COMPDYN 2011

III ECCOMAS Thematic Conference on

Computational Methods in Structural Dynamics and Earthquake Engineering
M. Papadrakakis, M. Fragiadakis, V. Plevris (eds.)

Corfu, Greece, 25-28 May 2011

NONLINEAR EFFECTS IN ELASTIC FLEXURAL - TORSIONAL
VIBRATIONS OF BEAMS OF ARBITRARY CROSS SECTION

Evangelos J. Sapountzakis® and loannis C. Dikaros’

'Assoc. Professor
Institute of Structural Analysis and Antiseismic Research
School of Civil Engineering
National Technical University of Athens

Zografou Campus Gr-15780

Athens, GREECE
tel.: +30210-7721718; Fax.: +30210-7721720
e-mail: cvsapoun(@central.ntua.gr

*PhD Student, Civil Engineer
Institute of Structural Analysis and Antiseismic Research
School of Civil Engineering
National Technical University of Athens
Zografou Campus Gr-15780
Athens, GREECE
tel.: +30210-7721620; Fax.: +30210-7721720
e-mail: dikarosgiannis@gmail.com

Key words: Flexural-Torsional Analysis, Dynamic analysis, Wagner’s coefficients,
Nonlinear analysis, Shortening Effect, Boundary element method.

Abstract. In this paper a boundary element method is developed for the nonlinear
flexural-torsional dynamic analysis of beams of arbitrary, simply or multiply
connected, constant cross section, undergoing moderate large deflections and
rotations under general boundary conditions, taking into account the effects of rotary
and torsional warping inertia. Four boundary value problems are formulated with
respect to the transverse displacements, to the axial displacement and to the angle of
twist and solved using the Analog Equation Method, a BEM based method. The
geometric, inertia, torsion and warping constants are evaluated employing the
Boundary Element Method. The proposed model takes into account, both the
Wagner’s coefficients and the shortening effect. Numerical examples are worked out
to illustrate the efficiency, wherever possible the accuracy, the range of applications
of the developed method as well as the influence of the nonlinear effects to the
response of the beam.
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1 INTRODUCTION

In engineering practice, we often come across the analysis of beam structures
subjected to vibratory loading. This problem becomes much more complicated in the
case the cross section’s centroid does not coincide with its shear center (asymmetric
beams), leading to the formulation of the flexural-torsional vibration problem.
Besides, when arbitrary torsional boundary conditions are applied either at the edges
or at any other interior point of the bar due to construction requirements, this bar
under the action of general twisting loading is leaded to nonuniform torsion.
Moreover, since weight saving is of paramount importance, frequently used thin-
walled open section beams have low flexural and/or torsional stiffness and their
deformations can be of such magnitude that it is not adequate to treat the cross section
displacements and its angle of rotation as small. In these cases, the study of nonlinear
effects on these members becomes essential, where this non-linearity results from
retaining the nonlinear terms in the strain—displacement relations (finite displacement
— small strain theory). When finite displacements are considered, the flexural-
torsional dynamic analysis of bars becomes much more complicated, leading to the
formulation of coupled and nonlinear flexural, torsional and axial equilibrium
equations.

When the displacement components of a member are small, a wide range of linear
analysis tools, such as modal analysis, can be used and some analytical results are
possible. As these components become larger, the induced geometric nonlinearities
result in effects that are not observed in linear systems. In such situations the
possibility of an analytical solution method is significantly reduced and is restricted to
special cases of beam boundary conditions or loading.

During the past few years, the nonlinear dynamic analysis of beams undergoing
large deflections has received a good amount of attention in the literature. More
specifically, Rozmarynowski and Szymczak in [1] studied the nonlinear free torsional
vibrations of axially immovable thin-walled beams with doubly symmetric open cross
section, employing the Finite Element Method. In this research effort only free
vibrations are examined, the solution is provided only at points of reversal of motion
(not in the time domain), no general axial, torsional or warping boundary conditions
(elastic support case) are studied, while some nonlinear terms related to the finite
twisting rotations as well as the axial inertia term are ignored. Crespo Da Silva in [2-
3] presented the nonlinear flexural-torsional-extensional vibrations of Euler-Bernoulli
doubly symmetric thin-walled closed cross section beams, primarily focusing to
flexural vibrations and neglecting the effect of torsional warping. Pai and Nayfeh in
[4-6] studied also the nonlinear flexural-torsional-extensional vibrations of metallic
and composite slewing or rotating closed cross section beams, primarily focusing to
flexural vibrations and neglecting again the effect of torsional warping. Simo and Vu-
Quoc in [7] presented a FEM solution to a fully nonlinear (small or large strains,
hyperelastic material) three dimensional rod model including the effects of transverse
shear and torsion-warping deformation based on a geometrically exact description of
the kinematics of deformation. Qaisi in [8] obtained nonlinear normal modes of free
vibrating geometrically nonlinear beams of various edge conditions employing the
harmonic balance analytical method. Moreover, Pai and Nayfeh in [9] studied a
geometrically exact nonlinear curved beam model for solid composite rotor blades
using the concept of local engineering stress and strain measures and taking into
account the in-plane and out-of-plane warpings. Di Egidio et al. in [10-11] presented
also a FEM solution to the nonlinear flexural-torsional vibrations of shear
undeformable thin-walled open beams taking into account in-plane and out-of-plane
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warpings and neglecting warping inertia. In this paper, the torsional-extensional
coupling is taken into account but the inextensionality assumption leads to the fact
that the axial boundary conditions are not general. Mohri et. al. in [12] proposed a
FEM solution to the linear vibration analysis of pre- and post- buckled thin-walled
open cross section beams, neglecting warping and axial inertia, considering
geometrical nonlinearity only for the static loading and presenting examples of bars
subjected to free vibrations and special boundary conditions. Machado and Cortinez
in [13] presented also a FEM solution to the linear free vibration analysis of
bisymmetric thin-walled composite beams of open shaped cross section, taking into
account static initial stresses and deformations considering geometrical nonlinearity
only for the static loading and presenting examples of bars subjected to special
boundary conditions. Avramov et. al. [14-15] studied the free flexural-torsional
vibrations of beams and obtained nonlinear normal modes by expansion of the
equations of motion employing the Galerkin technique and neglecting the cross-
section warping. Lopes and Ribeiro [16] studied also the nonlinear flexural-torsional
free vibrations of beams employing a FEM solution and neglecting the longitudinal
and rotary inertia as well as the cross-section warping. Duan [17] presented a FEM
formulation for the nonlinear free vibration problem of thin-walled curved beams of
asymmetric cross-section based on a simplified displacement field. Finally, the
boundary element method has also been used for the nonlinear flexural [18-20] and
torsional [21] dynamic analysis of only doubly symmetric beams. To the authors’
knowledge the general problem of coupled nonlinear flexural — torsional free or
forced vibrations of asymmetric beams has not yet been presented.

In this paper, a boundary element method is developed for the nonlinear flexural-
torsional dynamic analysis of beams of arbitrary, simply or multiply connected,
constant cross section, undergoing moderate large deflections and twisting rotations
under general boundary conditions, taking into account the effects of rotary and
warping inertia. The beam is subjected to the combined action of arbitrarily
distributed or concentrated transverse loading in both directions as well as to twisting
and/or axial loading. Four boundary value problems are formulated with respect to the
transverse displacements, to the axial displacement and to the angle of twist and
solved using the Analog Equation Method [22], a BEM based method. Application of
the boundary element technique leads to a system of nonlinear coupled Differential —
Algebraic Equations (DAE) of motion, which is solved iteratively using the Petzold-
Gear Backward Differentiation Formula (BDF) [23], a linear multistep method for
differential equations coupled to algebraic equations (DAE). The geometric, inertia,
torsion and warping constants are evaluated employing the Boundary FElement
Method. The essential features and novel aspects of the present formulation compared
with previous ones are summarized as follows.

i. The cross section is an arbitrarily shaped thin or thick walled one. The
formulation does not stand on the assumption of a thin-walled structure and
therefore the cross section’s torsional and warping rigidities are evaluated
“exactly” in a numerical sense.

ii. The beam is subjected to an arbitrarily distributed or concentrated transverse
loading and bending moments in both directions as well as to axial loading.

iii. The beam is supported by the most general boundary conditions including
elastic support or restraint.

iv. For the first time in the literature, the effects of rotary and warping inertia are
taken into account on the nonlinear flexural-torsional dynamic analysis of
asymmetric beams subjected to arbitrary loading and boundary conditions.
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v. The transverse loading can be applied at any arbitrary point of the beam cross
section. The eccentricity change of the transverse loading during the torsional
beam motion, resulting in additional torsional moment is taken into account.

vi. The proposed model takes into account the coupling effects of bending, axial
and torsional response of the beam as well as the Wagner’s coefficients and the
shortening effect.

vii. The proposed method employs a BEM approach (requiring boundary
discretization for the cross sectional analysis) resulting in line or parabolic
elements instead of area elements of the FEM solutions (requiring the whole
cross section to be discretized into triangular or quadrilateral area elements),
while a small number of line elements are required to achieve high accuracy.

Numerical examples are worked out to illustrate the efficiency, wherever possible the
accuracy, the range of applications of the developed method as well as the influence
of the nonlinear effects to the response of the beam.

" Cemter af Gravity

’ \\ ! / " .':'.;l' !
(a) (b)

Figurel: Prismatic beam in axial - flexural - torsional loading (a) of an arbitrary cross-section
occupying the two dimensional region Q (b).

3 STATEMENT OF THE PROBLEM

Let us consider a prismatic beam of length L (Fig.1), of constant arbitrary cross
section of area A. The homogeneous isotropic and linearly elastic material of the
beam’s cross section, with modulus of elasticity E, shear modulus G and Poisson’s
ratio V occupies the two dimensional multiply connected region Q of the y,z plane

and is bounded by the I';(j=1,2,..,K ) boundary curves, which are piecewise
smooth, i.e. they may have a finite number of corners. In Fig. 1 CYZ is the principal
bending coordinate system through the cross section’s centroid C, while Y., z. are
its coordinates with respect to the Syz shear system of axes through the cross

section’s shear center S, with axes parallel to those of the CYZ system. The beam is
subjected to the combined action of the arbitrarily distributed or concentrated, time
dependent and conservative axial loading p, = p, (X,t) along X direction, twisting

moment m, =m,(X,t) along x direction and transverse loading p, =p,(X,t),
p, = p,(X,t) acting along the y and z directions, respectively, applied at distances
Yo, » Zp, and y, , z,, with respect to the Syz shear system of axes (Fig. 1b). It is

worth here noting that the aforementioned transverse loading can be applied at any
arbitrary point of the beam’s cross section and not necessarily at its centroid or at its
shear center. In the case of a linear analysis, where the beam deflections and rotations
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are considered to be small, in order to overcome the fact that the external transverse
loading is usually applied as tractions upon the surface of the beam, the superposition
principle is adopted and the actual applied system of forces is replaced by a statically
equivalent one, acting on the centroid or on the shear center of the beam (Fig. 2a).
However in nonlinear analysis, where twisting rotations are considered to be large, the
occurring change of eccentricity (Fig. 2b) may have substantial influence on the beam
response and must be taken into account.

P, (t)

e V.

(@)
- Us=c
p. (t)
e | e' g'>e
p. (t)
(b)
y S=C y

Figure 2: Superposition principle in linear analysis (a) and change of eccentricity of the transverse
force p, during the twisting motion of the cross section in nonlinear analysis (b).

Under the action of the aforementioned loading and employing the Euler-Bernoulli
assumption, the displacement field of an arbitrary point of the cross section can be
derived with respect to those of the shear center as [12]

a(xy.zt)=u(xt)-(y—-yc )6, (x.t)+(z-z ) (xt)+6, (xt)pf (v.2) (1a)

V(X Y,2,t)=v(x,t)-zsin(6, (x,t))—y|1-cos x,t)] (1b)
W(x,y,z,t)=w(x,t)+ ysm( L ( ,t))—z[l cos(@x(x,t )] (1c)
6, (x,t)=V'(x, )sm( (X, )) W(X,t)cos(@x(x,t)) (1d)
0, (x,t)=V'(x, )cos( (X, ))+W(X t)sin(&’x(x,t)) (le)

where U, V, W are the axial and transverse beam displacement components with

respect to the Syz shear system of axes; Xt ——I X Yy, Z, t dA denotes the

average axial displacement of the cross section [24] and v=v(x,t), w=w(x,t) are
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the corresponding components of the shear center S; 6, (x,t), 6, (x,t) are the angles

of rotation of the cross section due to bending, with respect to its centroid; GX' (X,t)
denotes the rate of change of the angle of twist 6, (X,t) regarded as the torsional

curvature and ¢; is the primary warping function with respect to the shear center S

[25]. Employing the strain-displacement relations of the three-dimensional elasticity
for moderate displacements [26, 27], the strain components can be written as

£ =U'+(z2—2¢)(V'sind, —wW'cos6, )—(y—yc )(V'cos O, +W'sinb, )+

+6,"¢¢ ~ 6, (2 (V' cos 6, +W'sind, ) + Y (V'sin 6, W cos 6, ) ) + (22)
1 1”2 12 2 2 ( ')2)
+—|VP+WE (Y +27)(6
; (y+2) (e
a¢sp !
7xy = zgxy = —ay A ex (Zb)
a¢sp !
V=26, =|—=+y |6, (2¢)
0z

while considering strains to be small, the non vanishing stress components of the
second Piola — Kirchhoff stress tensor are obtained as

S, =E[U+(z-2.)(V'sin6, —Wcos,)—(y -y )(V"cos &, +W'sin 6, ) +

+6,'¢¢ ~ 6, (2 (V' cos 6, +W'sin6, ) + Y (V'sin 6, —w'cos 6, )) + (32)
1 ” 2 2 2 ( ')j
+=| V2w +(y +2°) (0
2( (v +2°)(9,
P
Sxy :G 'QX' (%_Z} (3b)
oy
p
S,=G-6 (%+ y] ()
0z

In order to establish the nonlinear equations of motion, the principle of virtual
work

Mnt + é\Nmass = é\NeXt (4)
where

5\Nim = J-V (Sxxé‘gxx + Sxy57xy + szayxz ) dV (Sa)
M, = [ (ST +V6V +W5w) dV (5b)
MW, = [ PxOU + OV, + p,oW, +m,50, ) dx (5¢)
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under a Total Lagrangian formulation, is employed. In the above equations, ¢ ()
denotes virtual quantities, () denotes differentiation with respect to time, V is the
volume of the beam, U is the axial displacement of the centroid and \pr , W, are the

transverse displacements of the points where the loads p,, p,, respectively, are

applied. It is worth here noting that the aforementioned relation of the external work

oW, (eqn. (5¢)) is expressed in terms of the applied external forces and virtual

quantities of the kinematical components in the deformed configuration of the beam.
This expression takes into account the change of the eccentricity of the external
conservative transverse loading, arising from the cross section torsional rotation,
inducing additional (positive or negative) torsional moment (Fig. 2b). Substituting the
expressions of virtual quantities in eqn. (5c), the external work can be written as

W, = Jl[ pyou+ p,ov+ pZ5W+( p, (—Zpy cosf, —y, sinf, ) +
(6)
+p, (ypz cosd, — Z, sin@X)erX)é'QX}dx

Expanding the trigonometric functions in terms of Taylor series and keeping the first
two terms [12], the following approximate expressions are obtained

2 2
costzl—er' =1—9£ (7a)
3 3
sin@, =0, _%: 0, _% (7b)

Using equations (7), equation (6) can be written as

1 1
W, =jL[pX5u+ POV + p25W+[py(—Zpy ~ Y, 6 +50X22py +gt9x3ypyJ+
1 1 ®
+p, (ypz -2,6, —Eexzypz +gex3zpzj+mxj5@}dx

As it can be observed from equation (8), neglecting all the nonlinear terms leads to the
well known linear expression of the external twisting moment, arising from the
superposition principle. In the present study, these terms are retained, so that the
change of eccentricity is taken into account. Moreover, the stress resultants of the
beam can be defined as

N :jg S .dO (9a)

M, =] s,Zd0 (9b)

M, =-[_S,YdQ (9¢)
P P

M =] |S s _;)is |92,y |lda (9d)
t Q Xy ay Xz az
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M, =-]_S,fdQ (9¢)
MR:stXX(yuzz)dQ (99)
where M[ is the primary twisting moment [25, 28] resulting from the primary shear

S

M 1s a higher order stress resultant. Substituting the expressions of the stress

stress distribution S M,, is the warping moment due to torsional curvature and

Xy Yxzo

components (3) into equations (9a-9f), the stress resultants are obtained as

N = EA|u'+~ v'2+w’2+|—SHX'2 -
2 A

(10a)
-0, (zc (v’ cos @, +W'sin HX)+ ye (V'sin6, — W' cos 6, ))}
M, =—El, (W”cos@x—v”siné’x—ﬂzﬁx'z) (10b)
M, =EI, (v"cosex+w"sin¢9x—ﬂYex'z) (10c)
M =Gl.0/ (10d)
M, = —EC, (ex” n ﬂwex’z) (10¢)
M, = NIKS—ZEIZﬂY (V"cos 6, +W"sin 6, ) - 2El, B, (W' cos &, —V"sin 6, ) +
+2EC,B,0," +—E| 1, -—- 10"
Sﬂw X 2 ( R A] X

where the area A, the polar moment of inertia I with respect to the shear center S, the
principal moments of inertia |,, |, with respect to the cross section’s centroid, the
fourth moment of inertia |, with respect to the shear center S, the torsion constant I,

and the warping constant C, with respect to the shear center S, are given as

A:deQ (11a)
I :IQ(y2+zz)dQ (11b)
h:LZHQ (11¢)
1, =jQY2dQ (11d)
I :Iﬂ(y2+22)2dQ (11e)
Co =] (¢f) do (119)
I, :J.Q(y2+zz+yaaiz§—z%]dﬂ (11g)
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while the Wagner’s coefficients S, , £, and [, are given as

5, =i Q(z—zc)(y2+22)dQ (12a)
B = 2} (y-ye)(y + 2 e (12b)
bo=re Sy +77)plde (12¢)

Employing the expressions of strain obtained in equations (2), the expressions of
stress resultants given in equations (10) and applying the principle of virtual work
(eqn. (4)), the equations of motion of the beam can be derived. The arising set of
equations is coupled and highly complicated. Simplification can be achieved by
neglecting the axial inertia of the beam, denoted by the term p AU, and employing the

approximate expressions given in equations (7). Thus, using the aforementioned
approximations and ignoring the nonlinear terms of the fourth or greater order [12],
the governing partial differential equations of motion for the beam at hand can be
written as

I n ! 14 14 ! !
—EA{ PWW VY 26,6, zc(exex W'+ 0,0,"W + 0,V + 0V + 6, 2w')—

Ve (exexnv,_l_ gxex'vn_errw,_ex'wfy+exl2vr)j| = Py (13a)

1LV —N [—zcex" A (ex’z 16,6, ) n v”} n
+(El; —Ely )(w””&’x +2W"0, + W0, —V""07 40,6, —2v"0,0," —2v"6,? ) +
+EL, B, (—29X'9X"’ —20," ) +EN 5, (29 0,0, +26,20, + sex’zex”)+ PA +
+p{(|z 1y )(exv"+ ex’v’)— LW — A(ycex +7g —%zcefﬂéx wp(l=1y):
-[29X9X’\'/' 03" +2(8,0,+ 6,0, ) +20,0,0" 0, ~ 6, V0,0, ] +ply
|~wO, v~ 20,07 +v6 + 2066, ~26,W |~ pA(ye ~2c6,) 63 = py -

~px (V= ¥o0 8, - 266, ) (13b)

Elyw"” —N |:W" +Ycb, —2¢ (HX'Z +6,0," )} +

+(El, —Ely )(v""@X LG, V"0, W2 +AW"6,0, +2W'0,0, +2w'6, > ) n
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LELL B, (—zex'ex”’ex 50,20, —26,"20, ) LEN 4, (—29X’9X’” 26" ) T+ pAV+

+p{( I, — 1y )(—HXW"—QX'W’)+ Iy V" + A(—ZCQX +Ye —% ycefﬂ O.—p(l7-1y):

-[ZHXQX'W + 020" + z(ex'e'x +6.6, )v’v’ 120,00+ 0,V + 5" + w'exéx'}— ol -

V8, i 20,0 -wOF - 2w6,8, 20, |- pA(zc +Yc6,) 6 = p, -

Py (w’+ Yoo, — zcex’ex) (13¢)
ECs6," —-Gl,6," —g E ( I —%] 6,%6," —N {IKS 0 +Ye (W' =V'6,)—zc (V' +W'6, )} +

+(El; —Ely )(v”w"—v"20x +w"29X)+

+El, B, (zex”w"ex + W0, 2 +20,V" +260,'V" +26,' W", ) +

+Ely B, (—29X”v"9X +20,'W' +20, W —v"0,% —20,V"0, ) +p(V2ly + w2z +15 )6, -

—pA(zC +Ycb, —%zcexzjpr[yc ~ 706, —% ycexzjvw p(17 = 1y) 6, (W —v')+

+pl7 (WV+20,W )+ ply (-VW' +26,0V') = pCs 6" =My +p,Yp, — PyZp +

1

1 1 1
J{E fzpy +€¢9§’ypy —nypyj Py +(E¢9§’zpz — szypZ —zpzexj p, —

ls -
—Px (KS 0, —yYcV'O, —1c Wb, — 7oV + ycw’j (13d)
while the expression of N is given as

N = EA[U'+%(V’2 +w? +IK59{2J—9X' (2c (WO, +V')+yc (V6 —W'))} (14)

The above governing differential equations (eqns. (13)) are also subjected to the initial
conditions (x €(0,1))

u(x,0)=u,(x) u(x,0)=u,(x) (15a,b)
V(%,0)=v,(x) V(X,0)=V,(x) (16a,b)
w(x,0)=w,(x) W(x,0) =W, (x) (17a,b)
6, (x,0)=6,,(x) 6, (x,0)=6,,(x) (18a,b)

together with the corresponding boundary conditions of the problem at hand, which
are given as

10
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au(xt)+a,N(xt)=a, (19)
BV(xt)+ BV, (x,t) =B B0, (x,t)+BM, (x.t) =B, (20a,b)
WX, 1)+ 7.V, (X.t) =7, 76, (x,0)+7,M, (X.t)=7, (21a,b)
5.0, (xt)+ M, (x,t) =4, 50, (x,t)+5,M,, (xt) =5, (22a,b)

at the beam ends X =0,l, where V,,V, and M,, M, are the reactions and bending

moments with respectto y, z orto Y, Z axes, respectively, given by the following
relations (ignoring again the nonlinear terms of the fourth or greater order)

V, =N (v’ ~-2.0, - ycé?xex')+
LEI (v"'ex2 WO, —W"O, "+ 2V"0.0. +2/3,0.0." ) n (23a)

LEI, (w'"ex WO, —2"0.0 "0~ 5,0, ~25,0.0,6, )

V. =N (W’+ Y0, — ZCGX'QX)+
+El, (w'"ex2 +V"0 —W"+V"0, +2w'0.0, +23,6,0 ) - (23b)

_El, (v”@x' W02 +V"0, + 20,0, ~23,6,0,6 — J, ex'3)
M, =EI, (w"ex Y KRV ) LEI, (—w"ex V02 + B, ex’zex) (23¢)

M, = EI, (—w"ej +5,0,0, —v”@x)+ El, ( B0 - W' +w'o} +v”6?x) (23d)

while M, and M, are the torsional and warping moments at the boundary of the bar,

respectively, given as

m

M, =Gl.0, -EC.0," +N (—zcw'é?X + YW - Y VO, — zcv’+%st9x'j+

2
+EIL, B, (—249X’V” -26,w'0, ) +El, 5, (—249xrw” +20,V"6, ) +% E [ - ILAJ 6,
(24a)

M, = —EC, (ax” n ﬂmﬁx'z) (24b)

Finally, ¢, B, Ek, V» Vo Oks gk (k=1,2,3) are time dependent functions
specified at the boundaries of the bar (x=0,l). The boundary conditions eqns. (19)-

(22) are the most general boundary conditions for the problem at hand, including also
the elastic support. It is apparent that all types of the conventional boundary

11
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conditions (clamped, simply supported, free or guided edge) can be derived from
these equations by specifying appropriately these functions (e.g. for a clamped edge it

s a=pF=y=06=1, Bi=y=6=1, a,=a;=p,=f=y,=y,=06,=06,=
,Ez = E = 7_/2 = )_/3 = 52 = 53 =0). In a case of eccentric axial loading or additional
concentrated or distributed bending or warping moments, additional terms in

governing equations (13) would arise. These terms could be taken into account
without any special difficulty, by modifying appropriately equations (5¢), (6), (8).

4 INTEGRAL REPRESENTATIONS-NUMERICAL SOLUTION

4.1 Evaluation of the axial displacement u(x,t), the transverse displacements
v(x,t), w(x,t) and the angle of twist 6, (x,t)

According to the precedent analysis, the nonlinear flexural-torsional vibration
problem of a beam reduces in establishing the axial displacement component u (X,t)

having continuous partial derivatives up to the second order and the transverse
displacement components V(X,t), W(x,t) and the angle of rotation 6, (X,t) having

continuous partial derivatives up to the fourth order with respect to x and up to the
second order with respect to t, satisfying the nonlinear initial boundary value problem
described by the coupled governing differential equations of motion (eqns. (13)) along
the beam, the initial conditions (eqns. (15)-(18)) and the boundary conditions (eqns.
(19)-(22)) at the beam ends x=0,l. Eqns. (13) and (15)-(22) are solved using the
Analog Equation Method [22] as it is developed for hyperbolic differential equations
in [29, 30].

5 NUMERICAL EXAMPLES

On the basis of the analytical and numerical procedures presented in the previous
sections, a computer program has been written and representative examples have been
studied to demonstrate the validation, the efficiency, wherever possible the accuracy
and the range of applications of the developed method. The numerical results have
been obtained employing 21 nodal points (longitudinal discretization) and 400
boundary elements (cross section discretization).

Example 1
In the first example, for comparison reasons, the forced vibrations of a steel-I beam

(Fig. 3), (E=2,1x10°kN/m*, G=8,0769x10" kN/m?, p=7,85tn/m’, flange
width t, =0,03m, web width t,=0,012m, total height h=0,56m, total width
b =0,30m) having geometric constants presented in Table 1, under three load cases,

are examined. In the first load case (case (a), Fig. 3a), a beam with hinged-hinged
ends, of length |=10m is considered. The beam is subjected to a uniformly

distributed ‘static’ loading p, (t)=p,,(t/t,) for 0<t<t and p,(t)=p,, for t>t,
(t, =0,02sec, p,, =3000kN/m), as this is shown in Fig. 3a. In Fig. 4 the time
histories of the displacements u(XO,t), W(Xo,t) at X, =6,9048m are presented,

respectively, as compared with those obtained from a BEM solution [20], noting the
accuracy of the proposed method.
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I, =1,14831x10*m°
I, =5,38871x10°m*
C, =9,48415x10°m°

A=24x10"m’
I, =1,39035x10° m*
I, =1,35072x10"*m*
I, =1,5254x10° m*

Table 1: Geometric constants of the beam of example 1.

Nonlinear Analysis
Linear Load case (b) Load case (c¢)
Analysis FEM FEM FEM FEM
Present 960 solid 2080 shell | Present 960 solid 2080 shell
study elements elements study elements elements
[31] [31] [31] [31]
u (| )max 0,0000 -0,0033 -0,0034 -0,0037 -0,0031 -0,0032 -0,0032
v (| )max 0,0000 0,0615 0,0603 0,0675 0,0331 0,0329 0,0328
W(l )max 0,2040 0,2045 0,2108 0,2114 0,2040 0,2108 0,2078

Table 2: Maximum values of the kinematical components u(l,t) (m), v(l,t) (m) and w(l,t) (m) of

the cantilever beam of example 1 for load cases (b), (c).

P, (t)
4+ 0,03m
I 4 [ |
0,25m 0,25m
J s=c < S=C
410,03m
z p()] ]z

(b)

Figure 3: Transverse load applied on the centroid concerning the first load case (a) and on the flange

13
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0.8 —
0.6 —
g |
€ 04 —
[}
IS i
o}
®
! 0.2 —
2
() —
0 —¢
0.2
\ \ \ \
0 0.02 0.04 0.06 0.08
t (sec)
— —@- — w(x,), Nonlinear analysis, present study
W(X,), Nonlinear analysis, [20]
— —@- — u(x,), Nonlinear analysis, present study
u(x,), Nonlinear analysis, [20]

Figure 4: Time history of the displacements U and W at X, = 6,9048 m of the hinged-hinged beam of
example 1 for load case (a).

u(L) (m)

t (sec)

Load case (b), present study 21 elements
O Load case (b), FEM 960 solid elements, [37]
X Load case (b), FEM 2080 shell elements, [37]
= | 0ad case (c), present study 21 elements
A Load case (c), FEM 960 solid elements, [37]
X Load case (c), FEM 2080 shell elements, [37]
= = Linear analysis

Figure 5: Time history of the displacement u at the tip of the cantilever beam of example 1 for load
cases (b), (c).
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0 0.04 0.08 0.12 0.16 0.2
t (sec)

Load case (b), present study 21 elements
O Load case (b), FEM 960 solid elements, [37]
X Load case (b), FEM 2080 shell elements, [37]
= == | oad case (c), present study 21 elements
A Load case (c), FEM 960 solid elements, [37]
Load case (c), FEM 2080 shell elements, [37]
= - = |inear analysis

Figure 6: Time history of the displacement Vv at the tip of the cantilever beam of example 1 for load
cases (b), (¢).

0.25 —

0 0.04 0.08 0.12 0.16 0.2
t (sec)

Load case (b), present study 21 elements

O Load case (b), FEM 960 solid elements, [37]

X Load case (b), FEM 2080 shell elements, [37]
= e | 0ad case (c), present study 21 elements

A Load case (c), FEM 960 solid elements, [37]
Load case (c), FEM 2080 shell elements, [37]

Figure 7: Time history of the displacement w at the tip of the cantilever beam of example 1 for load
cases (b), (¢).

Moreover, in order to demonstrate the influence of the loading position upon the
cross section, a cantilever beam of the same cross section of length |1=8m,
undergoing a uniformly distributed ‘static’ loading (t, =0,02sec, p,, =60kN/m) is
examined for the load cases (b), (c) (Figs. 3b,c). In Figs. 5-7 the time histories of the
kinematical components U (I,t),v(l,t) and W(I,t) , respectively, at the tip cross
section of the cantilever beam are presented as compared with those obtained from a

FEM solution [31, 32], employing either shell or solid finite elements. In Fig. 8 the
deformed configurations of the beam at the time instant t =0,1sec for the load case

(b) and at t=0,067sec for the load case (c) are presented as compared with those
obtained from a FEM solution [31, 32]. Finally, in Table 2 the maximum values of the
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kinematical components u(l,t),v(l,t) and w(l,t) of the present study are presented

together with those obtained from the aforementioned FEM solutions [31, 32]. From
these figures and table the accuracy of the proposed method is demonstrated.
Moreover, as it can easily be observed, the loading position may have important
influence on the dynamic response of the beam.

Load case (b) at t =0,1sec Load case (c) at t =0,067 sec

(b)

(©)

Figure 8: Deformed configurations of the cantilever beam of example 1 from the present study (a) and
a FEM solution using solid elements (b) or shell elements (c).
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P, (t)

L e=0,0028m
0,0056m A
0,192 m

< C

Y

«— S 1 70,0085m

y 0,1jm

=12

(@) (b)

Figure 9: Cantilever beam of example 2 (a) and load with eccentricity with respect to the shear center
of its cross section (b).

A=1,878x10"m’ I, =3,049x10"m*
l, =7,176x10° m* C, =3,495x107"'m°
I, =7,110x107"m* B, =-7,276x10"m
le =1,295x10"°m* 2, =-5,2x107m

I, =2,581x107"m°

Table 3: Geometric constants of the beam of example 2.

Nonlinear Analysis
Linear . — .
Analysis Ignoring eccentricity Taking into account
change eccentricity change
v(l), .. 0,0009 —0,0017 0,0021
w(l) 0,0068 0,0068 0,0068
o,.(1), 0,0304 0,0264 0,1090

Table 4: Maximum values of the kinematical components v(I,t) (m), w(l,t) (m) and 6,(l,t)

(rad) of the cantilever beam of example 2.
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-0.002 I I I l

0 0.02 0.04 0.06 0.08
t (sec)

——@ —— Nonlinear analysis, full set of equations

———>¢—— Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 10: Time history of the displacement v at the tip of the cantilever beam of example 2.

0 0.01 0.02 0.03
t (sec)
—.— Nonlinear analysis, full set of equations

——>¢—— Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 11: Time history of the displacement W at the tip of the cantilever beam of example 2.

0.12 —
0.08 —|
—
hel -
s
%‘» 0.04 —
0 —%
\ \ \ \
0 0.02 0.04 0.06 0.08

t (sec)
—@ —— Nonlinear analysis, full set of equations

———>¢—— Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 12: Time history of the angle of twist €, at the tip of the cantilever beam of example 2.
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Tip Cross Section :
v(1)=0,000693 m
w(1)=0,00565m
0, (I)=0,1060 rad

Figure 13. Deformation of the cantilever beam of example 2 at t = 0,02 sec .

Example 2

In order to investigate the influence of eccentricity change of the transverse loading
in nonlinear flexural-torsional vibrations, the forced vibration of a cantilever beam
(E=2,1x10°kN/m*, G=8,0769x10" kN/m*, p=7,85tn/m*, I=1Im) of a
monosymmetric thin-walled open shaped cross section (its geometric constants are
presented in Table 3), as this is shown in Fig. 9, has been studied. More specifically,
the beam is subjected to a suddenly applied concentrated force P, (t)=16kN having a

slight eccentricity €=0,0028 m with respect to the shear center of the tip cross
section (Fig. 9b). In Figs. 10-12 the time histories of the transverse displacements
v(Lt), w(lt) and the angle of twist &, (I,t) of the cantilever beam, respectively, in
Table 4 the maximum values of its kinematical components and in Fig. 13 the
deformation of the cantilever beam at the time instant t=0,02sec, are presented.

From these figures and table, the influence of the relatively small ‘imperfection’ of
the application point of the transverse loading to the beam response is remarked.

A

Z404m

A

0,25m

Figure 14: Cross section of the cantilever beam of example 3.
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A=51x10"m’ 6 =-0,41330rad
l, =9,64614x10™* m* I, =2,6965x10"*m*
I, =3,90079x107*m* C, =4,6911x10°m*
I, =1,58177x10"m* B, =8,56633x107m
l, =7,14223x107°m° B, =-8,89913x107 m
y,=6,20527x107m B, =0,39404

z,=-2,45329x10"m

Table 5: Geometric constants of the beam of example 3.

Example 3
In order to demonstrate the range of applications of the developed method, in this
final example the forced vibration of a hinged-hinged (axially immovable ends) beam

of length I=3,5m (E=3,0x10"kN/m?, G=125x10"kN/m?, p=2,5tn/m*)
having an asymmetric closed shaped cross section (its geometric constants are
presented in Table 5), subjected to a uniformly distributed suddenly applied loading
p, =1000 kN/m, as this is shown in Fig. 14, is examined. In Figs. 15-17 the time

histories of the transverse displacements V(l/2,t), W(l/2,t) and the angle of twist

HX(I / 2,t), respectively, in Table 6 the maximum values of its kinematical

components and in Fig. 18 the deformation of the hinged-hinged beam at the time
instant t=0,017sec, are presented. As it can be observed, in this case, the

eccentricity change did not affect significantly the dynamic response of the beam,
while geometrical nonlinearity due to axially immovable ends had important
influence, especially on the transverse displacements V, W.

-0.3 —

0 \ \ \ \ \
0 0.01 0.02 0.03 0.04 0.05
t (sec)
—.— Nonlinear analysis, full set of equations

Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 15: Time history of the displacement V at the midpoint of the hinged-hinged beam of example 3.
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0 0.01 0.02 0.03 0.04 0.05
t (sec)

——@ —— Nonlinear analysis, full set of equations

———>¢—— Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 16: Time history of the displacement W at the midpoint of the hinged-hinged beam of example 3.

-0.05

0.02
t (sec)

—@ —— Nonlinear analysis, full set of equations

————>&—— Nonlinear analysis, ignoring eccentricity change
Linear analysis

Figure 17: Time history of the angle of rotation 6, at the midpoint of the hinged-hinged beam of

example 3.
Nonlinear Analysis
Linear . .. o
Analysis Ignoring eccentricity Taking into account
change eccentricity change
\7(I/2)maX —0,2940 —-0,1920 —-0,1910
v~\/(l/2)max 0,1090 0,0782 0,0782
6,(1/2) . 0,1150 0,1340 0,1460

Table 6: Maximum values of the kinematical components V(I/2,t) (m),

w(l/2,t) (m) and
6,(1/2,t) (rad) of the fixed-fixed beam of example 3.
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Midpoint Cross Section :
v(7/2)=-0,0155m
w(l/2)=-0,0144m
6,(1/2)=0,1280 rad

Figure 18: Deformation of the hinged-hinged beam of example 3 at t =0,017 sec.

6 CONCLUSIONS

In this paper a boundary element method is developed for the nonlinear elastic
flexural-torsional dynamic analysis of beams of arbitrary cross section, undergoing
moderately large displacements and angles of twist, taking into account the effects of
rotary and warping inertia and the change of eccentricity of transverse loads during
torsional rotation. The main conclusions that can be drawn from this investigation are:

The numerical technique presented in this investigation is well suited for
computer aided analysis of beams of arbitrary simply or multiply connected
cross section supported by the most general boundary conditions and subjected
to the combined action of arbitrarily distributed or concentrated time dependent
loading.

The geometrical nonlinearity leads to strong coupling between the axial,
torsional and bending equilibrium equations, resulting a significantly different
response of the beam compared with this obtained from a linear analysis.

The change of eccentricity of the transverse loading during the torsional rotation
of the cross section affects significantly the torsional response of the beam
Different loading positions upon the cross section may alter significantly the
torsional response of the beam.

Accurate results are obtained using a relatively small number of nodal points
along the beam.

The developed procedure retains most of the advantages of a BEM solution over
a FEM approach, although it requires longitudinal domain discretization.
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