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thierno.diop.1@ulaval.ca

Keywords: frictional contact, three-dimensional, large-scale, iterative method.

In this presentation, we will propose an iterative approach for solving three-dimensional
frictional contact problems between elastic bodies, including contact with a rigid body,
contact between two or more bodies and also self contact. Since the precise formulation of
the elastic part is irrelevant for the description of the algorithm we shall consider a generic
case. In practice, however, we will have to deal with a non linear material (for instance
a Mooney-Rivlin model). We are interested in solving a finite element approximation of
the problem, leading to large-scale non linear discrete problems and, after linearization,
to large linear systems and ultimately to calculations needing iterative methods. This
also implies that penalty methods, and therefore augmented Lagrangian method, are to
be banned because of their negative effect on the condition number of the underlying
discrete systems and thus on the convergence of iterative methods. This is in rupture to
the mainstream of methods for contact in which augmented Lagrangian is the principal
tool. We shall first present the problem and its discretization, this will lead us to describe
a general solution algorithm relying on a preconditionner for saddle-point problems which
we shall describe in some detail as it is not entirely standard.

The discrete problem employs a Lagrange multiplier for the contact condition. We denote
λn and λT its normal and tangential part. (In practice, we use quadratic elements for the
displacement and linear elements for the multipliers).

The quasi-static formulation leads to a saddle-point problem, with a Tresca friction con-
dition, coupled with the equation for the threshold s = µλn to obtain the Coulomb law.
We impose the constraints λn ≥ 0 and |λT | ≤ s at the nodes and we denote the Tresca
conditions by λ ∈ Ts ⊆ Λ. The starting point is thus to solve the problem

inf
v∈V

sup
λ∈Ts
L(v, λ) =

1

2
〈Av, v〉+ I(λn, v̂n − ĝn) + I(λT , v̂T − ĝT )− 〈f, v〉, s = µλn (1)

where I(·, ·) denotes some numerical integration and where v̂ is a projection of v on the
space of multipliers. Let the matrix B be defined by

〈Bu, λ〉 =

∫
uλ ds (2)

and ML be the lumped mass matrix on the space Λ, we then define v̂ = M−1
L Bv.
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The use of a numerical integration, as in [2], is to keep the optimality conditions in λ
pointwise.

The algorithm that we introduce is based on an imbedded loops and can be summarized
by the diagram :

Newton(SQP)

compute: matrices, residuals, gap , ...

Strategy of active set : determine the contact status

Linearization of angular part on sliding nodes

solving the linear system

verification of the contact status

Projection of λ on the cone

until the status is fixed and convergence of angular part

until convergence of Newton

We will discuss in this presentation the main line of this algorithm and insist on the
solving of the linear system wich is like a saddle-point problem. We will solve it by a
GCR method wich is preconditionned by an extension of Uzawa’s method. The interest
of our technique is that it does not depend on any fixed parameter and the solution of
the primal problem can be approximate. Finally, we present an industrial example in
biomedical domain which contains up to 15 millions unknows in displacements.
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