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Abstract. In recent years a great interest has grown around liquid metals. These fluids
are characterized by much higher thermal conductivity, if compared with standard fluids
like air and water and can be used in applications where large heat fluxes are present
while being subjected to small temperature gradients. In the present paper we simulate
a turbulent flow of liquid sodium, with a Prandtl number equal to 0.0088, over a vertical
backward-facing step. A uniform heat flux is applied on the vertical wall next to the
change of cross section. Reynolds stresses and turbulent heat flux are modeled with a
four logarithmic parameter turbulence model. We investigate the cases of purely forced
convection, where the temperature field is just a passive scalar, and of mixed convection,
where temperature has an impact on the fluid behavior through a buoyancy term that is
introduced in the momentum equation with the Boussinesq approximation. The results
are reported for various values of the Richardson number, i.e. Ri=0 for the purely forced
convection and Ri>0 for the mixed convection case, and compared with data coming from
Direct Numerical Simulations that are available in literature.

1 INTRODUCTION

Liquid metals are becoming an interesting type of fluids for engineering applications [1].
From the physical properties point of view these fluids have low viscosity and high thermal
diffusivity, which lead to values of molecular Prandtl number much smaller than one. At
ambient pressure lead, bismuth, sodium and lithium can be kept in liquid phase on a
wide temperature range. This characteristic allows scientists and engineers to use liquid
metals in applications where huge amounts of heat transfer occur without the need of using
pressurized systems. As pointed out in numerous works, from the computational point of
view, different and more sophisticated means are required in order to accurately simulate
turbulent heat transfer involving liquid metals [2, 3, 4]. Direct Numerical Simulation
(dns) have been performed with the purpose of providing reference data to be used for
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evaluating the accuracy of turbulence models [5]. Four parameter turbulence models
have been developed for the evaluation of thermal field characteristic time scales [6, 7, 8].
Other turbulence models have been developed to obtain increased numerical stability [9]
or to propose more sophisticated expressions of turbulent heat flux, in order to take into
account flow anisotropic behavior [10].

With the present paper we deal with the simulation of a liquid sodium turbulent flow
over a backward facing step. This is a geometry that has been extensively studied by
many researchers, from the kinematic point of view, as it is a geometry configuration
that can be found in many engineering applications. Many works have recently been
proposed to investigate the behavior of liquid sodium turbulent flow over such geometry,
in particular to study the influence of buoyancy on the flow pattern for mixed convection
cases. The flow regime will be denoted through the value of the Richardson number Ri
which is defined as Ri = gβ∆Th/U2

b where g is the modulus of gravity acceleration,
β the thermal expansion coefficient, ∆T a reference temperature difference, h the step
height and Ub the bulk velocity. We here report a brief review on the known literature
studies for this type of flow. A first dns simulation for a liquid sodium turbulent flow
over a backward facing step, with Ri = 0, is provided in [11], for a particular geometry
where a constant heat flux is applied on the whole wall behind the step. For the same
simulation case, i.e. geometry configuration and Reynolds number Re, other studies are
performed [12, 13]. In [12] a comparison is provided between the results obtained from
dns simulation and from the solution of a Reynolds Averaged Navier Stokes (rans)
system of equations closed with various turbulence models. The considered case is of
pure forced convection. It is shown that two equation heat transfer turbulence models,
coupled with non linear expressions for Reynolds stresses, allow to improve the predictions
of heat flux within the re-circulation zone. In [13] a dns study is performed for the cases
Ri = 0 and Ri = 0.338. In particular, for the mixed convection case, i.e. Ri = 0.338, a
different domain configuration is considered as an adiabatic section is added behind the
heated wall in order to minimize the influence of the outlet on the flow behavior over
the heated wall. Here the effect of buoyancy results in a diminished recirculation length
with respect to the case of pure forced convection. A great number of simulations have
been performed for studying the influence of buoyancy for a liquid sodium turbulent flow
with Re = 10000 [14, 15, 16, 17, 18]. Various Richardson number cases are simulated,
ranging from Ri = 0 to Ri = 1. In [14, 15, 16] dns simulations are performed for various
values of the Richardson number, showing that recirculation length decreases and heat
transfer increases within the recirculation zone as Ri increases. These studies provide
useful data for the evaluation of turbulence models. In [16] Large Eddy Simulations
(les) are performed for higher Reynolds numbers, namely Reh = 20000 and Reh =
40000. Numerical simulations with rans models are reported in [17, 18]. In the first
work a comparison is performed between the results obtained using a four parameter
turbulence model [8, 19, 20, 21] and a two equation turbulence model [22], for modeling
the Reynolds stresses, and the Kays correlation for modeling the eddy thermal diffusivity
[23]. It is shown that similar results are obtained using the two different models, for
that particular Reynolds number case. In the latter work a study on a wider range of
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Figure 1: Sketch of backward facing step geometry.

Richardon number values is performed. Here the rans system of equation is closed
by using a two equation model and the Kays correlation. A comparison between the
previously mentioned literature data is reported in Table 1, where the backward facing
step geometry is parametrized by using the step height h and the length labels for inlet
section Lin, heated section Lh, adiabatic section La, domain width W and downstream
channel height E, as sketched in Fig. 1. We refer to Er as the expansion ratio, calculated
as Er = E/(E − h).

Table 1: Comparison of literature studies on sodium buoyant turbulent flows on backward facing step,
as a function of geometrical parameters and of Reynolds and Richardson numbers.

Lin/h Lh/h La/h Er W/h Reh Method Ri

[11] 2 20 0 1.5 4 4805 dns 0

[12] 2 20 0 1.5 4 4805 dns/rans 0

[13] 2 20 10 1.5 4 4805 dns 0 - 0.338

[14] 2 20 10 2 4 10000 dns 0 - 0.12 - 0.2

[15] 2 20 10 2 4 10000 dns 0 - 0.12 - 0.2 - 0.4

[16] 2 20 10 2 1
10000 dns

0 - 0.220000 les
40000 les

[17] 4 20 20 2 - 10000 rans 0 - 0.2

[18] 4 20 20 2 - 10000 rans 0 - 0.12 - 0.2 - 0.4 - 1

2 NUMERICAL METHOD

The liquid sodium turbulent flow over a backward facing step is simulated using a
rans set of equations. We use the assumptions of incompressible flow and the Boussinesq
approximation in order to account for buoyancy forces. The system of equations consists
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then of the following

∇ · u = 0 , (1)

∂u

∂t
+ (u ·∇)u = −1

ρ
∇P + ∇ ·

[
ν
(
∇u + ∇uT

)
− u′u′

]
− gβ(T − Tin) , (2)

∂T

∂t
+ u ·∇T = ∇ ·

[
α∇T − u′T ′

]
, (3)

where u, P and T are the mean velocity, pressure and temperature. The unknown
Reynolds stresses ρu′u′ and the turbulent heat flux ρCpu′T ′ are modeled with the fol-
lowing logarithmic four parameter turbulence model

∂k

∂t
+u ·∇k = ∇ ·

[(
ν +

νt
σk

)
∇k

]
+

(
ν +

νt
σε

)
∇k ·∇k +

Pk
ek
− Cµ eΩ , (4)

∂Ω

∂t
+u ·∇Ω = ∇ ·

[(
ν +

νt
σε

)
∇Ω

]
+ 2

(
ν +
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σε

)
∇k ·∇Ω+

+

(
ν +

νt
σε

)
∇Ω ·∇Ω +

cε1 − 1

ek
Pk − Cµ (cε2fexp − 1) eΩ (5)

∂kθ
∂t

+u ·∇kθ = ∇ ·
[(
α +

αt
σθ

)
∇kθ

]
+

(
α +

αt
σθ

)
∇kθ ·∇kθ +

Pθ
ekθ
− Cµ eΩθ , (6)

∂Ωθ

∂t
+u ·∇Ωθ = ∇ ·

[(
α +

αt
σεθ

)
∇Ωθ

]
+ 2

(
α +

αt
σεθ

)
∇kθ ·∇Ωθ+

+

(
α +

αt
σεθ

)
∇Ωθ ·∇Ωθ +

cp1 − 1

ekθ
Pθ +

cp2
ek
Pk − (cd1 − 1)Cµe

Ωθ − cd2Cµe
Ω . (7)

The model is a full logarithmic version of the one reported in [9]. The state variables,
namely k, Ω, kθ and Ωθ, represent the logarithmic values of turbulent kinetic energy k
and its specific dissipation ω, mean squared temperature fluctuations kθ and their specific
dissipation rate ωθ. The interested reader can find the definition of model constants and
functions in [9] . The model has been obtained to provide an increased numerical stability
with respect to the original formulation. The system of equations is solved with a finite
element code on a domain discretization having a non dimensional wall normal distance
y+ = δuτ/ν smaller than five on the first mesh point near wall boundaries, where δ is the
wall distance, uτ the friction velocity and ν the fluid kinematic viscosity.

3 RESULTS

Table 2: Non-dimensional parameters for the classification of the studied case.

Lin/h Lh/h La/h Er W/h Reh Method Ri

2 20 0 1.5 0 4805 rans 0 - 0.338
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Figure 2: Non-dimensional values of mean squared velocity fluctuations a), mean squared temperature
fluctuations b) and temperature difference c) for the case of Richardon number equal to 0.
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Figure 3: Skin friction coefficient cf a) and Nusselt number values b) along the heated wall. The results
are compared with dns data obtained from [13].

In the present work we report the results obtained for the simulation of a backward
facing step case similar to those studied in [11, 12, 13]. The geometrical parameters of the
simulated domain are reported in Table 2, in accordance with the classification proposed

5
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in Table 1. On the inlet section of the domain we impose a velocity field obtained from
the simulation of a fully developed turbulent channel flow having a friction Reynolds
number Reτ ' 300. The obtained mean velocity leads to a Reynolds number Reh = 4805.
Homogeneous Neumann boundary conditions are imposed on the inlet section for the
resolved turbulence variables, while for temperature a uniform value equal to 150◦C is
set. The same temperature is used as reference temperature for the evaluation of the
liquid sodium physical properties used in the system (1 - 7) through the correlations
provided in [24]. We obtain a molecular Prandtl number equal to Pr = 0.0088. On the
wall boundaries we impose no slip boundary condition for the velocity field, adiabatic
boundary condition for the temperature field with the exception of the wall behind the
step where a uniform heat flux q̇ is imposed. For the turbulence variables we use boundary
conditions in accordance with their near wall behavior. On the outlet section an outflow
boundary condition is imposed on the velocity field, while for all the other variables we
set a zero gradient. We study the cases of pure forced convection, i.e. Ri = 0 by setting
β = 0, and the mixed convection case for Ri = 0.338 in order to compare the results with
the ones obtained in [12, 13].

Case Ri = 0 A view of the non-dimensional turbulent kinetic energy is reported in
Fig. 2 a), where the field is calculated as k/U2

b , being Ub the bulk velocity on the inlet
section. In the same Fig. the flow streamlines are presented, showing the presence of the
two typical vortices that arise behind the step. The turbulent kinetic energy reaches its
maximum value in the region near the reattaching point and then decreases in stream-
wise direction. On the contrary the mean squared temperature fluctuations behave, as
can be seen in Fig. 2 b). The skin friction cf = 2τw/ρU

2
b profile along the heated wall is

shown in Fig. 3 a) and compared with dns values obtained from the profile presented
in [13]. By seeing the change of sign in the values of cf we can calculate the reattaching
lengths of the two vortices that are present in the region behind the step. In particular, in
terms of non-dimensional stream-wise coordinate ỹ = y/h with ỹ = 0 being the position
of the step, we obtain the values ỹ1 ' 0.85 and ỹ2 ' 6.32. The reattaching positions
obtained from dns calculation are reported with red color in Fig. 3 a). As observed in
[12] the model underestimates the corner eddy and the reattachment lengths. A better
agreement with dns results is obtained for the Nusselt number values, in particular in
the region behind the reattachment point, as can be seen in Fig. 3 b), while for ỹ < 7 the
Nusselt number values are overestimated by the four parameter turbulence model. The
Nusselt number is here calculated as Nu = q̇h/(T − Tin)λ, where λ is the liquid sodium
thermal conductivity calculated for T = 150◦C. The effects of reattachment lengths
underestimation is reflected in the values of non dimensional temperature increment Θ,
calculated as Θ = (T − Tin)/∆T . The values of Θ field are reported in Fig. 2 c).
Maximum and minimum values of Θ, together with their position, along the heated wall
are reported in Table 3 and compared with the relative dns data. The maximum value of
Θ is obtained in the recirculation area and it is close to the dns value, while its position is
shifted in upstream direction due to the underestimation of the smaller eddy reattachment
point. The wall temperature value then increases in streamwise direction after the bigger
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Table 3: Non dimensional temperature difference along heated wall. Maximum and minimum values,
together with relative position, are compared with dns data.

Ri
max(Θw) min(Θw)
val y/h val y/h

0
rans 1.44 0.22 0.78 6.68
dns 1.45 1.01 0.79 7.32
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Figure 4: Non-dimensional velocity a) and temperature b) profiles on transverse channel section at
various non-dimensional positions y/h. The results are for Ri = 0 and compared with dns data from
[13].

eddy reattachment point, showing a linear behavior. A more detailed comparison of the
results with reference dns data is given in Fig. 4 where non-dimensional profiles of
velocity and temperature increment, taken on channel cross section planes, are reported
for various values of streamwise direction y/h. We can observe an overall good agreement
with reference data, with the exception of the temperature profiles taken on y/h = 0 and
y/h = 3, which suffer from the underestimation of vortex dimensions.

Case Ri = 0.338 With the presence of a buoyancy force the flow field is subjected to
some significant changes, as can be noted from the non-dimensional field of streamwise
velocity component v/Ub that is reported in Fig. 5 a). The recirculation zone behind the
step is smaller than the case of pure forced convection and the clockwise rotating vortex
is now detached from the wall. We observe no reattaching point on the heated wall.
The streamwise velocity component is greatly accelerated by the buoyancy force near the
heated wall. The maximum temperature increment is still found in the recirculation
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Figure 5: Non-dimensional values of streamwise velocity component a), temperature difference b) and
mean squared temperature fluctuations c) for the case of Richardon number equal to 0.338.

zone, as can be seen from Fig. 5 b), but its maximum value is much smaller than
this considered for Ri = 0. Differently from the case Ri = 0 the maximum value of
temperature fluctuations is reached in the recirculation area, as shown in Fig. 5 c). The
comparison with dns data shows that the velocity profile, near the hot wall, is slightly
underestimated, while a slight overestimation is found near the adiabatic wall, as can
be seen in Fig. 6 a), where non-dimensional velocity component v/Ub profiles on cross-
section planes are reported for various values of the non-dimensional position y/h. We
note that there is a good matching with the location of the maximum values of v/Ub. The
non-dimensional temperature gain, presented in Fig. 6 b), is very close to the reference
data, so the underestimation of streamwise velocity component is not due to the buoyancy
force. In Fig. 6 c) the non-dimensional turbulent kinetic energy k/U2

b is compared with
dns data. The biggest differences between the values computed here and the reference
ones are found in the recirculation region, where an underestimation of k is present near
both adiabatic and heated walls. For increasing values of the streamwise coordinate y
we observe a better agreement with the dns data. The underprediction of streamwise
velocity component maximum value near the hot wall is reflected in the profile of the skin
friction coefficient, along the heated wall, which is reported in Fig. 7 a), as a function
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Figure 6: Non-dimensional velocity a) temperature b) and turbulent kinetic energy c) profiles on trans-
verse channel section at various non-dimensional positions y/h. The results are for Ri = 0.338 and
compared with dns data from [13].
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Figure 7: Skin friction coefficient cf a) and Nusselt number values b) along the heated wall for the case
Ri = 0.338. The results are compared with dns data obtained from [13].

of non dimensional position y/h, and compared with dns data from [13]. Since the
skin friction coefficient cf is proportional to the streamwise velocity component derivative
along the direction normal to the wall, if the maximum value of v is smaller than the
dns one then its derivative ∂v/∂x will consecutively be smaller than the one obtained
from dns computations. We can see in Fig. 7 a) that the cf profile shows the same
qualitative behavior as the reference one, but with small values. As already mentioned,
the skin friction coefficient, for this mixed convection case, does not change sign and is
always positive, showing the presence of no reattaching points. In Fig. 7 b) the Nusselt

9
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number computed on the heated wall is presented and compared with dns data. We note
a quite good agreement in the prediction of the locations of the points with Nu maximum
and minimum values, while the obtained ones are generally smaller than the reference
ones.

4 CONCLUSIONS

In recent years many studies have been performed with the intent to provide reference
solutions for the numerical simulations of low Prandtl number fluids like liquid metals.
In particular results from Direct Numerical Simulations of low Pr number fluid turbulent
flows are now available in literature and they involve many geometries like plane channel,
circular annulus and backward facing step. In the present work we simulated a turbulent
flow of liquid sodium, having a Prandtl number equal to 0.0088, over a backward facing
step with an expansion ratio Er = 1.5, by using a four parameter logarithmic turbulence
model. A constant heat flux is applied on the wall behind the step. We investigated a
turbulent flow having a Reynolds number equal to Re = 4805 in both the regimes of forced
and mixed convection, namely with a Richardson number Ri = 0 and Ri = 0.338. The
obtained results are compared with dns data representative of the same simulated cases,
showing an overall good agreement. For the case of forced convection, as already found
from other literature studies, the used turbulence model underestimate the sizes of the
two vortices that arise behind the step, while a good agreement with the dns results is
found further downstream after the recirculation zone. For the mixed convection case the
main discrepancies with reference results are found in a slightly difference of streamwise
velocity component maximum values near the heated wall, leading to a underestimation
of the skin friction coefficient on the same geometry side. Future studies will be performed
dealing with a wider range of both Richardson and Reynolds numbers, in order to improve
the turbulence model range of validity.
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