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Abstract. This paper presents a methodology for the optimal design of multiple Tuned Mass 

Dampers (TMDs) in 3D irregular buildings. The objective function minimizes the total mass 

of all added TMDs. Constraints are added to limit the total accelerations experienced at the 

edges of the floors in the direction parallel to each edge. The formulation of the design meth-

odology relies on optimality criteria conjectured herein, hence, a two stage iterative analy-

sis/redesign procedure that is based on analysis tools only is resulted. This allows the 

application of the methodology in a practical design process. 
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1 INTRODUCTION 

Seismic protection of structures is an important issue in structural design due to its threat-

ening consequences. Often, it is required that the design of a structure provide even more than 

life safety, promising a certain level of serviceability following a severe earthquake, while 

allowing for a defined level of damage, i.e. performance-based design. Damage to structural 

components is often linked to inter-story drifts, when considering damage due to maximal re-

sponses, and to energy dissipation when considering damage due to cumulative actions. When 

considering damage to acceleration sensitive non-structural elements, total accelerations 

(which are accelerations in respect to an inertial frame of reference, also referred to as abso-

lute accelerations) produced during the ground-motion are of most interest. Total acceleration 

levels are also very important when considering the comfort level of human occupancy. In 

addition, total accelerations have an effect on base-shear and overturning moments [1].  

There is ample literature on the control of these responses through control devices that re-

duce the energy dissipation demand of the structure. Several passive damping devices are 

available, including viscous and visco-elastic dampers, and metallic and friction hysteretic 

dampers [1, 2]. Another device to be used herein is the Tuned-Mass-Damper (TMD). Details 

about TMDs and their applications may be found in the fine works [1, 3, 4, 5, 6], only to 

name a few.  

The use of TMDs for the reduction of responses of tall buildings due to wind loadings be-

came widespread [7, 8, 9]. With efficient seismic design strategies, those devices may be at-

tractive for multi-hazard mitigation of both winds and earthquakes. While wind-induced 

vibrations are usually dominated by a single mode, using TMDs for seismic structural protec-

tion is more complicated. In seismic vibrations, no single distinct frequency dominates the 

behavior, but rather many frequencies, including the ones of higher modes. Many researchers 

are therefore hesitant in using TMDs for seismic structural applications [10, 11, 12, 13, 14]. It 

should be noted that most of those works use only a single TMD tuned to a fundamental fre-

quency. In addition, a TMD relies on tuning the device's natural frequency as to suppress the 

vibration of the structure, based on the structure’s natural frequencies. However, if detuning 

occurs, the device loses much of its efficiency. 

One solution to these drawbacks may be found in active or semi-active TMDs (ATMDs or 

SATMDs), whose frequencies may be altered at each moment [15, 16, 17, 18]. Active control, 

however, requires an external power source to be activated, which may be costly and may 

force a reliability issue during an actual earthquake. Another possible solution may be 

achieved using multiple TMDs (MTMDs), each tuned to a different frequency. This may lead 

to a solution that controls various frequencies for various modes of the structure. Those 

TMDs could also be distributed along the structure and located at locations which will opti-

mize the control of the structure. In addition, each TMD that is aimed at controlling a certain 

mode of the structure could be split to several TMDs, each tuned to a slightly different fre-

quency within a bandwidth close to the natural frequency of the main system, thus reducing 

the detuning effect and allowing design robustness (for example [19]). The idea of using 

MTMDs tuned to various natural frequencies of the structure and distributed along its height 

is not new. Clark [20] indicated that a single TMD can not significantly reduce the motion 

created due to seismic excitations, while MTMDs can substantially reduce motion. Moon [21, 

22] shows a practical application of vertically-distributed MTMDs in tall buildings for reduc-

ing wind-induced vibrations, and offers a method of distributing them by mode shape. In his 

work, dampers are located at the perimeter in the space between the inner and outer façade 

layers in double skin façade systems, as their vibrations are in the direction perpendicular to 

the edge of the floor. In the methodology presented herein a somewhat different approach is 
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taken, as the dampers' vibrations are in parallel to the floor edge. This allows a better control 

of torsional response as well as larger strokes for the dampers. 

Several methodologies for the optimal design of a single passive TMD for MDOF struc-

tures exist, each using a different objective function [8, 23, 24, 25]. Hadi and Arfiadi [26] use 

an H2 performance index to retrieve the optimal parameter of a TMD added to a MDOF struc-

ture. H2 and H∞ optimization criteria are also widely used in ATMD problems (for example 

[27]). The H2 approach minimizes a weighted average of the weighted sum of responses at 

various locations, and the control energy input. In the case of passive control, however, the 

control energy input is not a relevant cost measure. The H∞ approach, on the other hand, min-

imizes the worst case energy attenuation of the controlled output with respect to an excitation 

of a given energy. Here, however, the characteristics of the input motion expected at the site 

where the structure is located are not considered. It should be emphasized that both ap-

proaches make use of smeared measures of the controlled responses rather than limiting each 

local response separately. In buildings in general, however, (see for example [28, 29]), and in 

the case of irregular buildings in particular, it is highly important to limit each local response 

separately. In addition, both approaches do not target an allowable response limit. In the con-

text of the last two highly important issues, Bounded State Control (BSC) seems more appro-

priate since local states are each bounded to allowable limits [28, 29]. 

Bounded State Control algorithms can be roughly categorized into two groups. The first re-

lies on a train of high energy pulses of control forces (e.g. [29, 30] and references therein) 

while the second makes use of a continuous control law (e.g. [31, 32, 33). While may be at-

tractive in the application of an active control system, the pulse control strategies are not 

likely to be implemented by passive means. The methods that make use of continuous control 

laws, on the other hand, usually require formal optimization. 

There are not many methodologies available for the design of MTMDs of various frequen-

cies and locations in seismic application. In their pioneering work, Chen and Wu [34] use a 

frequency based transfer function as a response measure of the multi-modal vibration problem 

of structures. Rather than solving a formal optimization problem, they use a sequential search 

technique in order to allocate multi-modal MTMDs. A pre-assumed number of TMDs is se-

quentially added at locations where the location index (which, for example, can be the loca-

tion of maximal root-mean-square (RMS) acceleration prior to placement of each damper) is 

optimal in each sequence. Luo et al. [35] also dealt with the multi-modal vibration problem of 

structures using MTMDs. In their work, a dynamic magnification factor (DMF) of the first 

mode obtained based on the transfer function of the structure's response in frequency domain 

is minimized. Constraints on the DMFs of other modes are also considered. Lin et al. [36] 

proposed a two-stage frequency-domain based optimal design of MTMDs taking into consid-

eration both the structural response and the TMD stroke, and found that there is a good bal-

ance between limiting the TMD stroke and not substantially compromising on structural 

response. Fu and Johnson [37] suggest using passive MTMDs with a vertical distribution of 

mass, where each story is assigned with one TMD of which its' parameters (mass, stiffness 

and inherent damping) are optimized as to minimize the sum of inter-story drifts. The optimi-

zation problem is solved using a pattern-search, and a local minimum is obtained. While the 

above methodologies present a huge step forward, there is still no methodology that leads to a 

desired performance under a realistic representation of the ground motion hazard, in small 

computational efforts while using analysis tools only.   

This paper presents a simple frequency-domain performance-based methodology for solv-

ing the allocation and sizing problem of multi-modal MTMDs in structures undergoing seis-

mic excitations. The objective function minimizes the total mass of all added TMDs. 

Constraints are added to limit the total accelerations experienced at the edges of the floors in 
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the direction parallel to each edge. The methodology is based on a simple iterative analy-

sis/redesign procedure where first, an analysis is performed for a given design and then redes-

ign of the TMDs is performed according to recurrence relations. The redesign first determines 

the mass of all dampers at a given location based on RMS acceleration (peak acceleration 

could be indirectly used). Then this mass is distributed between dampers tuned to various fre-

quencies. The methodology is based on the simple optimal design parameters of TMDs pre-

sented by Den-Hartog [3] and Warburton [4] to successfully reduce the acceleration demands 

within the structure. The advantages of the proposed methodology is its simplicity, relaying 

on analyses tools only, it is performance-based - catered to serve any desirable performance, 

and its fast convergence.  

2 PROBLEM FORMULATION 

2.1 Equations of motion  

Following Soong [29], the equations of motion of a MDOF system can be represented in 

state-space notation as: 
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where M, C and K are the mass, inherent damping and stiffness matrices of the structure ac-

cording to the chosen N degrees-of-freedom (DOFs), respectively, e is the excitation direction 

vector with values of zero and one, I is the identity matrix and 0 is a zero matrix of appropri-

ate dimensions, as noted.  

It should be noted that for the sake of presentation, Eq. (1) and the following methodology 

are presented using a single input (component of the ground motion). An extension to the case 

of multiple inputs simultaneously, or multiple components of the ground motion in different 

directions, is straightforward. 

2.2 Performance measures 

Sensitivity of equipment within the structure, as well as human discomfort is found to be 

most dependent on total accelerations produced within the structure during an earthquake [1, 

34]. The acceleration serviceability limit of structures is thus a suitable performance criterion 

for design. Reducing the drift levels within the structure is also a goal that should be reckoned 

with, as drifts are the main source of structural damage. This criterion is not directly taken 

into consideration in the present work; however, as will be seen in the example, using the 

proposed methodology leads to a considerable reduction of peak drifts as well. Moreover, 

some structures are expected to lead to acceptable, or close to acceptable, drifts even without 
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retrofitting, but to be sensitive to total accelerations. One example for that is buildings for 

which wind loads dictate the design for lateral loads. Here, earthquakes may still lead to high 

total accelerations. Hence, total accelerations serve in this paper as the performance measure 

of the structure. 

Added TMDs help control the responses of the structure, and the measure of cost of this 

controlling system is by the amount of added mass. As more mass is added to the structure, 

the retrofit is said to be more expensive and thus less cost-effective.  

2.3 Problem formulation 

The problem at hand is formulated as an optimization problem for which the objective 

function minimizes the total amount of added masses in the TMDs under constraints of max-

imal performance measures. The total accelerations at all peripheral locations of all floors are 

taken as the performance measures, as they are the largest accelerations expected within story 

limits. Those locations are shown in Fig. 1 as: (xpyl)n, (xpyr)n, (xpxt)n and (xpxb)n, and are the pe-

ripheral coordinates in the "y", "y", "x" and "x" directions, at the left, right, top and bottom 

edges of floor n, respectively. The remaining variables will be explained subsequently. That is, 

the constraints are on the total accelerations at the edges of all floors in the directions parallel 

to each edge. The optimization problem is thus formulated as: 
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where (mTMD)l,f is the mass of the TMD located at peripheral location l tuned to frequency f, 

( )( )( )( )
lteq

t
t

pmaxmax x&&  is the envelope of peak total acceleration in time at each location, l, under 

all considered earthquakes, t

alla  is the allowable total acceleration, and Nlocations is the number 

of locations to be constrained (=4Nfloors where Nfloors is the number of floors). The peripheral 

locations, l, are ordered such that the vector of peripheral coordinates is xp=[xpyl
T
 xpyr

T
 xpxt

T
 

xpxb
T
]

T
 (see also Fig. 1). It should be noted that with a slight modification, the methodology to 

follow could also constrain the total accelerations of the floors' corners in any direction, if de-

sired. 

Rather than directly solving the time-domain representation of the problem (Eq. (3)), the 

proposed methodology uses an equivalent frequency-domain representation, introducing pe-

ripheral RMS total accelerations rather than peripheral peak total accelerations. The allowed 

values for the RMS total accelerations are properly scaled so as to lead to the desired allow-

able peak accelerations in time of Eq. (3). In frequency-domain, Eq. (3) is transformed into: 
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where RMS

alla  is the allowable RMS total acceleration and ( )( )
l

RMS t

px&&   is the root mean square 

of the total acceleration at location l (the l
th

 term of ( )t

px&&RMS ). Such reference to a component 

of a vector or a matrix, i.e. (·)l, will be used throughout the paper. 

(dx)n

(dy)n

(θ)n

(xl)n (xr)n

(xpxt)n=(xp)2Nfloors+n

(xpxb)n=(xp)3Nfloors+n
 

Figure 1: Definition of dynamic DOFs and peripheral coordinates of the n
th

 floor. 

3 PROPOSED SOLUTION SCHEME 

3.1 Fully-stressed design (FSD) 

Designs that are based on fully stressed characteristics go back to the classical design of truss-

es under static loads, whereby the weight is minimized for a given allowable stress. For that 

problem, it had been widely accepted that the optimal design yields a: statically determinate 

fully stressed design, with members out of the design having strains smaller than the allow-

able. This result appeared in the literature as early as 1900 as: “A statically determined frame-

work of included figure is the most economic form of a framework of given indeterminate 

figure for the support of a given loading” [38]. It was later shown that this design is a Karush-

Kuhn-Tucker point and therefore, an optimal design [39].  

Recently, it was shown that some dynamic optimal designs also possess "fully stressed" 

characteristics. Levy and Lavan [40] considered the minimization of total added viscous 

damping to frame structures subjected to ground accelerations, while constraining various in-

ter-story responses. Their optimal solutions attained by formal optimization indicated that: 

"At the optimum, damping is assigned to stories for which the local performance index has 

reached the allowable value. Stories with no assigned damping attain a local performance in-

dex which is lower or equal to the allowable." That is, the optimal solutions attained "fully 

stressed" characteristics. 

Based on past experience of the authors in similar problems, it is conjectured here that the 

optimal solution to MTMD allocation and sizing in structures (the solution of Eq. (4)) pos-

sesses FSD characteristics, i.e.: 

 

At the optimum, TMDs are assigned to peripheral locations for which the RMS total accelera-

tion has reached the allowable value under the considered input acceleration PSD. In addi-

tion, at each location to which TMDs are added, TMDs of a given frequency are assigned 

only to frequencies for which the output spectral density is maximal. 



Yael Daniel and Oren Lavan 

 7 

Potential locations for TMDs are located at the edges of the floors, as their lines of action 

are in direction parallel to the edges (Fig. 2). Those are actually the same locations where total 

accelerations are to be limited. The coordinates "z" in Fig. 2 will be explained subsequently. 
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Figure 2: Locations of TMDs at the floor n and their associated z DOFs. 

Stage one of the conjecture, imposes that for all peripheral locations with masses within 

the design, the total acceleration equals the allowable one, while all peripheral locations with 

zero masses (outside the design) have an acceleration equal to or less than the allowable. This 

is illustrated on the left-hand side of Fig. 3, which presents the concept on a selected periph-

eral frame. Here, the 5
th

 floor is the only on to be dampened ( ( ) 0
,5TMD ≠∑

f

f
m ), as it is the 

only floor to reach the allowable RMS acceleration. The second stage of the conjecture im-

poses that for all dampers at a peripheral location where the acceleration equals the allowable 

one, and are within the design, the output spectral densities are maximal (with respect to ω) 

and equal. As for masses outside of the design at this DOF, the output spectral density is less 

than maximal. This is illustrated on the right-hand side of Fig. 3 where ( )( )
l

ωt
px

R
&&

 is the output 

spectral density for the total acceleration at the location l (=5 in Fig. 3). As can be seen, 

( )
1,5TMDm and ( )

2,5TMDm are the only ones with a mass larger than zero as their output spectral 

densities, ( )( )
5

t
p

ω
x

R
&&

, are largest. It should be noted that if the desired constraints are on the 

corners' total accelerations in any direction, dampers would be added to the direction that con-

tributes more to the acceleration (between x and y). 

The above conjecture suggests that the tuning frequency of each TMD is searched for 

amongst all possible frequencies. However, for practical reasons, it is reasonable to assume 

that these frequencies are in the vicinity of the bare structure's frequencies, and thus the tuning 

of TMDs could be in relation to the bare structure's natural frequency. 

 



Yael Daniel and Oren Lavan 

 8 

(mTMD)5,1

≠0

Stage 1 Stage 2

0 0 0

0

( )( ) RMS

all5

t

p aRMS =x&&

( )( ) RMS

all4

t

p aRMS ≤x&&

( )( ) RMS

all3

t

p aRMS ≤x&&

( )( ) RMS

all2

t

p aRMS ≤x&&

( )( ) RMS

all1

t

p aRMS ≤x&&

RMS

alla

( ) 0
,5
≠∑

f

fTMDm

( )∑ fTMD ,4
m

0

0

0

( )∑ fTMD ,3
m

( )∑ fTMD ,2
m

( )∑ fTMD ,1
m

( ) 0
,5
≠∑

f

fTMD
m

(mTMD)5,2

≠0

(mTMD)5,3

=0

(mTMD)5,4

=0

(mTMD)5,5

=0

( )( )
5

t
p

ω
x

R
&&

( )( )
1,5

t
p

ω
x

R
&& ( )( )

2,5
t
p

ω
x

R
&&

( )( )
3,5

t
p

ω
x

R
&& ( )( )

4,5
t
p

ω
x

R
&&

( )( )
5,5

t
p

ω
x

R
&&

 

Figure 3: Illustrations of the first part of the conjecture (left) and the second part of the conjecture (right). 

3.2 Analysis/Redesign algorithm 

Solutions to optimization problems, which possess fully stressed characteristics, are effi-

ciently achieved iteratively using a two step algorithm in each iteration cycle. In the first step, 

an analysis is performed for a given preliminary design, whereas in the second step the design 

is changed using a recurrence relationship that targets fully stressedness. The recurrence rela-

tion can be generally written as: 

 ( ) ( )
( ) P

allowable

n

ln

l

n

l
pi

pi
xx 








⋅=+1  (5) 

where xl is the value of the design variable associated with the location l, pil is the per-

formance measure of interest for the location l, piallowable is the allowable value for the per-

formance measure, n - the iteration number and P - a convergence parameter. Fully 

stressedness is obtained from using Eq. (5) since upon convergence one of the following must 

take place. Either ( ) ( )n

l

n

l xx =+1  giving ( )
allowable

n

l pipi = , or ( ) ( ) 01 ==+ n

l

n

l xx  giving 

( )
allowable

n

l pipi ≤ . 

In the optimal design of trusses, for example, the engineer would assume initial values for 

the cross sections as design variables ( sxl ' in Eq. (5)) and run an analysis. Then, based on the 

attained stresses as the performance measures ( spil ' in Eq. (5)), and their allowable values, 

the cross section of each bar could be redesigned using Eq. (5). The process could be repeated 

until convergence. The advantages of the analysis/redesign algorithm include its simplicity, 

the need to use analysis tools only, and the fairly small computational effort that lies in the 

small number of analyses required for convergence. Such analysis/redesign procedure will be 

utilized here to attain fully stressed designs where the mass, frequency and locations of 

MTMDs within framed structures is to be determined. 
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4 DESIGN METHODOLOGY 

The proposed design methodology relies on the analysis/redesign procedure which leads to 

the FSD criteria presented above. The proposed methodology is summarized in the following 

flowchart. Following the flowchart is an extensive elaboration of each step, including the 

equations referred to within the flowchart. 

4.1 Stepwise flowchart 

Initial actions 

1. Determine the mass, stiffness and inherent damping matrices of the structure. Decide on 

allowable RMS accelerations, which should represent the desired peak total acceleration. 

2. Determine the natural frequencies and mode shapes of the structure.  

3. Decide on an input PSD, which should represent an ensemble of chosen ground-motions 

(see example). For each DOF, evaluate the total acceleration transfer function in frequency 

domain using Eq. (8), transform this transfer function into peripheral coordinates using Eq. 

(10) and determine the peripheral output spectral density using Eq. (11). The peripheral RMS 

acceleration is derived from Eq. (12).  

4. Add modeN  ( modeN  being the number of modes potentially damped) TMDs at each pe-

ripheral coordinate, each tuned to one frequency of the structure, with the initial properties 

described in Eqs. (14), (17) and (19). 

 

Iterative action 

5. Update the mass, stiffness and damping matrices of the structure with the added damp-

ing system, using Eqs. (20) - (25). 

6. Re-evaluate the RMS accelerations excited within the structure using Eqs. (8) - (12). 

Notice that for Eq. (8) the expressions KM 1−  and CM 1−  are taken from Eqs. (26) and (27), to 

avoid singularity.  

7. Redesign the mass of each TMD according to the recurrence formulas given in Eqs. (28) 

and (29). Accordingly, reevaluate the stiffness and damping coefficient of each TMD using 

Eqs. (15) - (19). 

8. Repeat steps 5 to 7 until convergence of the mass is reached. 

9. Validate the results using time-history analysis and the selected set of ground-motions. 

10. If desired, the allowable RMS acceleration may be scaled according to the reduction of 

envelope peak acceleration determined in step 9 and the allowable peak acceleration in time 

domain, using Eq. (30), followed by repeating steps 5-9 until fully satisfied. 

 

Step 1: A desired maximal RMS acceleration (representing the desired peak total accelera-

tion) is chosen. The mass, damping and stiffness matrices of the structure are assembled ac-

cording to the relevant dynamic DOFs, which in the case of the simplest n
th

 floor of a 3D 

structure are two perpendicular displacements of a chosen coordinate and the floor's rotation, 

as noted in Fig. 1 by "(dx)n", "(dy)n" and "(θ)n". As it is desired to control peripheral responses 

(which include the largest responses within floor limits in the "x" and "y" directions), a coor-

dinate transformation from floor DOFs to peripheral coordinates is performed as follows:  

 xTx ⋅=p  (6) 
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where [ ]ΤΤθddx TT

yx= and the transformation matrix T is: 
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where Nfloors is the number of floors, N is the number of DOFs and lx , rx , ty , and by are 

the distances from the DOFs' coordinate system's origin to the left, right, top and bottom edg-

es, ordered from first to top floor, as shown for the story n in Fig. 1. 

Step 2: Solution of the eigenvalue problem determines the structure's natural frequencies 

and mode shapes. 

Step 3: A power spectral density (PSD) for the input acceleration is chosen. Examples of 

such input spectrums are stationary white-noise, which gives a constant PSD, and the Kanai-

Tajimi PSD [41]. Additional PSDs for ground-motional modeling can be found in Nagara-

jaiah and Narasimhan [42] and in Agrawal et al. [43]. The PSD is fitted to represent real 

ground-motions. This is done by fitting its parameters to a frequency-based spectrum, repre-

senting the decomposition of earthquakes into frequency components (for example, a FFT 

spectrum). For each DOF, the transfer function of total acceleration of the bare frame is eval-

uated using Eq. (8). This transfer function represents the ratio between the sinusoidal output 

amplitude to a sinusoidal input amplitude with frequency ω. 

For total accelerations it can be shown that the appropriate transfer vector, ( )ωjtx
H

&&
, is: 

 ( ) ( ) ( )ωωω jjj x

1

x
HKCMH ⋅+⋅−= −

t
&&

 (8) 

where 1−=j  and ( )ωjxH  is the displacement transfer vector [44], given by: 

 ( ) ( ) BAICCHx ⋅−⋅= −1ωω jj  (9) 

This transfer function is transformed to peripheral coordinates using:  

 ( ) ( )ωω jj tt
p xx
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&&&&

⋅=  (10) 

where ( )ωjt
px

H
&&

 is the structure's transfer function of total accelerations in peripheral coordi-

nates. The output spectral densities of the peripheral accelerations, ( )( )
l
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R
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, are evaluated 

using: 

 ( )( ) ( )( ) ( )ωωω Sj
ll

⋅=
2

t
p

t
p xx

HR
&&&&

 (11) 

where ( )ωS is the input PSD,  ( )( ) ( )( ) ( )( )
lll

jjj ωωω *
2

t
p

t
p

t
p xxx

HHH
&&&&&&

⋅=  where ( )( )
l

jωtx
H

&&
 is the 

l
th

 term of ( )ωjtx
H

&&
 , ( )( )

l
jω*

tx
H

&&
 is its complex conjugate.  
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The area under the output spectral density curve equals the mean-square response [45], and 

thus, the root-mean-square (RMS) of total accelerations at peripheral coordinate l, 

( )
l

RMS t

px&& ,taking into consideration the contribution of all frequencies to the total response, is 

derived using: 

 ( ) ( )( )∫
∞

⋅=
0

t

p t
p

2 ωω dRMS
ll x

Rx
&&

&&  (12) 

Step 4: If for any peripheral coordinate, l, the RMS acceleration obtained is larger than the 

allowable RMS acceleration, MTMDs are added to suppress the acceleration produced. Each 

TMD of mass (mTMD)l,f is assigned with a DOF for its displacement relative to the ground, 

(z)l,f. Here, the subscript l stands for its location while the subscript f stands for its frequency. 

The location, l, is corresponding to the peripheral coordinate (xp)l the TMD is attached to. At 

each location, 
modeN  TMDs are added, to suppress 

modeN  original frequencies of the structure, 

where 
modeN  is the number of modes to potentially be controlled. Thus, generally a total of 

locationsmode NN ⋅  dampers are potentially added (Fig. 2). Note that the order of DOFs in the 

damped structure is: 

 ( ) ( ) ( ) ( ) ( ) ( )[ ]TΤ zzzzzzθddx
modelocationsmodemodelocations NNNNNyx ,,2,11,1,21,1

TT~
LLL=  (13) 

Note the difference between the coordinates (xp)l to the coordinates (z)l,f. While the coordi-

nates (xp)l relate to peripheral displacements of the floors themselves, (z)l,f relate to displace-

ments of the masses of TMDs relative to the ground. Note also that those two vectors are 

organized such that the component l of z relates to the displacement of a TMD that is attached 

to the floor at the location of the component l of xp, i.e. the locations l are corresponding in 

those two vectors. 

The initial properties of each such damper are obtained based on a SDOF system represent-

ing the damped mode. In this work, Den-Hartog's properties [3] were chosen. These proper-

ties were derived for the optimal reduction of mass displacement of a SDOF system under 

external sinusoidal loading. They were later shown to also reduce the maximum total accel-

eration response of the mass of a SDOF system undergoing a harmonic base excitation [4]. It 

should be noted that any different set of chosen properties (mass, stiffness and inherent damp-

ing of each TMD) can be easily used with the proposed scheme instead of Den-Hartog. In the 

case of optimal Den-Hartog properties: 

1. For each peripheral coordinate, the initial mass of all TMDs located at that coordinate is 

taken as certain predetermined percentage of the structure's mass (say 1%). It is divided 

equally between the dampers situated at the same location: 

 ( ) structure

mode
fl

M
N

⋅=
01.0

,TMDm  (14) 

where l represents the damper's location, f represents the mode dampened and structureM  is the 

structure's total mass. The mass ratio ( )
fTMDµ  of all TMDs tuned to frequency f equals the 

ratio between the effective TMD mass of all TMDs tuned to frequency f and the f
th

 modal 

mass of the structure. This mass ratio is defined as: 

 ( )
( )( )

ff

fff

f φφ

φφ

⋅⋅

⋅⋅⋅⋅
=

originalM

TmT
µ

T

TMD

TT

TMD

D
 (15) 
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where fφ is the f
th

 mode-shape of the bare structure, [ ]originalM  is the bare frame's mass matrix, 

T is the transformation matrix of Eq. (7), and ( )( )
fTMDmD   is a diagonal matrix with the terms 

( )
fNlocations,:1TMDm  sitting on the diagonal in the order of TMD DOFs, as in Eq. (13). 

2. Each TMD's stiffness is determined according to the frequency of the mode which is 

dampened by the TMD. The frequency is tuned to: 

 ( )
( )
( )

f

f

f
TMD

n

TMD
1 µ

ω
ω

+
=  (16) 

where ( )
fnω  is the frequency f to be dampened. The compatible stiffness is: 

 ( ) ( ) ( )( )2
TMD,TMD,TMD fflfl

ωmk ⋅=  (17) 

3. Each TMD's modal damping ratio is determined according to: 

 ( )
( )
( )( )3TMD

TMD

TMD
18

3

f

f

f µ

µ
ξ

+⋅

⋅
=  (18) 

and the matching damping coefficient: 

 ( ) ( ) ( ) ( )
ffflfl nTMD,TMD,TMD 2 ωξmc ⋅⋅⋅=  (19) 

Step 5: The mass, damping and stiffness matrices of the damped frame are formulated, us-

ing the following. The new mass matrix is: 

 
[ ]

[ ]





 +
=

TMD

dmTMD

T

dmoriginal

m0

0BmBM
M  (20) 

where [ ]originalM  is the bare frame's mass matrix and [ ]TMDm  is a diagonal matrix with the 

terms ( )
fl ,TMDm  sitting on the diagonal in the order of TMD DOFs, as in Eq. (13). The matrix 

dmB  is a transfer matrix, used to add the mass of TMDs to the mass of the structure perpen-

dicular to their original DOF (i.e. if a certain damper is used to reduce vibration in the "y" di-

rection, and thus its DOF is in the "y" direction, the mass of that TMD is added to the mass of 

the structure in the "x" direction of the story where it is situated). It is given by:  

 [ ]T

m

T

m

T

dm TTB .....

.....1

=

m
o
d
e

N
 (21) 

where: 

 























=
⋅⋅

)()()(

)()()(

)()()(

)()()(

)34(

floorsfloorsfloorsfloorsfloorsfloors

floorsfloorsfloorsfloorsfloorsfloors

floorsfloorsfloorsfloorsfloorsfloors

floorsfloorsfloorsfloorsfloorsfloors

floorsfloors

xNNxNNxNN

xNNxNNxNN

xNNxNNxNN

xNNxNNxNN

NxN

0I0

0I0

00I

00I

Tm  (22) 
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The damping matrix of the damped frame is constructed as: 

 
[ ] [ ]

[ ] [ ] 








−

−+
=

TMDdTMD

TMD

T

ddTMD

T

doriginal

cBc

cBBcBC
C  (23) 

where [ ]
originalC  is the bare frame's inherent damping matrix and [ ]TMDc  is a diagonal matrix 

with the terms ( )
fl ,TMDc  sitting on the diagonal in the order of DOFs as in Eq. (13). The ma-

trix dB  is a transfer matrix, used to assign the TMDs within the structure.  

 [ ]TT .....

.....1

TTB
T

d =

m
o
d
e

N
 (24) 

The stiffness matrix of the damped frame is constructed similarly as: 

 
[ ] [ ]

[ ] [ ] 








−

−+
=

TMDdTMD

TMD

T

ddTMD

T

doriginal

kBk

kBBkBK
K  (25) 

where [ ]
originalK  is the bare frame's stiffness matrix and [ ]TMDk  is a diagonal matrix with the 

terms ( )
fl ,TMDk  sitting on the diagonal in the order of DOFs as in Eq. (13). 

Step 6: The peripheral RMS accelerations of the damped frame at all coordinates are eval-

uated using frequency-domain analysis based on Eqs. (8) - (12), using the newly-updated ma-

trices (note that in Eq. (12) it is needed to take only the first N components of the extended 

vector ( )ωjt~x
H

&&
 as now DOFs of TMDs are included in this vector). As earlier mentioned, 

this requires the evaluation of each DOF's transfer function. As the computation of the trans-

fer function involves inversion of the mass matrix, and some TMD masses may get very small 

during the design process, singularity issues may occur. To avoid those, the expressions 

KM 1−  and CM 1−  used in Eq. (2) are evaluated as follows: 

( ) ( ) ( )












−

+−+⋅+

=
−−

−

2

TMDd

2

TMD

TMD

T

d

1

dmTMD

T

dmoriginaldTMD

T

doriginal

1

dmTMD

T

dmoriginal

1

ΩBΩ

kBBmBMBkBKBmBM

KM

 (26) 

where 2

TMDΩ  is a diagonal matrix with the terms ( )( )2
,TMD fl

ω sitting on the diagonal in the or-

der of DOFs given in Eq. (13), and: 

( ) ( ) ( )












−

+−+⋅+

=
−−

−

TMDdTMD

TMD

T

d

1

dmTMD

T

dmoriginaldTMD

T

doriginal

1

dmTMD

T

dmoriginal

1

ΩξBΩξ

cBBmBMBcBCBmBM

CM

 (27) 

where TMDΩξ  is a diagonal matrix with the terms ( ) ( )
flfl ,TMD,TMD2 ωξ ⋅⋅  sitting on the diago-

nal in the order of DOFs given in Eq. (13).  

Step 7: The TMD's mass is re-determined using two stages; the total mass of all dampers 

located at a given location is determined, followed by the distribution of that mass between all 
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TMDs at that location, having various tuning frequencies. This is done according to the recur-

rence relationships described below. Following the change in mass, the stiffness and modal 

damping ratio of each TMD are also updated while keeping the Den-Hartog principles intact, 

using Eqs. (15) - (19). The two-stage analysis/redesign procedure is carried out iteratively, in 

the following way. 

Stage 1: The first stage of redesign includes the evaluation of the total mass of all TMDs at 

a certain location, which promises the existence of the first part of the conjecture. This is for-

mulated using: 

 ( )( ) ( )( ) ( )( ) ( )( ) P

l

n

f

fl

n

f

fl

n

l

n

a

RMS














⋅== ∑∑

==

++
RMS

all

)(t

p
sfrequencie

all

1

,TMD

sfrequencie
all

1

,

1

TMD

1

totalTMD,

x
mmm

&&

 (28) 

where (·)
(n)

 is the value at iteration n, ( )( )
l

n 1

totalTMD,

+m  is the total mass of all dampers at location l, 

and P is a constant which influences the convergence and convergence rate. A large P will 

result in a faster but less stable convergence of the above equation. Based on the authors' ex-

perience, a P in the range of 0.1-2.0 should be satisfying in terms of stability, convergence 

and fair amount of iterations.  

Stage 2: In the second stage of redesign, the total mass obtained at each location is distrib-

uted between Nmode dampers (dampening modes ( )
fnω ) at that same location l, promising the 

existence of the second part of the conjecture, using the following: 

( )( ) ( )( )
( ) ( )( )( )

( ) ( )( )( )
( )( )

( )( )
( ) ( )( )( )

( ) ( )( )( )∑
=

+
+
























⋅























=

sfrequencie
all

1
n

n

,TMD

1

totalTMD,

n

n

,TMD,

1

TMD

t
p

t
p

t
p

t
p

max

max

f

P

l
f

n

f

l
f

n

fl

n

l

n

P

l
f

n

f

l
f

n

fl

n

fl

n

ωR

ωR

m

m

ωR

ωR

mm

x

x
x

x

&&

&&
&&

&&

 (29) 

where ( ) ( )( )( )
l

f

n

nt
p

ωR
x&&

 is the component of ( )( )ωn
t
px

R
&&

 at the location l evaluated at ( )
fnω=ω .  

The analysis/redesign procedure is continued until convergence. It shall be noted that each 

iteration cycle may result in either a bigger or smaller mass.  

Rational: Upon convergence, i.e when values at the iteration n+1 are equal to the corre-

sponding values at the iteration n, Eq. (28) is satisfied under one of two conditions. That is, 

either ( )( ) ( )( ) 0
sfrequencie

all

1
,TMD

sfrequencie
all

1
,

1

TMD ≠= ∑∑
==

+

f

fl

n

f

fl

n mm  and thus ( )( ) ( )( ) RMS

all

)(t

p

)1(t

p aRMSRMS
l

n

l

n

==
+

xx &&&& , or 

( )( ) ( )( ) RMS

all

)(t

p

)1(t

p aRMSRMS
l

n

l

n

≤=
+

xx &&&&  and then ( )( ) ( )( ) 0
sfrequencie

all

1
,TMD

sfrequencie
all

1
,

1

TMD == ∑∑
==

+

f

fl

n

f

fl

n mm . This por-

trays fully-stressedness in total accelerations, i.e. the first part of the conjecture. Eq. (29), on 

the other hand, portrays fully-stressedness in frequency response. Here, taking the sum of 

each side of the equation with respect to f implies that the sum of masses of TMDs at the loca-

tion l and iteration n+1 equals the desired total mass from the first stage, 
( )( )

l

n 1

totalTMD,

+m , or 

( )( ) ( )( )
l

n

f

fl

n 1

totalTMD,

sfrequencie
all

1
,

1

TMD

+

=

+ =∑ mm . This is actually attained using the fraction on the right-hand side 
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of Eq. (29), which is constant for all f's. The remaining part of Eq. (29) has a similar structure 

to that of Eq. (28). That is, upon convergence, either ( )( ) ( )( ) 0
,TMD,

1

TMD ≠=+
fl

n

fl

n
mm  and thus 

( ) ( )( )( ) ( ) ( )( )( ) 




=

l
f

n

fl
f

n

nn t
p

t
p

max ωRωR
xx &&&&

, or ( ) ( )( )( ) ( ) ( )( )( ) 




≤

l
f

n

fl
f

n

nn t
p

t
p

max ωRωR
xx &&&&

 and then 

( )( ) ( )( ) 0
,TMD,

1

TMD ==+
fl

n

fl

n
mm . This portrays fully-stressedness in frequency response, i.e. the sec-

ond part of the conjecture. It should be noted that the normalization of ( ) ( )( )( )
l

f

n

nt
p

ωR
x&&

 with 

respect to ( ) ( )( )( ) 






l
f

n

f
nt

p

max ωR
x&&

 has no effect on the results of this equation and is done here 

only for clarification of the rational behind Eq. (29).  

Step 8: Repeat steps 5 to 7 until convergence of the mass is reached. 

Step 9: After the process converges, the retrofitted frame's response is validated using time 

history analysis for all ground-motions within the chosen ensemble. 

Step 10: The percent of reduction in RMS acceleration and the percent of reduction of en-

velope peak accelerations in time domain may not be entirely compatible. Thus, a modifica-

tion of the allowable RMS acceleration may be performed as to scale these two 

frequency/time domain measures, using the following: 

 
( )( )

( )( )( )( ) locations

lteq

l
l Nl

t

RMS
aa ,.......,2,1

maxmax t

p

t

pt

all

RMS

all, =∀⋅=
x

x

&&

&&

 (30) 

where: RMS

all,la  is the modified allowable RMS acceleration to be used in the frequency-domain 

analysis. 

Once the allowable RMS acceleration is re-scaled, steps 5-9 are repeated until the reduc-

tion in peak acceleration is as desired in the performance-based design.  

5 EXAMPLE 

The following 8-story asymmetric RC frame structure (Fig. 4) introduced by Tso and Yao 

[46] is retrofitted using MTMDs for an excitation in the "y" direction. A uniform distributed 

mass of 0.75 ton/m
2
 is taken. The column dimensions are 0.5m by 0.5m for frames 1 and 2 

and 0.7m by 0.7m for frames 3 and 4. The beams are 0.4m wide and 0.6m tall. 5% Rayleigh 

damping for the first and second modes is used. A 40% reduction of the peripheral peak total 

acceleration obtained in the bare structure is desired. Hence, initially, an allowable peripheral 

RMS acceleration of 60% of the maximal peripheral RMS acceleration of the bare structure is 

adopted. The response is analyzed under a Kanai-Tajimi PSD with parameters fitted to the 

average FFT values of a chosen ensemble of ground-motions (SE 10 in 50). The design vari-

ables are the locations and properties of the individual tuned mass dampers. The dampers are 

to potentially be located in the peripheral frames, where they are most effective, and as the 

excitation is in the "y" direction only, dampers will be assigned only to peripheral frames 1 

and 4, to dampen frequencies of modes which involve "y" and "θ". The ‘stepwise flowchart’ 

described above is closely followed to optimally design the MTMDs. 
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Figure 4: eight-story asymmetric structure. 

Step 1: The mass, inherent damping and stiffness matrices of the frame in the dynamic 

DOFs shown in Fig. 1 were constructed.  

Step 2: The natural frequencies, of the structure were determined. The first 10 frequencies 

are presented in Table 1. 

 

Mode 

no. 

Angular frequency 

(rad/sec) 

Mode 

direction 

Mode 

no. 

Angular frequency 

(rad/sec) 

Mode 

direction 
1 5.135  x  6  22.407 y,θ  

2 5.463  y,θ 7 29.649  x  

3 7.087  y,θ 8  29.876  y,θ  

4 16.240  x 9  40.918  y,θ  

5 16.938 y,θ  10  44.770  y,θ  

Table 1: Frequencies of the structure. 

Step 3: The RMS accelerations of the undamped building at the peripheral frames in the 

"y" direction are presented in Fig. 5. Those were obtained using the Kanai-Tajimi PSD with 

parameters: 
sec

13rad
g =ω  , 98.0=gξ  and 10 =S . Those parameters were determined by 

fitting the parameters gω and gξ to a spectrum of mean FFT values of the SE 10 in 50 ground-

motion ensemble, scaled to S0=1.0 (see Fig. 6). The actual value of S0 has no effect since the 

allowable RMS acceleration is determined by the percentage of reduction desired. The allow-

able RMS acceleration for all peripheral accelerations was earlier adopted as 60% of the 

maximum peripheral RMS acceleration of the bare frame, giving: 95.15RMS

all =a . It is assumed, 

as a first guess, that a similar reduction would be achieved in the envelope peak acceleration 

in time domain. 
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Figure 5: Peripheral RMS accelerations of bare structure (continuous) and allowable values (dashed). 
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Figure 6: chosen input power-spectral-density. 

Step 4: 160 TMDs were added, as a first guess, with initial properties as given in Table 2. 

Those are comprised of 10 dampers each tuned to a different mode frequency (of modes re-

lated to "y" and "θ") at each of the 16 peripheral locations of frames 1 and 4.  

 

No. 

TMD 

mode to 

dampen 

Initial mass 

(ton) 

Initial natural fre-

quency (rad/sec) 

Initial 

damping ratio 

1-16 2 2.592 5.37 0.0788 

17-32 3 2.592 6.89 0.1004 

33-48 5 2.592 16.64 0.0795 

49-64 6 2.592 21.78 0.0998 

65-80 8 2.592 29.34 0.0805 

81-96 9 2.592 39.79 0.0989 

97-112 11 2.592 43.94 0.0816 

113-128 12 2.592 60.28 0.0822 

129-144 13 2.592 62.30 0.0983 

145-160 15 2.592 77.55 0.0826 

Table 2: Initial properties of TMDs. 
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Step 5: The mass, stiffness and damping matrices were updated using Eqs. (20) - (25). 

Step 6: With the newly-updated matrices and the same PSD input, new peripheral RMS 

accelerations, shown in Fig. 7 (for frames 1 and 4), were evaluated using Eq. (8) – (12). Pe-

ripheral accelerations smaller than the allowable, were attained for all floors of frames 5 and 8 

(see Fig, 4 for frame numbering). 
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Figure 7: Peripheral RMS accelerations of structure with initial TMDs (continuous) and allowable values 

(dashed). 

Step 7: The problem has not converged, and thus the TMDs' properties were altered, using 

the recurrence relations of Eqs. (28) and (29), while using P=2 as the convergence parameter, 

giving updated total masses at each DOF. For example, the newly updated mass of all TMDs 

at floor 1 of peripheral frame 1 is: ( ) 906.0
92.15

9.41
592.2

2

1

1, =






⋅=TMDm  for a RMS total accel-

eration of 9.41 at that location (frame 1, 1
st
 floor) after adding initial TMDs (Fig. 7). The total 

mass of each peripheral coordinate was then distributed between the 10 dampers at the same 

location using Eq. (29). 

Step 8: Iterative analysis/redesign as described in Eqs. (28) and (29) while altering the 

mass of the damper is carried out until convergence to allowable levels. Upon convergence 

the dampers’ total mass at each location are shown in Table 3.  

TMDs with non-zero properties were located at frames number 1 and 4 at, both at the 8
th

 

floor, which is the top floor of each peripheral frame. The final properties of each added TMD 

are shown in Table 4. For frame number 1, the TMDs are set to dampen mode 2, while for 

frame number 4, the TMDs are set to dampen modes 2 and 3.  

 

floor Total mass frame 1 Total mass frame 4 
1-7 0 0 

8 112.69 6.25 

Table 3: Total mass of TMDs upon convergence 

frame floor mode to dampen Final mass (ton) Final stiffness (kN/m) Final damping ratio 

1 8 2 112.69 2472.15 0.1983 

4 8 2 5.69 124.89 0.1983 

4 8 3 0.55 27.72 0.0209 

Table 4: Final properties of added TMDs  
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Finally, an analysis of the retrofitted structure yields the peripheral RMS accelerations 

shown in Fig. 8. 
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Figure 8: Peripheral RMS accelerations of structure with final TMDs (continuous) and allowable values (dashed). 

All 4 assigned TMDs add up to 4.59% of the original structure's mass. As can be seen, 

only floors who had reached the maximum allowable RMS total acceleration (Fig. 8) were 

assigned with added absorbers (Table 4), making the solution obtained a FSD.  

Fig. 9 presents the convergence of the design variables (masses) and the performance 

measure (acceleration). As can be seen in Fig. 9, although the initial guess was very far from 

optimum, convergence is practically reached within less than 40 iterations.  
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Figure 9: Convergence of sum of masses and RMS acceleration at (a) 8
th

 floor of peripheral frame number 1 

and (b) 8
th

 floor of peripheral frame number 4. 

Step 9: The retrofitted structure was examined using time-history analysis under the SE 10 

in 50 ensemble of real recorded earthquakes, scaled by a factor of 0.8, to check the validity of 

the solution obtained. The results of the envelope peak peripheral total accelerations and inter-

story drifts of frames 1 and 4 obtained using time-history analysis are shown in Fig. 10. 

Smaller accelerations were attained in frames 5 and 8.  

The results reveal that for this ensemble, the envelope maximum total acceleration of all 

locations of the bare structure was at the 8
th

 floor of frame number 1, equaling 1.34g, while 

the envelope maximum total acceleration of all locations of the damped structure was 1.11g 
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(8
th

 floor of frame 4). This represents a 17% reduction in acceleration response, not so close to 

the desired reduction of 40% in maximum response.  

Although reducing the drifts was not part of the design process, it can be seen that these 

too were appreciably reduced. The maximum peripheral drift of all locations was reduced 

from 1.95% in the bare structure to 1.30% in the damped structure. 
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Figure 10: Peripheral envelope (a) accelerations and allowable values (dashed) and (b) drifts of the bare and 

damped structure under the SE 10 in 50 ground motion ensemble. 

Step 10: For a more accurate design, the allowable RMS total acceleration of each story is 

modified to better reflect the allowable peak acceleration, using Eq. (30).  

In this case, a 40% reduction in envelope peak acceleration is desired, thus 

( )( )( )( ) gta
lframe

bare

teql
804.034.16.0maxmaxmax6.0 t

p

t

all =⋅=




⋅= −x&& ). For example, for location 8 

(frame 1, 8
th

 floor): 15.16
795.0

952.15
804.0RMS

all,8 =⋅=a . Using this modification, the analy-

sis/redesign process (steps 5-9) is repeated until convergence is once again reached. After 

convergence, the total mass was increased to 8.36% of the structure's mass. The modified ret-

rofitted structure was again examined using time-history analysis under the SE 10 in 50 en-

semble scaled by a factor of 0.8. The reduction between maximal envelope acceleration of all 

floors of the bare and damped structure was increased to 34.8%. The results can be modified 

yet again using step 10. After the third modification, the added mass of all TMDs increased to 

8.87% (see Table 5), while the envelope peak total acceleration equaled 0.82g, representing a 

39.0% reduction in response, which is very close to the desired reduction of 40%. The results 

of the envelope peak peripheral total accelerations and inter-story drifts of frames 1 and 4 ob-

tained using time-history analysis are shown in Fig. 11. 

 

Table 5: Final properties of added TMDs after 3
rd

 modification 

frame floor mode to dampen Final mass (ton) Final stiffness (kN/m) Final damping ratio 

1 8 2 114.18 2397.4 0.2062 

4 8 2 115.81 2431.7 0.2062 
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Figure 11: Peripheral envelope (a) accelerations and allowable values (dashed) and (b) drifts of the bare and 3
rd

-

time modified damped structure under the SE 10 in 50 ground motion ensemble. 

6 CONCLUSIONS 

An analysis/redesign frequency-domain-based methodology for optimally allocating and 

sizing MTMDs in 3D irregular structures was presented. The proposed methodology consid-

ers the possible dampening of all modes of the structure, at all peripheral frames, thus elimi-

nating the decision of what modes to dampen and where the TMDs should be allocated. As 

shown, using MTMDs tuned to various frequencies can efficiently reduce total accelerations 

within the structure and bring them to a desired level, allowing for performance based design. 

The advantages of this methodology are its simplicity of use and relying solely on analysis 

tools to solve the allocation and sizing problem, with no assumptions or pre-selection of any 

design variable. These advantages make the proposed methodology very attractive and effi-

cient for practical use.  

The methodology is based on the following conjecture: At the optimum, TMDs are assigned 

to peripheral locations for which the RMS total acceleration has reached the allowable value un-

der the considered input acceleration PSD. In addition, at each location to which TMDs are 

added, TMDs of a given frequency are assigned only to frequencies for which the output spectral 

density is maximal. And the designs are attained using a very simple analysis/redesign based 

methodology suggested. 

As previously mentioned, detuning of the TMDs may cause major deterioration to the pas-

sive control system. Depending on the level of detuning expected, a TMD located at location l 

tuned to dampen mode f can be split into several smaller TMDs, each with a slightly different 

frequency within a bandwidth close to the natural frequency f of the main system. Thus reduc-

tion of the detuning effect and design robustness could be achieved. This could be done a-

priori and taken into account in the design methodology. In cases where the damped structure 

is not brought to behave linearly, and damage to the structural system is apparent, the natural 

frequencies of the structure may change considerably. In those cases, a design according to 

the proposed scheme, combined with the use of semi-active TMDs (for example, [15, 16, 17]) 

which allow the simple change of the TMD's tuning, while still keeping the control system's 

low-cost, could be beneficial.  
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