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We present robust and efficient high-order discontinuous Galerkin methods for the incom-
pressible Navier-Stokes equations based on a high-performance, matrix-free implemen-
tation. Our discontinuous Galerkin (L2-conforming) discretization is based on the local
Lax-Friedrichs flux for the convective term, the symmetric interior penalty method for the
viscous term, and central fluxes for velocity-pressure coupling terms and uses mixed-order
polynomials for velocity and pressure [1, 2]. This basic DG discretization, however, is not
sufficiently robust for under-resolved, turbulent flows. To stabilize the DG discretization
in the under-resolved regime our approach is based on consistent penalty terms enforcing
the incompressibility constraint as well as interelement continuity of the velocity field in a
weak sense [1, 3]. This discretization approach has been validated for several benchmark
problems such as the Orr–Sommerfeld stability problem, the 3D Taylor–Green vortex
problem, and turbulent channel flow [3]. For efficient time integration, our approach is
based on projection methods with a mixed implicit/explicit formulation of viscous and
convective terms, respectively. For high-order methods to be more efficient than low-order
methods, an efficient matrix-free implementation exploiting sum-factorization techniques
on quadrilateral/hexahedral elements is inevitable. Our marix-free implementation is
highly optimized for modern, cache-based computer architectures and uses vectorization
over several elements to fully exploit the SIMD capabilities of modern CPU hardware [4, 5].
Outstanding performance characteristics of our implementation with a throughput of up
to 3.5 · 107 DoFs/sec/core for matrix-free operator evaluation are presented. The solution
of linear systems of equations is based on state-of-the-art iterative methods using efficient
matrix-free preconditioners and geometric multigrid smoothers that exhibit optimal com-
putational complexity. By the example of the 3D Taylor-Green vortex problem, a detailed
analysis of the efficiency of high-order methods for under-resolved turbulent flows is pre-
sented. Compared to performance results published within the last 5 years for high-order
DG discretizations of the compressible Navier-Stokes equations [6], our approach achieves
an improvement in computational costs by a factor of 10–100 for the same effective spatial
resolution and Reynolds number.
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