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Abstract. In this paper, we present a new higher-order accurate energy-momentum
time integration of fiber-reinforced thermo-viscoelastic continua. The energy-momentum
schemes are derived from a multi-field principle of virtual power (cp. Reference [13]).
We consider thermal volume expansion of a visco-elastic matrix material and thermal
expansion of unidirectional fibers, as well as tranversely-isotropic heat conduction due to
Reference [14]. Therefore, in addition to the linear momentum and the deformation, the
entropy and the temperature are approximated independently in space and time. The
used multi-field principle of virtual power also introduces the strains and stresses of the
matrix as well as the fiber strains and stresses as independent variables. As we consider
an isochoric-volumetric decoupling of the free energy function of the matrix material, the
volumetric strain and stress fields are approximated independently by spatial and tempo-
ral finite elements. In this way, the third and fourth tensor invariant of the right-Cauchy
Green tensor and the structural tensor of the considered tranversely-isotropic material are
independent fields and discretized independently in space and time together with their
associated dual variables. We show a numerical example with transient Dirichlet and
Neumann boundary conditions, which compare these space-time approximations regard-
ing looking behaviour in the matrix (volumetric locking) and the fibers (line locking).

1 INTRODUCTION

Locking-free finite elements and energy-momentum schemes are two of the best-known
algorithmic improvements of dynamic finite element methods. Both are developed since
the middle of the eighties of the last century, but usually independently from each other.
Therefore, a smart interface between both methods is rarely a goal of the development. In
this paper, we present such a smart interface, namely the Hu-Washizu procedure applied
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to the principle of virtual power. By applying this variational principle to a dynamical
problem, we show a new alternative to the Simo-Taylor-Pister functional

ΠSTP(ϕ, J̃, p) :=

∫

B0

Ψ iso
(

C̄(ϕ)
)

dV +

∫

B0

Ψ vol(J̃) dV −

∫

B0

p
[

J̃ − detF (ϕ)
]

dV +Πext(ϕ)

(1)
which is based on an isochoric free energy function Ψ iso depending directly on the unimod-

ular part C̄ := (detC)
−

1

n
dim C of the right Cauchy-Green tensor C := F T F . The tensor

F := ∂ϕ/∂X , with X ∈ B0, designates the deformation gradient, and ϕ : B0 → Bt

denotes the deformation mapping between the initial configuration B0 and the current
configuration Bt. Recall that, due to the Hu-Washizu procedure, Ψ vol depends on the
independent dilatation J̃ of the body. The independent pressure p indicates the Lagrange
multiplier, which enforces the condition J̃ = detF . Πext(ϕ) denotes the potential energy
of external loads (compare References [1, 2, 3]). In the standard way, using the principle
of virtual work, ΠSTP has to fulfill the condition

δΠSTP ≡ D1ΠSTP(ϕ, J̃ , p)[δϕ] + D2ΠSTP(ϕ, J̃, p)[δJ̃ ] + D3ΠSTP(ϕ, J̃ , p)[δp] = 0 (2)

where Dif(x1, . . . , xi, . . . xn)[δxi] denotes the functional derivative of f(x1, . . . , xi, . . . xn)
in direction of the variation field δxi. Hence, we obtain the Euler-Lagrange equations

J̃ = detF (ϕ) p =
∂Ψ vol(J̃)

∂J̃
(3)

which define the dilatation J̃t and the pressure pt at time t of a motion directly and
indirectly, respectively, only via the corresponding deformation mapping ϕt (compare
Reference [4]). Therefore, the mixed variables J̃ and p are not directly related with
continuous time curves t 7→ J̃(t, B0) and t 7→ p(t, B0), respectively. In contrast, any
configuration ϕt(B0) is directly related with its previous configuration ϕt−dt(B0), because
the equation of motion includes the partial time derivative of the material velocity v :=
∂ϕ/∂t ≡ ϕ̇. Therefore, we require initial positions and initial velocities for defining an
unique motion t 7→ ϕ(t, B0) of the body. However, in Reference [5], it is shown that
a continuous time curve t 7→ C̃(t, B0) of the right Cauchy-Green tensor as mixed field
C̃ follows from a variational principle automatically, if the principle of virtual power is
used. Therefore, in this paper, we combine the Hu-Washizu procedure with the principle

of virtual power.
By using the resulting mixed variational principle, we avoid locking in a spatial finite

element discretization of non-isothermal inelastic fiber-reinforced materials, and obtain
a family of robust higher-order accurate energy-momentum schemes. We consider volu-
metric locking in the matrix material and line locking in the fibers of an unidirectional
fiber-reinforced continuum. We also show that this reduction of locking in the energy-
momentum schemes leads to an increase of the maximum time step size. Therefore, the
efficiency of the time integration is improved in the sense that less CPU time is required.
This could be achieved by using an iteration-count dynamic time step size control, wherein
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the iteration number of the applied global Newton-Raphson scheme is the target function.
As numerical example, we consider a transient loading of a thin-walled fiber-reinforced
structure, simulated by mechanical and thermal Dirichlet and Neumann boundaries.

2 NUMERICAL EXAMPLE

After discretizing the weak forms resulting from the principle of virtual power by finite
elements in space and time, we obtain an energy-momentum scheme with the following
features: Firstly, the discrete kinetic, potential and thermal energy balance is preserved,
leading to the preservation of the discrete total energy balance. Secondly, the discrete total
linear, angular and entropy balance is preserved, which leads to the discrete Lyapunov
function balance. On the other hand, we discretize the mechanical, thermal and viscous
residuals with different time scales, i.e. with different temporal shape functions of degree
kmec, kthe and kvis, respectively. Further, we determine the Dirichlet reactions in the
post-processing (compare Reference [6]), and combine the scheme with an iteration-count
dynamic time step size control. This scheme render the following numerical results:

In Reference [7], we show an investigation of variational-based higher-order energy-
momentum schemes for each permutation (kmec, kthe, kvis) of a temporal approximation,
k = 1, 2, 3, by using the mentioned iteration-count dynamic time step size control.
We found out that the higher-order energy-momentum schemes allow larger time steps
with increasing kmec, kthe and kvis, but the most efficient scheme is the combination
(kmec, kthe, kvis) = (1, 2, 1). Here, we obtain the best compromise between a small number
of time steps and a short total CPU time. Therefore, in this paper, we restrict ourselves
to present simulations using this 121-scheme with different strain-stress approximations.

We compare the D1 approximation in Reference [7], where the strain and the stress
are considered locally at spatial quadrature points, with the new strain-stress space ap-
proximation presented in this paper. We use the notation D1F0 for the 121-scheme with
the C̃F -SF space approximation in the fibers, and a volumetric part of the free energy ap-
proximated by C̃ (no volumetric fields C̃V and SV are introduced). Further, we apply the
notation D1V0F0 for the 121-scheme with a C̃V -SV as well as a C̃F -SF space approxima-
tion. In these indicators, D means ‘displacement’, V means ‘volumetric’, F means ‘fiber’,
and the numbers designate the degree of the spatial shape functions, analogous to the
well-known indicator Q1P0 for the assumed pressure approximation (see Reference [6]).
Therefore, D1V0F0 denotes a 8-node hexahedral element in the displacements and one
node in the space approximation of volumetric and fiber strain and stress, respectively.
We also investigate the D2V1F1 space approximation with a 20-node hexahedral element
in the displacements and the 8-node hexahedral element in the volumetric and fiber strain
and stress, respectively. The resulting systems of linear equations in the Newton-Raphson
schemes and the strain-stress condensation are solved according to Reference [8], and the
spatial meshing of the presented numerical example is provided by Reference [9].

As locking is especially pronounced for thin-walled structures (see Reference [10]), we
simulate a spherical shell with a slit under mechanical und thermal loads. The geometry
of the shell is depicted in Figure 1. The outer radius of the shell is given by router = 50
and the wall thickness reads dwall = 2.5. By considering the initial conditions
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Figure 1: Boundary Status Monitor: Boundary conditions of the fiber-reinforced spherical shell with a
slit indicated by colours and markers. Yellow patches designate the thermal Dirichlet boundary ∂Θ̇B0

(bottom) and blue patches designate the thermal Dirichlet boundary ∂ΘB0. Red and green patches
designate the thermal Neumann boundary ∂QB0. Circular markers designate the mechanical Dirichlet
boundary ∂ϕB0, where star markers designate the hydrodynamic pressure boundary ∂T B0.

ϕA
0 = XA vA

0 = 0 ΘA
0 = Θ

∞
+ 10 (4)

with the ambient temperature Θ
∞

= 298.15, the considered motion only arises from the
applied transient loads subject to further boundary conditions. We consider on the narrow
sides of the shell (the green patches with star markers in Figure 1) a transient pressure

fp(t) := p̂ | sin(ωload,p t)| (5)

as follower load (mechanical Neumann boundary ∂T B0) in the line of Reference [2, 11].
Additionally, we prescribe on the yellow patches nodal temperatures ΘA = Θ̂ f(t) (thermal
Dirichlet boundary ∂Θ̇B0) with the time profile

f(t) =



































(1.0 fL(t))2 ∀Tload(0.0 + cload) < t ≤ Tload(0.2 + cload)

(1.2 fL(t))2 ∀Tload(0.2 + cload) < t ≤ Tload(0.4 + cload)

(1.4 fL(t))2 ∀Tload(0.4 + cload) < t ≤ Tload(0.6 + cload)

(1.2 fL(t))2 ∀Tload(0.6 + cload) < t ≤ Tload(0.8 + cload)

(1.0 fL(t))2 ∀Tload(0.8 + cload) < t ≤ Tload(1.0 + cload)

(6)

where fL(t) := sin(ωload t) denotes a load function and cload = 0, 1, . . . ,∞ a load cycle
counter. The amplitude p̂ in Eq. (5), the amplitude Θ̂ as well as the angular frequencies
ωload,p, ωload and the load time duration Tload are stated in Table 1. Circular markers on
the yellow and green patches denote the mechanical Dirichlet boundary ∂ϕB0 of the shell.
Where on the yellow patches the z-dofs are fixed, on the green patches the x- or y-dofs are
prescribed, respectively. The blue patches indicate the thermal Dirichlet boundary ∂ΘB0

with a constant boundary temperature Θ
∞

. Green and red patches formally indicate the
thermal Neumann boundary ∂QB0, too. We prescribe a vanishing heat flux Q̄ = 0, such
that the shell is here thermally insulated. We also consider standard gravity in eg = −ez

direction. The direction vector field a0(X) = ez × X/‖X‖ of the fibers in the reference
configuration B0 is depicted in Figure 2.
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Table 1: Simulation parameters and boundary conditions of the spherical shell with a slit.

Initial conditions

Initial velocity: vA
0 = 0

Initial temperature: ΘA
0 = Θ∞ + 10 = 308.15

Boundary conditions

Green patches in xz-plain: y-dof fixed
Green patches in yz-plain: x-dof fixed
Yellow patches in xy-plain
(with circular markers): z-dof fixed

Yellow patches: ΘA = Θ̂ f(t)
Blue patches: ΘA = Θ∞

Green and red patches: Q̄ = 0 (thermal insulation)

Dirichlet loads

Temperature profile: f(t) with Θ̂ = 10
(yellow patches) Tload = 2.0, ωload = 10π

Neumann loads

Pressure load: fp(t) with p̂ = 1 · 105

(green patches with star marker) Tload,p = 2.0, ωload,p = 10π

Volume loads

Standard gravity g = 9.81 with eg = −ez

2.1 The simulated motion - dynamic bending and buckling of a shell

In this section, we present the simulation results generated by the D2V1F1 space
approximation in the time interval [0, 2.0] as reference solution with 552 hexahedral 20-
node/8-node elements. By means of this reference solution, we introduce the reader in
the simulated motion.

In Figure 3, we show by means of the motion status monitor snapshots of the motion
coloured by different physical fields. The top plot on the left monitors the volumetric
stress field SV over the body at time tn = 0.4. Here, we recognize the stressed narrow
sides of the shell, but also the highly stressed region below the slit. This is the result of
the bending of the shell (compare the lowered upper tip at about xtn ≈ 46 ez). Where less
bending deformations are generated, we obtain a low volumetric stress (see the light blue
coloured patches of the tips). In the top right plot, we show the current configuration at
time tn = 0.8 coloured by the fiber stress field SF . Here, we realize that also the fibers
are stressed by the bending. Therefore, the fiber strain in the bottom of the shell is also
increased. The bottom left plot shows the shell at time tn = 1.0, where the temperature
profile in Eq. (6) possesses its maximum value. Therefore, the thermal Dirichlet boundary
∂Θ̇B0 (yellow patches in Figure 1) are dark red coloured, which means that here the
highest nodal temperatures arise. The region below the slit is dark blue coloured (low
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Figure 2: Material Status Monitor: Fiber directions of the fiber-reinforced spherical shell with a slit
indicated by black arrows at each spatial quadrature point. The fibers are in the direction ez ×X/‖X‖.

temperature), because the bending deformation leads to a compression of the shell wall.
This is also visible at the top corner of the slit. But, the temperature is high at the left
and right corner of the slit (high stretching), and on these positions of the mechanical
Neumann boundary ∂T B0 (narrow sides of the shell) with the highest curvature. The
same also applies to the bottom. Finally, we show in bottom right plot the end position
at time tn = 2.0. Here, the colours indicate the dilatation detF of the volume elements.
Therefore, the compression zones of the bending deformations are blue coloured and the
stretching zones are red coloured, except the region around the slit. The bottom buckling
arises in the time interval [1, 1.6], leading to suddenly increased nodal velocities.

2.2 Effects of the new strain-stress approximations

In this section, we assess the new strain-stress approximations regarding locking be-
haviour and computational efficiency. Note that the shell is always discretized by two
elements in the thickness, independent of the chosen number of finite elements and degree
of spatial shape functions.

First, we draw a comparison between the above applied D2V1F1 strain-stress approxi-
mation and the D1V0F0 space approximation with different numbers of spatial elements.
In Figure 4, we show the outer boundary of the shell in the top plot, and the inner bound-
ary of the shell in the bottom plot. Here, we indicate each space approximation by its own
colour. We recognize that the blue coloured mesh with 2470 8-node/1-node hexahedral
elements and D1V0F0 strain-stress approximation is comparable ‘soft’ as the D2V1F1
strain-stress approximation with 552 20-node/8-node hexahedral elements (violet mesh).
Recall that the D2V1F1 space approximation introduces more nodes in the thickness of
the shell than the D1V0F0 space approximations. By using less finite elements (552 el-
ements in red and 1206 elements in green), we note a visible difference to the D2V1F1
reference solution. This is true for the bending-buckling mode of the bottom of the shell
as well as the wave-shaped bending of the spherical region of the shell.
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Table 2: Comparison of the top tip of the shell and the bottom tip (lowest positioned node) of the
shell, calculated by the 121-scheme with 20-node/8-node (D2V1F1) and 8-node/1-node hexahedral space
approximation (D1V0F0). The number behind the element indicator in the first column denotes the
number nel of elements.

xtop ytop ztop xbottom ybottom zbottom Time steps TCPU

D1V0F0 552 −1.595 −1.595 37.86 0.0000 0.0000 −16.09 674 4485
D1V0F0 1206 −1.643 −1.643 37.39 0.0000 0.0000 −17.60 661 7467
D1V0F0 2470 −1.545 −1.545 35.83 0.0000 0.0000 −18.79 663 13997
D2V1F1 552 −1.521 −1.521 35.98 0.0000 0.0000 −19.66 1184 33710

By means of the iteration status monitor1 (ISM), we compare the numerical effort for
calculating the violet mesh, the blue mesh and the green mesh by means of the number of
required time steps and the CPU time per time step as well as the resulting total CPU time
TCPU. We summarize results of the iteration status monitor in Table 2 by numerical values.
In the ISM on the left, we show the macro time step size hn (red dots) and the number
of global Newton-Raphson iterations (black dots) chosen by the iteration-count dynamic
time step size control over time tn. We recognize that the iteration numbers have constant
limits, but the macro time step sizes hn are different during the simulation. As the time
steps automatically chosen with the D1V0F0 space approximations are larger than the
time steps with the D2V1F1 space approximation, independent of the considered numbers
of spatial elements, the total CPU time required by the D2V1F1 space approximation
is clearly higher than the total CPU time of the D1V0F0 space approximations. The
second reason is the higher CPU time per time step, shown in the ISM on the right (red
axes). By comparing the numerical values in Table 2, we realize that the D1V0F0 space
approximation with 2470 8-node/1-node hexahedral elements only requires 42% of the
total CPU time of the D2V1F1 space approximation, but leads to at least 96% of the
numerical results of the D2V1F1 space approximation. Note also the remarkable result
that the numbers of time steps with the D1V0F0 space approximations are practically
identical. Hence, we conclude that the D1V0F0 space approximation is more efficient, at
least in connection with an iteration-count dynamic time step size control.

Now, by means of Figure 5, we compare the D1V0F0 space approximation (red patches)
with the D1F1 space approximation (green patches) and the standard D1 space approx-
imation (blue patches) with the same three meshes. Here, the reader get a feeling for
the effect of the introduced independent strain fields C̃F and C̃V and the dual fields SF

and SV on the deformation. We compare the outer boundaries of the shell in the left
column, and the inner boundaries in the right column. Considering the same number of
spatial elements, we clearly realize that the green meshes are more ‘flexible’ that the blue
meshes, but the red meshes possess the highest flexibility. Therefore, the bending modes
are reflected most accurately with independent strain fields C̃F as well as C̃V . For each

1Please see each iteration status monitor (ISM) and many further plots in the lecture.
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strain-stress approximation, the locking is decreasing with increasing number of spatial
elements, but by comparing the red meshes in the middle and the bottom plots, we see
a rather small difference. Hence, we conclude that the D1V0F0 space approximation
converges remarkably ‘faster’ to the reference solution.

In the corresponding ISM’s, we also show the effort of the D1, the D1F0 and the
D1V0F0 strain-stress approximation with 552, 1206 and 2470 finite elements in space.
In contrast to the D1 and D1F0 space approximation, the number of time steps of the
D1V0F0 strain-stress approximation is almost independent of the number of spatial ele-
ments (see Table 2). The total CPU time of each strain-stress approximation increases
with the number of spatial elements, the D1V0F0 strain-stress approximation, however,
runs faster than the D1 and D1F0 space approximation for each spatial mesh. The reasons
are less time steps, but also a smaller CPU time per time step, because the evaluation of
scalar-valued stress terms is cheaper than tensor-valued stress terms in the residuals as
well as in the tangent operators (cp. Reference [12]). We realize that the D1V0F0 space
approximation requires only about 74% of the standard D1 space approximation. Hence,
we conclude that the D1V0F0 space approximation remarkably improves the locking be-
haviour with thin-walled structures, but is also more efficient in dynamic simulations.

3 CONCLUSIONS

The combination of energy-momentum schemes with locking-free finite elements ema-
nating from a Hu-Washizu procedure in static problems can be a difficult task. The reason
is that weak forms corresponding to independent mixed fields derived by the principle of
virtual work, as the dilatation J̃ and the pressure p in the Simo-Taylor-Pister functional,
are not associated with a continuous time curve without using the deformation mapping.
Therefore, the deformation mapping is needed to relate the mixed fields at two successive
time points of a motion. As energy-momentum schemes preserve the time evolution of
energy functions, and mixed fields define these energy functions, a reliable link of energy
functions to two successive time points of a motion is a fundamental precondition. But,
such a continuous time curve for each independent field can be easily introduced by ap-
plying the Hu-Washizu procedure to the principle of virtual power. Within the framework
of thermo-viscoelastic fiber-reinforced continua, we have presented a new mixed finite el-
ement formulation emanating from a mixed principle of virtual power. In this way, the
volumetric locking, but also the line locking of the fibers could be reduced significantly.

On the other hand, artificial stiffening of continua discretized by locking finite elements
leads to a decrease of the maximum time step size. Therefore, the presented locking-
free energy-momentum schemes render larger time steps. For this reason, these energy-
momentum schemes save total CPU time, and are more efficient as energy-momentum
schemes with a standard (local) stress approximation. But, by applying an iteration-count
dynamic time step size control only, we could show this increased computational efficiency.
Hence, we have exploited their robustness with respect to time step size changes.
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[13] Schröder B and Kuhl D. Small strain plasticity: classical versus multifield formula-
tion. Archive of Applied Mechanics, 85(8):1127–1145, 2015.

[14] Al-Kinani R. Thermo-mechanical coupling of transversely isotropic materials using

high-order finite elements. Phd-thesis, Faculty of Mathematics/Computer Science
and Mechanical Engineering, Clausthal University of Technology, 2014.

9



Michael Groß and Julian Dietzsch

Figure 3: Motion Status Monitor: Current configurations at time tn = 0.4 (top left), tn = 0.8 (top right),
tn = 1.0 (bottom left) and tn = 2.0 (bottom right). Fiber-reinforced spherical shell with a slit calculated
by the 121-scheme with 552 hexahedral 20-node/8-node elements and D2V1F1 space approximation. The
colours indicate the volumetric stress SV (top left), the fiber stress SF (top right), the body temperature
Θ (bottom left) and the dilatation detF of the volume elements, respectively. No vector informations are
displayed (VTQPRL=000000).
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Figure 4: Sections of the fiber-reinforced spherical shell with a slit at time tn = 2.0, calculated by the
121-scheme with different space approximations. Colours indicate the different stress approximations and
the number behind the minus sign in the legend denotes the number of elements. View on the outer (top
plot) and inner (bottom plot) boundary of the shell.
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Figure 5: Sections of the fiber-reinforced spherical shell with a slit at time tn = 2.0, calculated by the 121-
scheme with different strain-stress approximations. Colours indicate the different space approximations.
View on the outer (left plots) and inner (right plots) boundary of the shell.
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