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Abstract. The wave finite element method (WFE) for the vibration of waveguides and
periodic structures bases on the decomposition of vectors of degree of freedom (DOF)
into left and right waves. This technique permits to reduce all DOF inside the periodic
structure. However, this method cannot be applied easily if the periodic structure is
subjected to complex or density loads. This article presents an extended WFE for any type
of loads. Firstly, the dynamic equation is rewritten to separate the vectors of loads and
DOF. Then, by using the same wave base as for the free-loaded structure, we can obtain
a decomposition of DOF with a new component which corresponds to the loads. Finally,
this decomposition is applied to the classical approaches of WFE. For the dynamic stiffness
matrix (DSM approach), it is shown that the external loads have no contribution to the
global matrix but they lead to an equivalent load in the dynamic equation. Otherwise,
the wave analysis (WA approach) is represented by a new component which is the wave
amplitudes of the loads. Some computations on simple structures show the efficiency of
the method.

1 BASIC FRAMEWORK

The wave finite element method has been developed to calculate the dynamic behavior
of periodic structures and waveguides [1]. Recently, this technique has been used as a
reduced model for a complex structure [2, 3]. However, this method can not be applied
easily for periodic structures subjected to external loads and this is objective of this
article.

We consider a periodic structure which contains /N substructures as shown in Figure
1. By using the finite element method, the dynamic equation of a substructure can be
written in matrix form Dq = F with D = K + jwC — w?M is the dynamic stiffness
matrix, and q, F are the vectors of degrees of freedom and nodal loads. Then, we can
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Figure 1: Structure with a periodic substructure

rewrite the dynamic equation to separate the boundaries and inner DOF as follows

];)H D, f)IR qs F;
D;; Dy DLR q., | = | Fu (1)
Dr; Dgry Drr dr Fr

where L, R and I denote for the left, right boundaries and inner nodes of the substructure.
Then, we can reduce the inner nodes q; by rewriting the first row of equation (1) as follows

~ 1 ~ ~
q; =Dy [FI — D q; —Dir QR] (2)

Then, by substituting the aforementioned equation into the second and the third rows of
equation (1) , we obtain

~ ~ _1 ~ ~ ~ ~

DDy, [FI — D q, —Dir QR} +Drrq;, +Drrap =Fr )
3
~ ~ 1 ~ ~ ~ ~

DriDy; [F[ — D q; — Dir qR} +Drr qr + Drr qr = Fr

In the other way, we can rewrite

|:DLIFI:|+{DLL DLR:||:QL}:|:FL:| ()
Dr/F; Drr Drr dr Fr
where
Dy =Dy — DLID[[ D, Dir=Dip— DLIDH Dir
Dy, =Dpy — DRIDU D;, Dgpr=Dggr— DRIDH D;x (5)
Dy = DLID[[ Dgrr = DRID[[

We see that equation (4) presents a relation between the DOF and nodal loads and at the
left and right boundaries of a substructure, it contains a term of F; which is zero when
the substructure is free-loaded. When the structure is periodic, this equation holds for all
substructure. For the two consecutive connected substructures (n) and (n + 1), we have
n n+1
) = g™ o
Fy) + B = F)
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where Fgl) is the external nodal load at the right boundary R of the cell (n). By combining
equations (5) and (6), we obtain

n+1 n n
q(L )1 — DqIFg : +S q(L) (7)
Ee | | el L | TS| e
where
S — _DZ}%DLLI —DZ}% ) DqI _ _DZ}lzDLII (8)
Dgrr —DgrD; ;D —DgreDig | 7| Dyr Dgrr — DrrDigpDys
We can rewrite equation (7) as follows
u"™V = Su™ 4 p™ (9)
where
(n) D F(”)
u™ = qL(n) ; " = ((ITIL) ! (n) (10)
_FL Dfl FI - FB

Equation (9) presents a relation between the substructure (n) and its next substructure
(n + 1). Here b™ presents the external loads on the substructures (n) (when the sub-
structure is free, b™ = 0). Equation (9) presents also a relation of a geometric series with
regard to (n). Therefore, for a structure including a series of N periodic substructures,
we have

n—1
u = 8™ 4y g p® (11)
k=1
N
u(N+l) — SN—?’H—lu(n) 4 Z SN—k‘b(k‘) (12>
k=n

The aforementioned equations are the relation between the substructure (n) and the first
and the last substructures. Next, we will develop these expressions with a wave base
decomposition.

Remark: Fg) in equation (6) is the external nodal load at the right boundary of the
substructure. Therefore, this load is considered applying in the right end of the periodic
structure but it is not included on the left end. This will explain the different expressions
for the left and right boundary in the DSM and WA approches presented in section 3.

2 WAVE DECOMPOSITION

We are looking for wavemodes {(1;, ¢;)}; which are the eigenvalues and eigenvectors
of the matrix S such that

S¢; = po; (13)
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Due to the symplectic nature of the matrix S [4], we consider the eigenproblem of the
transformation S + S™! which yields eigenvalues of the form \; = u; + 1/u; given by

[(NILT - LaNT) = AL 2 = 0 (14)

where

, [ 0o 1, , Drr 0 | 0 L
V=l o 0 N o o 1] L% ] o9

Then, each pair of eigenvalues (u;, 1) can be computed analytically by
2> — Nz +1=0 (16)

Also, the eigenvectors corresponding to these eigenvalues are computed by the closed-form

expressions
_ In 0 /. *x In O I*
o= o 1|V 9= o 1 | )

where w'; = J(L'" — isN"")z; and w5 = J(L™" — 1;;N'")z;.
If we note ® = [¢1 -+ ¢p,| and ®* = [¢p] - - ¢%], we have a wave base {®, ®*} of the

transformation S. We can also separate the components of the wave base corresponding

to q and F as follows
_ | % | %
@—{@F] @—{q)}} (18)

We can decompose each vector of equation (9) in this wave base as follows

u™ = &Q™ + Q™

19

Then, by replacing the aforementioned equation into equations (11) and (12), we obtain

n—1
Q(n) — llin_lQ + leln—k—l g)
= (20)

N
n —n —nnx(k
Q*( ) #N—‘,-l Q* . le‘k‘—f—l QB( )
k=n

We see that the DOF of a substructure are represented by the two wave amplitudes
Q™ and Q*™. These amplitudes depend on the wave amplitudes of the first and the last
substructures (Q and Q*) and the wave amplitudes of the external loads on the middle

substructures Qg) and ng), which are calculated from equation (19).

QY =7, Q" = &7 Jp™ (21)
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By substituting equation (10) into the aforementioned equation, we obtain

&TIb™ = (®:7Dy; — 87 Dys) Y — &:7FY

(22)
37Jb™ = (®7D;; — ®LD,;) F" — @TF)

In addition, we have the relation between the components of the wave base as follows (see

[3])
®p =Dpr®, + Dr®yp” = — (D @y + Dp®Pyp)

23)
®} = Dpp®; + D ®p = — (D@ + Dop®)p”) (
By substituting equations (8) and (23) into equation (22), we obtain
QY = (u®:" Dy + & Dp;) FYY — &7FY =
Q" = (WweIDy; + ®IDg/) F! <I>TF(’“

Remark: In general, the wave base is not normalized automatically after computing
the eigenproblem in equation (14). The ill-conditioned matrix S can influence the or-
thogonality of the wave base. We can resolve this problem by considering the weighting
matrix as follows . . .

U=3"J0=2> & P P,
U =" JP" = O] D}, — LD

It is important to remark that

(25)

- (26)

Using this weighting matrix leads to modify the wave amplitude of the external loads as
follows:
vQy =& 7ip™, Q" = @TIb™ (27)

3 ANALYSIS OF A COMPLETE STRUCTURE

3.1 DSM approach

The DSM approach is to establish the link between the DOFs and nodal loads of the
left and right ends of the periodic structure which are components of u” and u®+". For
the first and the last substructure, we obtain the following results from equations (19)

and (20)

N

(28)
u(N+1) q)pl Q + (I)*Q + P ZMN kQ
k=1
The aforementioned equation can lead to the following result (see Appendix A)
e (M
F(]\%H) =Dr [ ngH) + Fr (29)
R Ar

5
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where Dr, Fr are the equivalent dynamic stiffness matrix and the external loads applied
on the structure which are calculated by

[Di 0 o TuNe:T I o
DT_{ 0 Dugp } +{ I @, uvey | (30)
*— N—-1F H* *— *
RO o
q)q_ [J,q)q q)q_ 7 q)q 0 Dz
with [-]=7 denotes for the inverse of the transpose matrix, and
q)*_T/J,Nq)*T I -1
—| Ta q
N o[ T N—-k—1GT G+T N—k+T D, F® (31)
Z{ q(I)—lIL“ k+1(I)Tq qq)—é“b k(I)Tq 1 L(i) ! (k)
—1 g B q g % Dr/F;” +Fp

Equation (29) presents the relation between the DOF and the loads of the periodic
structure. When Fr = 0 (which is deduced by F(Ik) = Fg) = 0), we obtain the same
relation for the free loaded structure which has been studied in different publications [2].
We can combine this relation with the DSM of the rest of the structure to get the reduced
DSM of the whole structure.

3.2 WA approach

The aim of the WA approach is to calculate the response via the wave amplitudes
{Q,Q*} by using the boundary conditions at the left and right ends of the structures.
By combining equation (19) and (20), we obtain

n—1 N
n n— * —nyx n—k— k * —nx(k
q():@qu 1Q+(I)q#N+1 Q+‘I’qZM leSB)_(I,qZ#kH QB()
k=1 k=n
n—1 N (32)
iF(”) = (I)Fp,n_lQ + @}“N-H—HQ* + Pp Zun—k—ngﬂ) _ @} Zuk—‘rl—nQ;(k)
k=1 k=n

From the dynamic stiffness matrix of the substructures at the left and right ends of the
periodic structure, we can write

~FY =pq'" + D,q, + DpF — FY (33)

where D, D, D are calculated from the dynamic equation of the first substructure (see

[3]) and Fg) is the external load on the left end of the periodic structure. By using the
wave decomposition in equation (32), we obtain

N
qV = 2,Q+ Q- Y @uQy”
k=1
N (34)
~FY =0,Q+ @ Q - ) ot QRY
k=1

6
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Then, by substituting the aforementioned equations into equation (33), we have
N
(®r — D®,) Q = (DD} — B}) (MQ* -3 @;MQE“) +D,q, +DpFy  (35)
k=1

with Qg), },(k) are calculated by equation (24). In the similar way, for the ending sub-
structure, we get
N+1 * (N+1 * _x * Tk
—FOY = Dl 4 Dig) + DLF (36)

where D*, D7, D% are calculated from the dynamic equation of the last substructure. Then,
we obtain the similar result

N
(®r — DD,) Q = (DD} — B}) (,uNQ* -3 @;qu;(’“’) +D,q, +DpFy  (37)
k=1
By combining equations (35) and (37), we obtain

Q = C +F, (38)

N
pNQ =y
k=1

Q = C +F* (39)

N
pVQ+> QY
k=1

where

C=—[D®, - ;"' [DB; - ®}], C = [D'®+ ] DD, + ],
F=—[D®, - @] " [Dyqo + DpFo], F*=—[D'®, +®p] " [Djaf + DiFy]

q

By combining equations (38) and (39), we obtain

AQ=F (40)
where ) = [QT Q*T}T and
“Cpt L P+ C o Yy

Equation (40) permits to calculate the wave amplitudes {Q, Q*} and then the response
is calculated by equation (32).

4 EXAMPLES

Let’s consider a beam of width a = 0.1m, thickness of b = 0.01m and length L = 2m.
The material parameter is given by the Young modulus of 30GPa and the mass density of
2200kg/m?>. The beam is fixed at the left boundary and it is subjected to a pressure p in

7
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Figure 2: Fixed-free beam subjected to dynamic loads

an interval between 0.3 and 0.4m as shown in Figure 2. In this structure, the boundary

condition is the following
V=0, FON) g (42)

We can use the DMS or WA approaches presented in section 3 by excluding the first
and the last substructures. However, we can also include them to the wave analysis by
substituting the boundary condition into equation (32) and obtain

N
,Q+ &N Q — @) prQpY =
k=1

(43)
rp"Q+ QT+ %Z;»N “Qpy
Then, we can rewrite to obtain equation (40) with
1dH* —1F* N kyv<(k)
A= <I>*_1I£ ] I(I) " } R ™ e S (44)
F Prp n P Ppd>_ p Qs

The beam is considered of 20 substructures which are squares of dimension a = 0.1m
and the same thickness. With the external load at the third substructure, we have Qg) =

;fk) = 0, Vk # 4. By using the finite element method, we obtain the DMS of the
substructure with the mesh of 10x10 elements. Figure 3 show that the WFE has the
same quality as the FEM. Moreover, the calculation time for WFE is 4.08s while 58.22s
for FEM, equivalent to 93% of time reduction.

We take another example of a pipeline under pressure as shown in Figure 4. The
pipeline is a cylindre of radius 1m and thickness 5bmm, made of steel with Young modulus
210GPa and Poisson coefficient of 0.3. The cylindre has two fixed ends and it is subjected
to a dynamic pressure. Figure 5 presents a comparison of the results between the finite
element method and the wave finite element method. The calculation time is reduced from
1277,7s with FEM to 332,8s with WFE, that means a reduction of 76% of calculation time.
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Figure 3: Response of the fixed-free beam
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5 CONCLUSION

This article presents a new development of WFE for the periodic structure subjected
to external loads. It is significant because it open more application domain for WFE. The
numerical application once again conclure the efficience of WFE in term of calculation
time in comparing with classical FEM.
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A CALCULATION OF DMS APPROACHE

By using the othogonality of the wave base, we obtain the following result from equation
(28)

N
& T JuV+h — MN(I)*TJU(I) + Z“N_ng)
k=1
N (45)
"Ju = pNeTJuN ) — N QY

By decomposing the components corresponding to q and F of u® and u¥*Y we get

“N(I);TF(LU + (I,ZTFEQNH) — _#N(I);Tq(Ll) + @}T (N+1) Z#N kQ

(46)
(I)TF(I)+’IIN(I)TF(N+1) ‘I’FqL)‘i‘llN‘I'T (N+1) +Z“ Q
Then, we can write
[#NQZT q);T } F(Ll) B { —pNeT T } +i 'ukaQggk)
N - N *
o7 pVel || pVY o7 VoL (N+1> 2|y
(47)

10
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By substituting equation (24) into equation (47), we obtain

o] e wp ) e [

| Wy p* (4@ Dis + 2 D) e | F (48)
—k— * — * [ k 1
_ pN -k 1(I)qT Il kq;qT D;; O Fg)
prrel prel Dpr -1 Fg)
In a similar way, we can write (see [2])
—uNoy @ _ ;LN<I>;T QZT D,y O

—&L  pNeL e upVel 0 Drgg (49)

N NN_l(I);T “(I);T DRL 0
pdy  peg 0 Dig

By substituting equations (48), (49) into equation (47), we obtain the result in equation
(29).
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