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Abstract. Fluid-structure interactions (FSI) problems considering contact are complex
dynamical processes that, when numerically analyzed, require special treatment especially
of the coupling between the fluid and the structure. In the context of this paper, the
governing equations and numerical methods used to describe a full FSI problem are briefly
recapitulated. Based on the test case of a structural ring falling inside a fluid tank, the
implementation of isogeometric analysis (IGA) on the structural side combined with a
non-uniform rational B-splines (NURBS-) based method on the fluid side is presented for
FSI problems that include contact. As part of the test case, the influence of the interface
representation on the detection of contact zones and the coupling in FSI is investigated.

1 INTRODUCTION

This paper is on the subject of fluid-structure interactions; or, more specifically, FSI
phenomena that include structural contact. These occur, for example, in valves, pumps,
or pistons. FSI problems belong to the category of multiphysics problems, for the solution
of which three different strategies can be pursued: (1) field elimination, (2) a monolithic
approach, or (3) a partitioned approach [5].
In this paper, we apply the partitioned solution strategy, where all involved field problems
are solved individually, yet are coupled via connected boundary conditions at their com-
mon interface. To ensure consistent coupling, the involved problems must be coupled in
both space and time [14]. For the temporal coupling, either a weak or a strong coupling
approach can be applied. In the strong coupling approach used within this work, the
different field problems are solved iteratively until the current solution converges to an
equilibrium state [14]. In case of non-matching discretizations at the fluid-structure inter-
face, additional spatial coupling is required for consistent transformation of displacements
and loads. This is for example achieved by coupling schemes such as the finite interpo-
lation method [4]. In the special case of NURBS-enhanced finite elements (NEFEM) on
the fluid side and IGA on the structural side, an identical representation of the interface
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exists, allowing a direct integration of the fluid forces on the interface [6].

In context of this work an IGA approach is pursued for the structural analysis for two
reasons: (1) it provides a smooth surface representation of the FSI interface, and (2) the
parametric description of the surface offers advantages in the detection of the contact
areas [11]. In IGA, splines – such as non-uniform rational B-splines (NURBS)– are used
to provide both a parametric representation of the geometry [10] and an approximation
of the solution space [2].

In FSI, the displacement of the structure always involves the change in the fluid do-
main. In principle, this deformation can be traced either by an interface capturing or by
an interface tracking[3]. In this work, we focus on boundary conforming meshes and an
interface tracking approach. This leads to a deformation of the fluid mesh according to the
interface motion. Solving the fluid problem with the deforming-spatial-domain/stabilized
space-time (DSD/SST) method [12, 13] enables a calculation of the mesh deformation
independently of the fluid problem. Thus, additional mesh deformation methods, such
as the elastic mesh update method (EMUM), can be utilized to adapt the computational
mesh to the deformed domain [9].

This paper is structured as follows. Section 2 introduces the governing equations and
numerical methods used within this work. In section 3 a numerical test case is presented,
showing the application of IGA in a FSI problem considering structural contact.

2 GOVERNING EQUATIONS AND NUMERICAL METHODS

Following the partitioned solution approach, the FSI problem is decomposed into three
individual field problems for (1) the structural deformation, (2) the fluid flow, and (3)
the deformations of the computational mesh. Each field problem is described individually
by a set of equations that are connected via boundary conditions at the fluid-structure
interface. These boundary conditions are defined through the kinematic and dynamic
coupling conditions of FSI.

2.1 Structural deformation considering contact interaction

Consider the structural object as a bounded domain Ωs
t in Rnsd, where nsd indicates

the number of spatial dimensions. For every time t ∈ [0, T ] the displacement d (x, t) for
every point x ∈ Ωs

t can be expressed by the equation of motion, defined on the reference
configuration Ωs

0:

ρs
∂2ds

∂t2
= ∇0 · SsFT + ρs0b

s in Ωs
0 × [0, T ] , (1)

where ρs indicates the density of the structure, Ss represents the 2nd Piola-Kirchhoff
stress tensor, F the deformation gradient, and bs denotes the body force per unit volume.
The constitutive equation for the stress tensor is, in our case, provided by the St. Venant-
Kirchhoff model, stating a linear stress-strain relation between the 2nd Piola-Kirchhoff
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stress tensor and on the Green-Lagrange strain tensor Es. With the Lamé constants λs

and µs the stress tensor is defined as follows,

Ss (E) = λstr (Es) + 2µsEs, (2)

with

Es =
1

2

(
FTF − I

)
(3)

and

F =
∂x

∂x0

. (4)

Dirichlet and Neumann boundary conditions are applied to the boundary that can be
split into two complementary parts, i.e. Γs

t = Γs
t,g ∪ Γs

t,h.

ds = gs on Γs
t,g × [0, T ] , (5a)

σs · n = hs on Γs
t,h × [0, T ] . (5b)

In this paper, the contact interaction of the structural object is restricted to interaction
with a stiff, rigid obstacle. For the area of contact, additional pressure contributions pN
act on the structural object. These areas are determined by the normal distance gn,
which is defined as distance between predefined positions xs

c, distributed on the surface
of structural object Γs, and their associated closest-point projections xcpp on the obstacle
surface,

gN = (xcpp − xs
c) · ns. (6)

Due to the no-penetration condition, discussed in detail in [15], the structural contact
interactions can be formulated as constraints on the equilibrium equation in (1). These
constraints are called Hertz-Signorini-Moreau constraints and defined as follows:

gN ≥ 0 , pN ≤ 0 , pNgN = 0. (7)

2.1.1 Isogeometric analysis

In IGA, the isoparametric concept is applied by using NURBS basis functions for both
geometry representation and approximation of the solution [2]. This allows an exact initial
representation of the geometry. IGA is discussed in detail in [7, 2]. The representation
of NURBS objects is based on a linear combination of NURBS basis functions Ri,p, with
polynominal degree p, and control points Pi [10],

C (ξ) =

ncp∑
i=1

Ri,p Pi. (8)

Especially important properties of NURBS in the context of FSI and contact interaction
is the almost arbitrarily control of the continuity of the geometry and interface represen-
tation [11, 6].
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2.1.2 Penalty method

Within this work the compliance of the structural solution with the Hertz-Signorini-
Moreau constraints is ensured via the penalty method. A detailed description of the
implementation of the penalty method in contact mechanics is described in [15]. However,
the basic concept pursued in the penalty method is that violations of the constraints are
punished by an additional contribution to the equilibrium equation.

2.2 Governing equations for fluid flow

The fluid problem is solved on the computational domain Ωf
t ⊂ Rnsd. In incompressible

fluid flows we solve for the unknown fields of velocity u (x, t) and pressure p (x, t). For
every time t ∈ [0, T ], the fluid’s behavior is governed by the Navier-Stokes equations for
incompressible fluids:

ρf
(
∂uf

∂t
+ uf ·∇uf − f f

)
− ∇ · σf = 0 on Ωf

t ,∀t ∈ [0, T ] , (9a)

∇ · uf = 0 on Ωf
t ,∀t ∈ [0, T ] , (9b)

with ρf denoting the fluid density and f f representing all external body forces. For
Newtonian fluids, the stress tensor σf is defined as

σf = −pfI + 2ρfνfεf
(
uf
)
, (10)

with

εf
(
uf
)

=
1

2

(
∇uf +

(
∇uf

)T)
, (11)

where νf denotes the dynamic viscosity. A well-posed system is obtained, when bound-
ary conditions are imposed on the external boundary Γf . Here, we distinguish between
Dirichlet and Neumann boundary conditions given by:

uf = gfon Γf
g , (12a)

nf · σf = hfon Γf
h, (12b)

where gf and hf prescribe the velocity and stress values on complementary subsets of Γf .

The Navier-Stokes equation in (9) are solved by the DSD/SST method discussed in detail
in [12, 13]. Here, space and time are discretized by the finite element approach, implicitly
including the domain deformation into the solution method. Thus, the mesh deformation
can be computed detached from the solution of the Navier-Stokes equations [12]. Further,
the space-time formulation is stabilized by the Galerkin/Least-Squares (GLS) and the
streamline upwind/Petrov-Galerkin (SUPG) stabilization [1], to avoid oscillations in the
solutions of pressure and velocity.
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2.3 Coupling conditions at fluid-structure interface

The fluid and the structural problem are connected via their common interface ΓFS =
Γf ∪ Γs. For a consistent coupling of the structural and the fluid problem, the coupling
conditions need to fulfill the kinematic continuity, ensuring the displacements and velocity
across the interface,

df = ds on ΓFS, (13a)

uf = us on ΓFS, (13b)

and the dynamic continuity, enforcing the continuity of fluid and structural stresses at
the interface,

σf · nf = −σs · ns on ΓFS. (14)

2.4 Elastic mesh update-method

The boundaries of the fluid domain Γf deform according to the displacements of the
structural object. Thus, the computational mesh has to be deformed according to bound-
ary movements. A method utilized for the automatic mesh update is the elastic mesh
update method (EMUM), first presented in [9]. The mesh is considered an elastic body,
where the displacements of the internal nodes are governed by the equilibrium equations
of elasticity:

∇ · σMesh = 0. (15)

(16)

Therin, the stress tensor σMesh is related to the strain tensor εMesh via

σMesh = λMesh
(
trεMesh (d)

)
I + 2µεMesh (d) , (17a)

εMesh (d) =
1

2

(
∇d + (∇d)T

)
. (17b)

with the Lamé constants λMesh and µMesh. In the context of FSI, the employed Dirichlet
boundary conditions correspond to the displacement of the fluid-structure interface

dMesh = ds on ΓFS. (18)

The EMUM used within this paper is extended by a method, allowing large translations
of the structural object within the fluid domain, following the concept in [8].

3 TEST CASE

In this test case we demonstrate the application of IGA and NURBS-based methods in
the context of a FSI problem that includes structural contact. In particular, we examine
the influence of the interface representation on the solution. For that purpose we observe
a structural ring, falling inside a fluid filled tank.
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The fluid domain has a height and width of 1.0 m. At a height of 0.75 m, the ring
is centrally positioned in the fluid domain. The ring has a diameter of 0.08 m and a
thickness of 0.015 m. Material properties of fluid and structure are chosen according to
Table 1. The ring is accelerated by a gravitational body force and thus causes a fluid flow
around the moving ring. Initially, the fluid and the ring are in rest. Figures 2 to 6 show
the flow field inside the tank for five exemplary points in time.

parameter value
dynamics viscosity 1.82 · 10−5 kg/ms

density (fluid) 1.2041 kg/m3

Young’s Modulus 6.9 · 109

Poisson number 0.34
density (structure) 2730 kg/m3

Table 1: Material parameters of FSI components

In the following the solutions of the FSI problem is compared for two discretization strate-
gies of the fluid-structure interface ΓFS. First, an approach with NURBS based interface
representation of both sides of the interface – namely NEFEM on the fluid side and IGA
on the structural side – is used, and second an approach using a NURBS representation
of the structure interface, yet standard finite elements (SFEM) for the representation of
the fluid interface. In the second approach, the finite interpolation method is used addi-
tionally to exchange boundary conditions at the FSI interface.
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Figure 1: y-displacement of ring in FSI problem

In Figure 1 we present an excerpt of the graph, displaying the displacement of the ring.
A difference between the two computed solutions is clearly noticeable. This discrepancy
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must result directly from the different interface representation, since all other discretiza-
tions of the problem coincide.

4 CONCLUSIONS

In context of this paper, we presented a test case for FSI including structural contact.
Therein, the influence of interface representations were examined. It could be shown that
solely by the use of coinciding boundary representation an improvement in accuracy of
the solution could be achieved. This affirms the use of NURBS based methods for all
problems including moving interfaces.
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Figure 2: Velocity at t = 0 [s].
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Figure 3: Velocity at t = 0.55 [s].
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Figure 4: Velocity at t = 0.75 [s].
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Figure 5: Velocity at t = 1.0 [s].
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Figure 6: Velocity at t = 1.45 [s].
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