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Abstract. Whereas the wave reflection and refraction at an interface of two continua has been
studied in detail and has become a matter of text books, the wave reflection at an interface of
a lattice and a continuum does not seem to have been systematically studied. The aim of this
development is to close this gap. Two semi-infinite elastic media are considered in contact at a
plane interface. One of these media is modelled using a rectangular network of identical masses
and springs (hereafter called a lattice), whereas the other one is described by the equations of
the classical elastic continuum. The wave reflection at the interface with the classical continuum
is studied assuming that a plane harmonic wave falls from the lattice on the interface. The
reflection coefficients for the reflected compressional and shear waves are found as functions of
the wave frequency and of the incidence angle. It is shown that the reflection at low frequencies
can be made very small by properly choosing the parameters of the continuum. However, the
reflection coefficients inevitably grow with increase of the frequency and can reach the values
close to one. This is to be expected as the classical continuum is capable of approximating a
lattice only at relatively low frequencies.
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1 INTRODUCTION

The dynamic coupling of the discrete and continuum domains is widely used in concurrent
multiscale simulations. The aim of such a coupling is to decrease the calculation time. This
is achieved by breaking the computational domain into two parts. In the main part, where a
detailed modeling is necessary, a discrete model is adopted. The rest of the domain is assumed
to be occupied by a corresponding continuum. Often the role of this continuum is simply to
serve as non-reflecting boundary or to pass the reflections from the outer boundaries of the
computational domain. In either case the wave reflection from the fictitious boundary between
the discrete and continuum domains should be minimized. This is the challenge researches are
trying to cope with. A number of approaches have been introduced to couple discrete and con-
tinuum representations of materials. A coarse-grained molecular dynamics (CGMD) method
has been proposed by Rudd and Broughton [3], an approach based on the Green’s functions
formalism has been proposed in [4] – [5] to derive the non-reflecting boundary conditions. E
[6] and his co-workers contributed on the study of optimal matching conditions, Wagner and
Liu introduced the bridging scale decomposition (BSL) method [7] which was developed fur-
ther by Xiao and Belytschko [8]. However, most of the methodseither have limitations in
their application or are often too complicated to implement. Moreover, in most approaches
the wave reflections either have not been yet properly studied in multidimensional cases or the
non-reflecting boundary conditions have been introduced only for 1D case.

In this development a systematic investigation into the wave reflection at the interface of a
square lattice composed of masses and springs and a classical isotropic continuum is presented.
The parameters of the lattice are chosen such as to assure that in the long-wave approximation
the lattice is reduced to the continuum, with which it is coupled. The main aim of this inves-
tigation is to demonstrate the poor ability of the classicalcontinuum to absorb high-frequency
waves in the lattice. Such demonstration is necessary to motivate the use of generalized con-
tinua at the discrete-continuum interfaces. The promisingcharacter of the latter approach has
recently been demonstrated in [9], where it has been shown that the reflections from the bound-
ary between the 1D chain of masses and springs and a gradient continuum of the second order
can be eliminated at the entire frequency band.
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x

y

Figure 1: Coupled discrete and continuum domains (left) andwave reflection and transmission at the interface
(right).

Two elastic semi-infinite half-spaces in contact are considered in this paper (see Figure 1).
One of the half-spaces is described by the equations of motion of the classical continuum and an-
other one is modelled using the system of masses and translational springs that form a so-called
square lattice. It is assumed that the plane harmonic wave, either longitudinal or transversal
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one, propagates in the lattice towards the interface between two domains. The energy of the
reflected longitudinal and transversal waves is studied as afunction of the frequency and the
angle of incidenceθ0 in terms of the energy reflection coefficient.

The paper is organized as follows. First, the governing equations for the lattice and the
correspondence between the parameters of the lattice and ofthe continuum in the long-wave
limit are introduced. Thereafter the propagation characteristics of the body waves in the lattice
are derived. The following boundary conditions are introduced: the continuity of forces and
displacements at the interface. Then the equations of motion of the continuum are solved with
the certain boundary conditions and the displacements in the continuum in the form of integrals
are derived. Then the integrals for the displacements at theinterface are evaluated. The system
of boundary conditions is applied to find the amplitudes of the reflected waves. Then the energy
reflection coefficients are introduced. Finally, the results and conclusions are presented.

2 GOVERNING EQUATIONS FOR THE LATTICE

The inner cell of the square lattice consists of identical massesM and translational springs:
axialκaxi and diagonalκdia. The derivation of the equations of motion for the square lattice with
translational and shear springs can be found in [1]. It is assumed that the dynamic behaviour of
the lattice corresponds to that of the isotropic classical elastic continuum in the long-wave limit.
This assumption requires the following relations between the parameters of the lattice and of
the continuum [1]:

M = ρd2h, κaxi = 2κdia, κdia = hµ, 2κdia = h(λ+ µ), (1)

whereρ is the mass density of the continuum,λ andµ are Lame’s constants of the elastic
continuum,d is the inter-particle distance in the lattice along the axes, h is a parameter of
length in the direction normal to the[x, y] plane. The introduction of this parameter is required
to couple the 2D-lattice with the 3D-continuum. It follows from the equalities (1) thatλ = µ in
the continuum that corresponds to such a lattice in the long-wave limit.

(m ,n+1)+1(m,n+1)(m-1,n+1)

(m ,n)+1

(m+1,n-1)(m,n-1)(m-1,n-1)

(m ,n)-1
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κ/2
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y

Fy

m

Fx

m

M/2 κ/2

(m ,0)-1 (m+1,0)

(m+1,-1)(m,-1)(m-1,-1)

Figure 2: Inner (left) and boundary (right) cells of the lattice.

We denoteκ = κaxi = 2κdia. Then the equations of motion for the inner cell of the lattice
(depicted in the left part of Figure 2) read

Mdttu
(m,n)
x = κ/4

(

−12u(m,n)
x + 4u(m+1,n)

x + 4u(m−1,n)
x + u(m+1,n+1)

x + u(m+1,n−1)
x + (2)

+u(m−1,n+1)
x + u(m−1,n−1)

x + u(m+1,n+1)
y + u(m−1,n−1)

y − u(m+1,n−1)
y − u(m−1,n+1)

y

)

,
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Mdttu
(m,n)
y = κ/4

(

−12u(m,n)
y + 4u(m,n+1)

y + 4u(m,n−1)
y + u(m+1,n+1)

y + u(m+1,n−1)
y +

+u(m−1,n+1)
y + u(m−1,n−1)

y − u(m+1,n−1)
x − u(m−1,n+1)

x + u(m+1,n+1)
x + u(m−1,n−1)

x

)

.

Hereu(m,n)
x (t), u(m,n)

y (t) are the displacements of the cell with the coordinates(md, nd).
The mass of the boundary element is taken as a half of the mass of the inner cell and the

stiffness of the axial springs at a boundary is taken asκ/2 (see the right part of Figure 2). The
forcesFm

x , Fm
y act on the masses at the interface from the continuum. The equations of motion

for the boundary cell read

1

2
Mdttu

(m,0)
x = −κ/4

(

6u(m,0)
x − 2u(m+1,0)

x − 2u(m−1,0)
x + u(m+1,−1)

y − u(m+1,−1)
x − (3)

−u(m−1,−1)
x − u(m−1,−1)

y

)

− Fm
x ,

1

2
Mdttu

(m,0)
y = −κ/4

(

6u(m,0)
y − 4u(m,−1)

y − u(m+1,−1)
y + u(m+1,−1)

x − u(m−1,−1)
y −

−u(m−1,n−1)
x

)

− Fm
y .

We consider first a plane longitudinal incident wave that propagates towards the continuum
domain with the angle of incidenceθ = θ0. Then we have two reflected waves, namely the
longitudinal and transversal ones (see the right part of Figure 1). We introduce the indexesI, L
andT for the incident, longitudinal and transversal waves. Thenthe displacements in the lattice
read

u(m,n)
x = eiωt

(

AIe
−i(mKI

x+nKI
y) + ALe

−i(mKL
x −nKL

y ) + AT e
−i(mKT

x −nKT
y )
)

, (4)

u(m,n)
y = eiωt

(

BIe
−i(mKI

x+nKI
y) − BLe

−i(mKL
x −nKL

y ) − BT e
−i(mKT

x −nKT
y )
)

,

whereKI
x = k0 sin θ0, k0 is a dimensionless wavenumber of the longitudinal waves (wavenum-

ber mupltiplied byd, hereafter we will work with dimensionless wavenumbers), and according
to the Snell’s lawKI

x = KL
x = KT

x = Kx. The angle of reflection of longitudinal waves is then
the same as the angle of incidence andKI

y = KL
y = k0 cos θ0. We denote the angle of reflection

of transversal waves asθ = θ2 and wavenumberk = k2. ThenKT
x = k2 sin θ2,KT

y = k2 cos θ2.
The wavenumberk0 can be found numerically from the dispersion relation [1] for longitudi-

nal waves:

4 cos(k0 sin θ0) cos(k0 cos θ0) + 2 cos(k0 sin θ0) + 2 cos(k0 cos θ0)− 8 + Ω2 = 0, (5)

where the angle of incidenceθ0 and the dimensionless frequencyΩ = ωd/cT are input data,

cT =
√

µ/ρ is the shear wave velocity in the elastic continuum. As follows from the equalities
(1),Ω2/2 = ω2M/κ.

The reflection angleθ2 and wavenumberk2 can be found from the dispersion equation for
transversal waves

2 cos(k2 sin θ2) + 2 cos(k2 cos θ2)− 4 + Ω2 = 0, (6)

with the aid of the relationk2 = k0 sin θ0/ sin θ2 that follows from the Snell’s law.
The dependence of the wavenumbersk0 andk2 on the frequencyΩ for different incidence

angles is depicted in Figure 2.
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Figure 3: Wavenumbers of the longitudinal and transversal waves versus frequency for different angles of incidence

Substitution of the incident longitudinal (transversal) wave into the equations of motion (2)
allows to obtain the relation between thex− andy−components of the amplitudes of the dis-
placements. This gives:

DL =
BI

AI

=
BL

AL

=
−Ω2/2 + 3− cos(Kx)(2 + cos(KL

y ))

− sin(Kx) sin(KL
y )

,

DT =
BT

AT

=
−Ω2/2 + 3− cos(Kx)(2 + cos(KT

y ))

− sin(Kx) sin(KT
y )

.

(7)

In correspondence with the incident wave the forcesFm
x , Fm

y are expressed as follows:

Fm
x = F 0

x (ω)exp(−imKx)exp(iωt), Fm
y = F 0

y (ω)exp(−imKx)exp(iωt). (8)

Substitution of the displacements (4) in the equations of motion for the boundary element (3)
leads to the system of two algebraic equations with four variables, namelyAL,AT , F 0

x , F 0
y . We

need two more equations to solve the system. They come from the second set of the boundary
conditions that provides the continuity of displacements at the interfacey = 0 . This will be
discussed in Section 4.

3 GOVERNING EQUATIONS FOR THE CONTINUUM

Equations of motion of the elastic continuum read [2]

µ̃ (∂xxux + ∂yyux) +
(

λ̃+ µ̃
)

(∂xxux + ∂yxuy) = ρ∂ttux,

µ̃ (∂xxuy + ∂yyuy) +
(

λ̃+ µ̃
)

(∂xyux + ∂yyuy) = ρ∂ttuy,
(9)

whereux anduy are thex−andy− components of the vectorial displacement in the continuum.
We introduce small dissipationχ: λ̃ = λ+ χ∂t, µ̃ = µ + χ∂t. λ andµ are Lame’s coefficients
andλ = µ, as it has been discussed in the previous section (1). The need to introduce a small
dissipation will become clear in the course of derivation ofthe response of the continuum.

There is an infinite number of the points of contact between the discrete lattice and the
continuum at the interfacey = 0 (see Figure 1). At each point the forcesF j

x , F j
y (8) act on

the continuum from the lattice. We assume that there is finitecontact area between each mass
of the lattice and the continuum in order to avoid singularities in the solution for the classical
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continuum (if this were not done, the contact forces would turn to zero). For this reason we
introduce parameterb — the half-width of the contact of the continuum and one particle of the
lattice at the interface. We also choose the boundary conditions such as to assure that the contact
force is independent ofb:

b
∫

−b

σdx =
F

h
. (10)

Then the natural boundary conditions at the interface can beformulated:

σyy (x, 0) = −
∞
∑

j=−∞

F j
y

2bh
H (b− |x− jd|) , σyx (x, 0) = −

∞
∑

j=−∞

F j
x

2bh
H (b− |x− jd|) , (11)

whereσyy (x, y, t) is the normal stress,σyx (x, y, t) is the shear stress,H(x) is the unit step
function (chosen for the sake of simplicity),j is an integer.

We also impose the correspondence between the stressesσyy, σyx and the forcesF j
y , F j

x in
the long-wave limit. This can be achieved if we takeb = d/2.

We consider the following displacement representation:

ux (x, y, t) = ∂xΦ(x, y, t) + ∂yΨ(x, y, t), uy (x, y, t) = ∂yΦ(x, y, t)− ∂xΨ(x, y, t). (12)

Then the stressesσyy andσyx are related to the displacement potentialsΦ, Ψ in the following
way:

σyy = λ̃ (∂xx + ∂yy) Φ + 2µ̃ (∂yyΦ− ∂yxΨ) , σxy = µ̃ (2∂xyΦ+ ∂yyΨ− ∂xxΨ) . (13)

This representation satisfies the equations of motion (9) if

∂ttΦ−
(

λ̃+ 2µ̃
)

/ρ (∂xx + ∂yy)Φ = 0, ∂ttΨ− µ̃/ρ (∂xx + ∂yy) Ψ = 0. (14)

The solutions of the above equations can be found in the form

Φ(x, y, t) = φ(x, y)eiωt, Ψ(x, y, t) = ψ(x, y)eiωt. (15)

We substitute (15) in (14) and (13) in (11), then we apply the exponential Fourier transform
over the spatial coordinatey defined as

φ∗(k, y) =

∞
∫

−∞

eikxφ(x, y)dx, ψ∗(k, y) =

∞
∫

−∞

eikxψ(x, y)dx (16)

and obtain the equations

∂yyφ
∗ − ζ2Lφ

∗ = 0, ∂yyψ
∗ − ζ2Tψ

∗ = 0 (17)

with the boundary conditions at the interfacey = 0

(λ̃+ 2µ̃)∂yyφ
∗ − λ̃k2φ∗ + 2µ̃ik∂yψ

∗ = −
∞
∑

j=−∞

F 0
y e

−ijdKx

(

eik(jd+b) − eik(jd−b)
)

/idhk,

µ̃ (∂yyψ
∗ + k2ψ∗ − 2ik∂yφ

∗) = −
∞
∑

j=−∞

F 0
x e

−ijdKx

(

eik(jd+b) − eik(jd−b)
)

/idhk,

(18)
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whereζL =
√

k2 − ω2/c̃2L, ζT =
√

k2 − ω2/c̃2T , c̃2L = c2L(1 + iχ∗), c̃2T = c2T (1 + iχ∗), χ∗ =

ωχ/µ; cL =
√

(λ+ 2µ)/ρ andcT =
√

µ/ρ are the compressional and shear wave velocities in
the classical continuum, respectively.

The general solutions of the equations (17), taking into account that the functionsφ∗, ψ∗

should have finite values wheny goes to∞, can be written in the form

φ∗(k, y) = A(k, ω)exp(−ζLy), ψ∗(k, y) = B(k, ω)exp(−ζTy), (19)

provided that the real parts of the radicalsζL, ζT are assumed positive.
We find the functionsA(k, ω) andB(k, ω) that satisfy the boundary conditions (18). Then

we substitute (15) to (12) and apply the Fourier transform tothe result in order to obtain the
Fourier transforms of the displacementsux, uy:

u∗x = (−ikφ∗ + ∂yψ
∗) =

(

F 0
x ζT (2k

2e−ζLy − γe−ζT y) + F 0
y ik(2ζT ζLe

−ζT y − γe−ζLy)
)

S,

u∗y = (ikψ∗ + ∂yφ
∗) =

(

F 0
x ik(γe

−ζLy − 2ζT ζLe
−ζT y) + F 0

y ζL(2k
2e−ζT y − γe−ζLy)

)

S,

(20)
where

S =

∞
∑

j=−∞

eikjd
(

e−ikb − eikb
)

idhkµ(1 + iχ∗)∆
, γ = 2k2 − ω2/c̃2T , ∆ = γ2 − 4k2ζT ζL. (21)

The inverse Fourier transform is applied to derive the displacements in the continuum according
to the following relations:

ux(x, y, t) =
1

2π

∞
∫

−∞

e−ikxu∗x(x, y, t)dk, uy(x, y, t) =
1

2π

∞
∫

−∞

e−ikxu∗y(x, y, t)dk. (22)

4 COUPLING OF THE DOMAINS

The continuity of forces and displacements is required at the boundaryy = 0. We have
smeared the contact between the lattice and the continuum atthe interface to avoid singulari-
ties in the solution for the continuum and this causes the ambiguity of the boundary problem
statement.

We assume that the displacements of the masses at the boundary in the lattice are equal to
the displacements of the continuum in the points of contact:

u(m,0,t)
x = ux(md, 0, t), u(m,0,t)

y = uy(md, 0, t). (23)

Note that one could also equate the displacements in the latticeu(m,0,t)
x , u(m,0,t)

y to the displace-
mentsux(md, 0, t), uy(md, 0, t) averaged over the width of the contact2b.

We substitute the displacements in the lattice (4) into (23)and apply the results of the previ-
ous section. Then the equations (23) transform to the following equations:

A(f)e−iKxm =
∞
∫

−∞

F (f)e−ikmd
∞
∑

j=−∞

eikjde−iKxjdk, f = 1, 2,

A1 = AI + AL + AT , A2 = AIDL −ALDL −ATDT ,

F 1(k, ω) =
(2k2−γ)ζTF 0

x+ik(2ζT ζL−γ)F 0
y

2πikdhµ(1+iχ∗)∆

(

e−ikb − eikb
)

,

F 2(k, ω) =
−ik(2ζT ζL−γ)F 0

x+(2k2−γ)ζLF
0
y

2πikdhµ(1+iχ∗)∆

(

e−ikb − eikb
)

.

(24)
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Let us multiply the left and the right parts of the equations (24) by eiKxm and introducel =
j −m. Then the equations (24) can be rewritten as follows:

A(f) =

∞
∫

−∞

F (f)
∞
∑

l=−∞

eil(kd−Kx)dk. (25)

We divide this equations byh, apply the relationκ = 2µh and introduce dimensionless variables
K = kd, F̃ = F/κ/h, bdl = b/d. After that the equations (25) take the form

A1/h = C1F̃
0
x + C2F̃

0
y , A2/h = C3F̃

0
x + C4F̃

0
y , C3 = −C2. (26)

The coefficientsC1, C2, C4 should be evaluated:

C1 =
1

πi(1+iχ∗)

∞
∑

l=−∞

e−ilKx

∞
∫

−∞

F1(K,Ω)
K∆

eilK
(

e−iKbdl − eiKbdl
)

dK,

C2 =
1

πi(1+iχ∗)

∞
∑

l=−∞

e−ilKx

∞
∫

−∞

F2(K,Ω)
∆

eilK
(

e−iKbdl − eiKbdl
)

dK,

C4 =
1

πi(1+iχ∗)

∞
∑

l=−∞

e−ilKx

∞
∫

−∞

F1(K,Ω)
K∆

eilK
(

e−iKbdl − eiKbdl
)

dK,

(27)

whereF1 = β2
T

√

K2 − β2
T , F2 = i(2

√

K2 − β2
T

√

K2 − β2
L − 2K2 + β2

T ), F4 = β2
T

√

K2 − β2
L

are symmetric functions,β2
L = Ω2c2T/c

2
L/(1 + iχ∗), β2

T = Ω2/(1 + iχ∗), ∆ = (2K2 − β2
T )

2 −

4K2
√

K2 − β2
T

√

K2 − β2
L.

It has been checked that the direct numerical calculation ofthe sums of integrals (27) is very
time-consuming because one has to take a large number of the members of summation till the
sum converges. To avoid this we carry out the summation analytically. We rewrite (27) in the
following way:

C1(4) = − 1
πi(1+iχ∗)

(

∞
∑

l=1

(

eilKx + e−ilKx

) ∞
∫

−∞

F1(4)(K)

K∆

(

eiK(bdl−l) + eiK(bdl+l)
)

dK + C1(4)0

)

,

C2 = − 1
πi(1+iχ∗)

∞
∑

l=1

(

eilKx − e−ilKx

) ∞
∫

−∞

F2(K)
∆

(

eiK(bdl+l) − eiK(bdl−l)
)

dK,

C1(4)0 =
∞
∫

−∞

F1(4)(K)

K∆

(

eiKbdl − e−iKbdl
)

dK = 2
∞
∫

−∞

F1(4)(K)
eiKbdl−1

K∆
dK.

(28)
The integrands in (28) are multiple-valued functions because of the presence of the radicals.
They become infinite at so-called Rayleigh poles which are the simple zeros of the equation
∆(K) = 0. This equation in the case of zero damping has been examined by Achenbach
[2]. There are two real roots:K = ±ωd/cR = ΩcT /cR, wherecR is the velocity of the
Rayleigh waves. With non-zero damping the roots move to the lower and upper half-planes of
the complex plane:K = ±βR, βR = ΩcT /cR/(1 + iµdl). The branch points areK = ±βL,
K = ±βT . We apply the contour integration around the poles in order to evaluate the following
integrals from (28):

J1
1(4) =

∞
∫

−∞

F1(4)(K)

K∆
eiK(bdl+l)dK, J2

1(4) =
∞
∫

−∞

F1(4)(K)

K∆
eiK(bdl−l)dK,

J1
2 =

∞
∫

−∞

F2(K)
∆

eiK(bdl+l)dK, J2
2 =

∞
∫

−∞

F2(K)
∆

eiK(bdl−l)dK, J0 =
∞
∫

−∞

F1(4)(K) e
iKbdl−1
K∆

dK.

(29)

8



Asiya M. Kudarova, Andrei V. Metrikine

Im(K)

Re(K)
c0

c1c2
-βL

-βT
-βR

c3

c4

c5

1
2

3
4

Figure 4: Contour of integration in the upper half-plane

The contour of integration and location of singular points for J1
1(4) are depicted in Figure 4.

The contour forJ1
2 andJ0 is quite the same with the only exception that these integrals do not

have a pole atK = 0. We integrateJ2
1(4) andJ2

2 along the contour in the lower half-plane. The
integration along the circular contoursc1, c2 around the branch points vanishes as their radius
decreases, the integration along the circular contoursc3, c4, c5 vanishes as|K| → ∞. Thus,

∮

f(K)dK =





∫

c0

+
∫

1

+
∫

2

+
∫

3

+
∫

4

+

∞
∫

−∞



 f(K)dK = 2πiRes[f(K), K = −βR] , (30)

where
∞
∫

−∞

is to be understood in the sense of Cauchy principal value. The poleK = 0 was

artificially introduced as the original integralsC1(4) from (27) do not have this pole. In accor-
dance with this fact the integrals around the circular contour c0 in the upper and in the lower
half-planes have the same absolute value but are of the opposite sign and thus vanish in the sum
J1
1(4) + J2

1(4).

Im(
√

K2 − β2
L) = 0 on the contours of integration 1–2 and Im(

√

K2 − β2
T ) = 0 on the

contours of integration 3–4. These equalities hold true if2Im(K)ReK = αi, i = 1, 2, where
α1 = Im(β2

L) = −Ω2χ∗c2T/c
2
L/(1 + χ∗2), α2 = Im(β2

T ) = −Ω2χ∗/(1 + χ∗2). The general
representation ofK at the contours 1–4 isK = a + iα/2/a, wherea = Re(K) andα = α1 or
α2 are negative. Thus|exp(ilK)| = |exp(−α/2/a)| < 1. Now we swap the order of summation
and integration and evaluate the sums from (28) as the sums ofgeometric progression:

∞
∑

l=1

(

eilKx ± e−ilKx

)

eilK =
ei(Kx+K)

1− ei(Kx+K)
±

ei(K−Kx)

1− ei(K−Kx)
. (31)

In the lower half-plane we haveK with the opposite sign,|exp(−ilK)| < 1 and we can apply
the formulae of the sum of geometric progression as well.

The evaluation accomplished in Eq (31) would have been impossible if no damping were
present in the continuum. that is why it has been introduced in Section 3.

5 THE REFLECTION COEFFICIENTS

The amplitude reflection coefficient is found as the absolutevalue of the ratio of the complex
amplitudes of reflected and incident waves and is given asRL = |AL/AI | for longitudinal wave
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and asRT = |AT/AI | for transversal wave. These coefficients can be found by solving the
system of four linear equations that constitute the boundary conditions. We substitute (4) and
(8) into (3) and divide the whole equations byκAI . Then we take the equations (26) and divide
them byAI/h. Finally, we have the system of four equations:















a11ÃL + a12ÃT + ˜̃F x = b1, a21ÃL + a22ÃT + ˜̃F y = b2,

ÃL + ÃT − C1
˜̃F x − C2

˜̃F y = −1, ÃLDL + ÃTDT + C3
˜̃F x + C4

˜̃F y = DL,

(32)

whereÃL(T ) = AL(T )/AI ,
˜̃F x(y) = F 0

x(y)/κ/AI are the unknowns and

a11 = − cos(Kx)− 0.25Ω2 + 1.5 + 0.5 exp(iKL
y )(iDL sin(Kx)− cos(Kx)),

a12 = − cos(Kx)− 0.25Ω2 + 1.5 + 0.5 exp(−iKT
y )(iDT sin(Kx)− cos(Kx)),

a21 = DL(0.25Ω
2 − 1.5 + exp(−iKL

y )) + 0.5 exp(−iKL
y )(DL cos(Kx)− i sin(Kx)),

a22 = DT (0.25Ω
2 − 1.5 + exp(−iKL

y )) + 0.5 exp(−iKL
y )(DT cos(Kx)− i sin(Kx)),

b1 = cos(Kx) + 0.25Ω2 − 1.5 + 0.5 exp(iKL
y )(iDL sin(Kx) + cos(Kx)),

b2 = DL(0.25Ω
2 − 1.5 exp(iKL

y )) + 0.5 exp(iKL
y )(D

L cos(Kx) + i sin(Kx)).

(33)

The input data for the system (32) includes the angle of incidenceθ0 and the dimensionless
frequencyΩ. The admissible values ofθ0 are between0 andπ/2 and that ofΩ are between0
and the cut-off frequencyΩc up to which the longitudinal waves propagate.

We consider the flux of energy through the remote area in the lattice parallel to the interface.
The flux of the wave energy is proportional to the square of itsamplitude. The energy reflection
coefficient is found as the ratio of the energy fluxes of reflected and incident waves and is given
asPL = R2

L andPT = ξR2
T , where

ξ =
4D2

T sin(KT
y ) + sin(Kx +KT

y )(2DT +D2
T + 1) sin(Kx −KT

y )(2DT −D2
T − 1)

4D2
L sin(K

L
y ) sin(Kx +KL

y )(2DL +D2
L + 1) + sin(KL

y −Kx)(1 +D2
L − 2DL)

. (34)

θ0=0.01 θ0= /4π
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Figure 5: The energy reflection coefficients for different angles of incidence
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To demonstrate the results the following parameters for thecontinuum are taken:ρ = 2300
kg/m3,E = 230 GPa. As coefficientµ = 0.5E/(1+ν) should be equal toλ = νE/(1+ν)(1−
2ν), the Poisson’s ratio of the continuum isν = 0.25. The damping parameterµ∗=1000 Pa·sec.
The period of the latticed = 0.05 m. The values of the parameterµdl = ωµ∗/µ = ΩcTµ

∗/d/µ
lie between 0 and 0.02 depending on the frequencyΩ.

The dependence of the energy reflection coefficientP (eitherPL orPT ) on the dimensionless
frequencyΩ for three different angles of incidence is depicted in Figure 5. One can see that there
is almost no reflection at low frequencies, where the continuum is capable of approximating the
lattice, and at higher frequencies the reflection grows rapidly as the dispersion properties of the
lattice and the continuum differ a lot. One can also note thatthe reflection of transversal wave is
less than that of the longitudinal one.The graph ofPT stops at a lower frequency than that ofPL

as the cut-off frequency of the transversal waves is lower than that of the longitudinal waves.

0 1 2 3 4

0

0.4

0.8

1.2

P

θ0=1.4

Ω

transversal
longitudinal

Figure 6: The energy reflection coefficient

For the angles of incidence that are larger thanπ/4 we have obtained non-physical results:
the reflected energy exceeds the energy of the incident wave.This anomalous reflection is
depicted in Figure 6. We do not yet know the genuine explanation of this result. Most likely, it
is a consequence of the boundary conditions at the interface.

The case when transversal wave falls on the interface from the lattice has also been examined.
The energy reflection coefficients for different angles of incidence are depicted in Figure 7.
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Figure 7: The energy reflection coefficients for different angles of incidence
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Figure 8: The energy reflection coefficient

The reflection of the longitudinal waves is negligible whenθ0 = 0.01. In the casesθ0 = π/4
andθ0 = 1.4 the longitudinal waves do not reflect.

The anomalous reflection has also been observed in this case (see Figure 8).

6 CONCLUSIONS

The motivation for this study has been to facilitate the development of the multi-scale nu-
merical approaches that are becoming increasingly popularin investigations into the details of
dynamic deformations of various materials. Specifically, this paper is envisaged to be of inter-
est for those researchers who employ the discrete-continuum models in order to minimize the
huge computational costs associated with the detailed discrete modelling. The continuum do-
main in such models is introduced in order to minimize the size of the discrete domain as much
as possible thereby significantly reducing the computationtime. To achieve this, however, the
continuum domain should not introduce spurious reflectionsat as broad as possible frequency
range. In this paper, the capabilities of the classical continuum have been assessed to comply
with this requirement. To this end, the reflection of plane harmonic waves at the interface of
the square lattice and the classical continuum has been studied. A method has been proposed to
couple the domains in such a manner that no singularities occur due to the point-like character
of particles in the lattice. It has been shown that while the classical continuum can serve as
a non-reflecting boundary for the lattice at low frequencies, it cannot absorb higher frequency
waves. Moreover, it has been found that due to the ambiguity in the formulation of the boundary
conditions at the discrete-continuum interface, the energy of the reflected waves can be math-
ematically predicted in some cases to be larger that that of the incident waves — a result that
is physically unacceptable. Given the above-formulated results, it can be concluded that the
classical continuum is not the most desirable model for assuring the non-reflective conditions
at a wide frequency band. One of the attractive alternativescould be a gradient continuum that,
according to a recent study carried out in the 1D framework [9], can be expected to match the
lattice at a wide frequency band. Additionally, no singularities occur at the contact between a
point load and a surface of a gradient continuum. The authorsof this contribution are currently
investigating whether gradient continua will be up to theseexpectations in the multidimensional
case.
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