005 0.00126 0.46 0.04496

Table 4: Influence of At in the global error.  Table 5: Influence of irregularity of mesh in the global error.

with At = 0.005.

5.3 Natural vibrations of a simply supported plate
In this section, the weighting function used is

1

(/3 + )8

and the global exact error can be calculated by
The pde is

Q(hy, kj) = (62)

12
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Figure 8: Three irregular meshes

PU(x,y,t) 1 [34U(x,y,t) LUyt 34U(56,y,t)] _
ot? 4t Jx* 0220? oy* B
15sintsin(27x) sin(2my)  (x,y) € (0,1) x (0,1), t>0 (63)

with boundary conditions

U(:E7ya t)|F =0

82 x,Y, 82 z,

% O.pt) = %I(Ly, =0,Vy €[0,1] (64)
POyl oy = Tlzwl)| ) =0,V € [0,1]

where I is the boundary of the domain [0, 1] x [0, 1], and initial conditions

oU(z,y,t . .
U(z,y,0) = 0; %’(%yﬁ) = sin(7zx) sin(7y) (65)
The exact solution is given by
U(z,y,t) = sin(mzx) sin(my) sint (66)

Table 6 shows the results of the global error, using a regular mesh of 81 nodes (figure 7), for
several values of At.

Table 7 shows the results of global error with At = 0.001 for several irregular meshes of 81
nodes (figures 7 and 8).
Figure 9 shows the approximated solution of the equation |63|in the last time step (n = 1000).
As new initial conditions let us assume that due to impact an initial velocity is given to a point
(z =y = 0.5) of the plate, which give the conditions

aU”F“’tu’yo—l if xr=y=0.5

U ,y, | (z,y,0) — =0 Zf (I,y) 7& (057 05) (67)

U(z,y,0) = 0; {

13
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At Global error IIC Global error
0.01 0.08254 0.92 0.00224
0.005 0.03513 0.83 0.00224
0.002 0.01339 0.76 0.00231
0.001 0.00212 0.58 0.00251

Table 6: Influence of At in the global error.  Table 7: Influence of irregularity of mesh in the global error.

Figure 9: Approximated solution in the last time step

The exact solution is given by
1
U(x,y,t) = 2[sin(rz) sin(ry) sin(t) — 9 sin(37z) sin(3my) sin(9¢)
1
+ — sin(bmx) sin(5my) sin(25¢) — -+ -] (68)

25
Table 8 shows the results of the global error, using a regular mesh of 81 nodes (figure 7) and

n Global error

100 0.01122
200 0.01858
600 0.02690

1200  0.03363
Table 8: Variation of global error versus the number of time steps

At = 0.001, versus the number of time steps (n).

Figures 10 and 11 show the approximated solution of the equation [63| with the initial conditions
in the last time steps for the cases n = 100, n = 200, n = 600 and n = 1200 time steps
respectively.

5.4 Forced vibrations of a simply supported plate

In this section, the weighting function used is 62| and the global error is calculated by
The pde is

PU(x,y,t) 1 [34U(fv,y,t) U (1) 34U($,y,t)] _
ot? 4t oz 02202 dy* B
15sintsin(2mx) sin(2ry))  (x,y) € (0,1) x (0,1), t>0 (69)
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Figure 10: Approximated solution with n=100 Approximated solution with n=200

Figure 11: Approximated solution with n=600 Approximated solution with n=1200
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Figure 12: Approximated solution in the last time step

with boundary conditions

U(x,y,t)|r =
825](&0%7& )|F 02U (x,y,t)
Tlo,y,t):—flyt =0,vy € [0,1] (70)
02U (x 92U
T e [0,1]
and initial conditions
ou t
U(z,y,0) = 0; %hx,%o) = sin(mx) sin(mry) + sin(27z) sin(27y) (71)

The exact solution is given by
U(z,y,t) = (sin(rz) sin(my) + sin(27x) sin(27wy)) sint (72)

Table 9 shows the results of the global error, using regular mesh of 81 nodes (figure 7), for
several values of At. Table 10 shows the results of global error with At = 0.001 for several

At  Global error IIC Global error
0.01 0.53070 0.92 0.01412
0.005 0.14640 0.83 0.01437
0.002 0.07837 0.76 0.01442
0.001 0.01444 0.58 0.01447

Table 9: Influence of At in the global error. Table 10: Influence of irregularity of mesh in the global error.

irregular meshes of 81 nodes (figures 7 and 8).
Figure 12 shows the approximated solution of the equationin the last time step (n = 1000).

5.5 Transverse vibrations of a beam with fixed ends

In this section, the weighting function used is[50]and the global exact error can be calculated
as[31l
The pde is
0?U (z,t) 1 0'WU(x,t)

o T gt =0 T€(0.1). t>0 (73)
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Figure 13: Approximated solution in last time step

with boundary conditions

U0, 1) = U(1,1) = 0
{8U(a:,t)‘ _ Wy (74)
ox t) ox (1,t) )

and initial conditions
oU (z,t)

U(x,0) = 0; 5

|(z,0) = cos(4.73x) —cosh(4.73x)—0.982501 [sin(4.73x) —sinh(4.73x)]

(75)
The exact solution is given by

U(x,t) = (cos(4.73z) — cosh(4.73x) — 0.982501[sin(4.73z) — sinh(4.73z)]) sint  (76)

Table 11 shows the results of the global error, using a regular mesh of 21 nodes (figure 1), for

At  Global error IIC  Global error
0.01 0.04649 0.96 0.00419
0.005 0.01960 0.78 0.00423
0.002 0.00798 0.62 0.00763
0.001 0.00216 0.46 0.00781

Table 11: Influence of At in the global error.  Table 12: Influence of irregularity of mesh in the global error.

several values of At.

Table 12 shows the results of global error with At = 0.001 for several irregular meshes of 21
nodes (figures 1 and 2).

Figure 13 shows the approximated solution of the equation and [/5|1in the last time step
(n = 1000) with At = 0.001.

5.6 Natural vibrations of a fixed plate

In this section, the weighting function used is[62]and the global exact error can be calculated

by 51}
The pde is
U (z,y,t) 1 ﬁ%Wm%ﬂ U (2, y,t) yU@wJH_
ot? 4(4.73)% ozt D202 oyt B
15sintsin(27x) sin(2ny)  (x,y) € (0,1) x (0,1), ¢>0 (77)
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'h
At_j ! l\_
'__..Jf é@ x

Figure 14: Approximated solution in the last time step

with boundary conditions [64] and initial conditions

U(z,y,0) =0
W(x S ) |(2,9,0) = (cos(4.73z) — cosh(4.73z) — 0.982501[sin(4.73z)— (78)
smh(4 73x)])(cos(4.73y) — cosh(4.73y) — 0.982501[sin(4.73y) — sinh(4.73y)])

The exact solution is given by

U(z,y,t) = (cos(4.73x) — cosh(4.73x) — 0.982501]sin(4.73z) — sinh(4.73z)])(cos(4.73y)
— cosh(4.73y) — 0.982501[sin(4.73y) — sinh(4.73y)]) sint  (79)

Table 13 shows the results of the global error, using a regular mesh of 81 nodes (figure 7), for
several values of At.
Table 14 shows the results of global error with At = 0.001 for several irregular meshes of 81

At Global error IIC Global error
0.005 0.36490 0.92 0.00492
0.002 0.03519 0.83 0.00494
0.001 0.00492 0.76 0.00496

0.0005 0.00064 0.58 0.00504

Table 13: Influence of At in the global error.  Table 14: Influence of irregularity of mesh in the global error.

nodes (figures 7 and 8).
Figure 14 shows the approximated solution of the equation and [/9|1in the last time step
(n = 500).

6 CONCLUSIONS

The use of the generalized finite difference method using irregular clouds of points is an
interesting way of solving partial differential equations. The extension of the generalized finite
difference to the explicit solution of some dynamic analysis problems has been developed.

The von Neumann stability criterion has been expressed in function of the coefficients of the
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star equation for irregular cloud of nodes.

The index of irregularity of a clouds of nodes (IIC) is given and, also, its relation with the
stability. As it is shown in the numerical results, a decrease in the value of the time step, always
below the stability limits, leads to a decrease of the global error.
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