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tionThe SUPG method is frequently used to solve the governing equation. It is ne
essaryto 
arry out 
al
ulations based on several pro
edures that have been presented to obtainstabilization parameters[1℄. However, even if a numeri
al simulation is 
arried out basedon the stabilized FEM, the numeri
al solution is rarely in 
lose agreement with real-worldobserved values. It has been 
on�rmed that if the Kalman �lter FEM is employed to
ompute the 
ow behavior while taking observed values into a

ount, the 
omputed valueis in better agreement with the observed value than the 
omputational results obtainedusing the 
onventional FEM[2℄. However, the Kalman �lter FEM 
an't be applyed toproblem using the non-liniar system equation. Therefore, the ensemble Kaiman �lterFEM is introdu
ed in this study[3℄. In the ensemble Kalman �lter FEM, the sto
hasti
distribution of the state variables is expressed by the ensemble approximation, and thespe
ial distribution of the state variables is obtained by the FEM. The shallow waterequation is introdu
ed as the governing equation, and the SUPG method is applied todis
retize the governing equation. Some results of numeri
al example is shown in thisstudy by using open 
hannel model.2 Computational 
ow of the ensemble Kalman �lter FEMIn this study, the shallow water equation is applied to simulate the 
ow �eld. Themomentum and the 
ontinuity equations are expressed as Eqs. (1) and (2), respe
tively._ui + ujui;j + g�;i � �(ui;j + uj;i);j = 0 (1)_� + ((h+ �)ui);i = 0 (2)where ui, g, h, � and � denote the velo
ity 
omponent for x and y dire
tions, the waterelevation, the gravitational a

eleration, the standard water depth and the kinemati
vis
osity 
oeÆ
ient, respe
tively. The kinemati
 vis
osity 
oeÆ
ient � is expressed byEq. (3). � = �l6 u�h (3)



2In Eq. (3), the Kalman 
onstant �l is set as 0.41, and the fri
tion velo
ity u� is 
al
ulatedby Eq. (4). u� = gn2�pukukh1=3 (4)Here, n� indi
ates Manning's roughness 
oeÆ
ient. The SUPG and the ba
kward Eulermethods are employed to dis
retize the governing equation in spa
e and time, respe
tively.The system equation in the ensemble Kalman �lter FEM is obtained by adding the systemnoise term to the dis
retized governing equation.The system and the observation equations shown in Eqs. (5) and (6) is introdu
ed inthe ensemble Kalman �lter FEM:[A1(�)℄f�n+1(i)g = [A2(�)℄f�n(i)g+ [�℄fqn(i)g i = 1; 2; � � � ;M (5)fzn+1(i)g = [H℄f�n+1(i)g+ frn+1(i)g i = 1; 2; � � � ;M (6)where [A1(�)℄, [A2(�)℄, f�g, [�℄, fqg, fzg, [H℄ and frg respe
tively indi
ate the 
oeÆ
ientmatri
es of the �nite element equation, the state variable ve
tor, the driving matrix,the system noise ve
tor, the observation value ve
tor, the observation matrix and theobservation noise. Here, n and (i) indi
ate the number of time steps and sample number,with M being the total sample number. The number of the initial 
onditions is M . Theinitial 
onditions are prepared by the Gaussian distribution. The 
omputational 
ow ofthe ensemble Kalman �lter is shown as follows. In the following 
omputational 
ow,f~�n(i)g and f~zn(i)g represent f�n(i)g � f��ng and fzn(i)g � f�zng, respe
tively. f��ng andf�zng represent the individual average values of all ensemble 
omponents.1. Item input of the ensemble matrix for the state value at the initial step,[~�0(�)℄ = [f~�0(1)(�) g; f~�n(2)(�) g � � � f~�0(M)(�) g℄, and n=0.2. Cal
ulation of the ensemble matrix for the observation value,[ ~Zn(�)℄ = [f~zn(1)(�) g; f~zn(2)(�) g � � � f~zn(M)(�) g℄.3. Cal
ulation of 
ovarian
e matri
es,[ �Un(�)℄ = 1M�1 [ ~Zn(�)℄[ ~Zn(�)℄T and [ �V n(�)℄ = 1M�1 [~�n(�)℄[ ~Zn(�)℄T .4. Cal
ulation of the Kalman gain matrix,[Kn℄ = [ �Un(�)℄[ �V n(�)℄.5. Cal
ulation of the optimal estimation value,f�n(i)(+) g = f�n(i)(�) g+ [Kn℄(zn � zn(i)(�) ) i = 1; 2; � � � ;M .6. Cal
ulation of the averaged optimal estimation value,f��n(+)g = 1M PMi=1f�n(i)(+) g.7. Cal
ulation of the system equation,[A1(�)℄f�n+1(i)(+) g = [A2(�)℄f�n(i)(+) g+ [�℄fqn(i)g8. Cal
ulation of the ensemble matrix for the state value,[~�n+1(+) ℄ = [f~�n+1(1)(+) g; f~�n+1(2)(+) g � � � f~�n+1(M)(+) g℄.9. Update of time step n ) n + 1 and [~�n+1(+) ℄) [~�n(�)℄ and return to step 2.



33 Numeri
al exampleSome results of the numeri
al experiment using the ensemble Kalman �lter using theSUPG FEM are shown in this se
tion. The numeri
al model is shown in Fig. 1. Theobservation points are set at points A, B and C, and the estimation points are set atpoints D, E and F. The 
oordinates for ea
h point are listed in Table 1. The de�nition ofboundary 
onditions is also shown in Fig.2. The numeri
al 
onditions are listed in Table2. As an example of observed water elevation, the time history of water elevation at pointC is shown in Fig.3.Fig.4 shows the time history of estimated water elevation in 
ase of some sample numbersat point F. The sample numbers is set as 100, 125, 250, 1000. The red line indi
atethe true value of the water elevation, and the other lines indi
ate the estimated waterelevation in 
ase of ea
h sample number. It is seen that appropriate estimated waterelevation is obtained in 
ase of the sample number is equal to 1000.
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�������� Figure 1: Computational model.
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Figure 2: Boundary 
ondition on the left hand side boundary.4 Con
lusionsShallow water 
ow estimation analysis based on the Kalman �lter FEM was shown inthis paper. The shallow water equation was employed as the governing equation, andthe SUPG and the ba
kward Euler methods were applied to dis
retize the governingequation in spa
e and time, respe
tively. The open 
hannel model was employed asthe 
omputational model, and the estimation a

ura
y was investigated by 
hanging the



4
Table 1: Position of observation points and estimation points.A (Observation point) (x,y) = (0.0,0.5)B (Observation point) (x,y) = (1.0,0.5)C (Observation point) (x,y) = (2.0,0.5)D (Estimation point) (x,y) = (3.0,0.5)E (Estimation point) (x,y) = (4.0,0.5)F (Estimation point) (x,y) = (5.0,0.5)

Table 2: Computational 
onditions.Time in
rement, s 0.001Number of time step 1000Standard water depth, m 10.0Manning's roughness 
oeÆ
ient n�, m�1=3s 0.05Gravitational a

eleration, m/s2 9.81Initial 
ondition (Average) 0.0Initial 
ondition (Varian
e) 0.001System noise (Average) 0.0System noise (Varian
e) 0.001Observation noise (Average) 0.0Observation noise (Varian
e) 0.1Sample number M 100, 125, 250, 1000
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observed valueFigure 3: Time history of observed water elevation at point C.
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N=125
N=250

N=1000
True valueFigure 4: Time history of estimated water elevation in 
ase of some sample numbers at point F.sample number. In this study, we 
on�rmed that the 
ow behaviour is appropriatelyobtained using the present method in 
ase that enough sample number is given as the
omputational 
ondition. In future studies, it will be ne
essary to apply the presentmethod to the 
ow estimation problems using the pra
ti
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