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Abstract. We propose a reformulation of the classical Kirchhoff-Love shell equations
in terms of tangential differential calculus, which is independent of a parametrization of
the middle surface. An advantage of our approach is that the surface may be defined
implicitly, and the resulting shell equations and stress resultants lead to a more compact
and intuitive implementation. Numerical tests are performed and it is confirmed that the
obtained approach is equivalent to the classical formulation based on local coordinates.

1 INTRODUCTION

In the classical approach of modelling shells, the middle surface is defined by a parametriza-
tion. Based on this parametrization a local coordinate system with co- and contra-variant
base vectors is introduced, and for curved shells the well-known Christoffel symbols nat-
urally occur, which makes the approach less intuitive and more complex. An overview in
classical shell theory is given in e.g. [20, 21, 6, 1, 24, 3].

A first approach, which does not need a parametrization of the middle surface, is intro-
duced by Delfour and Zolésio [7, 8]. They define the shell implicitly via signed distance
functions and the surface derivatives are defined in terms of the tangential differential
calculus (TDC). For instance, in [18, 22] this approach is already used to model thin
shells; membranes are considered in [12, 14]. A recent approach, which is limited to thin,
flat shells embedded in R3 is given in [13]. An advantage of this approach based on TDC
is that the resulting boundary value problem (BVP) can be discretized with new finite
element techniques such as TraceFEM [19] or CutFEM [4, 5], where a parametrization is
not available.

The governing equations in these works are rather technical and focus on the math-
ematical background. Herein, the focus is on a compact and intuitive formulation, the
definition of mechanical quantities, and the implementation. Stress resultants such as
normal forces and bending moments are defined in a global Cartesian coordinate system.
The equilibrium of the shell in strong form is expressed in terms of the stress resultants
and leads to a 4th order boundary value problem (BVP). The BVP is discretized with
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the surface FEM [11] using NURBS as trial and test functions due to the continuity
requirements of Kirchhoff-Love shells.

The outline of the paper is as follows. In Section 2, important surface quantities are
defined, and an introduction to the tangential differential calculus is given. In Section 3,
the classical linear Kirchhoff-Love shell equations under static loading are recast in terms
of tangential differential calculus. The stress resultants are defined and compared to the
well-known expressions in the classical theory. In Section 4, implementational aspects are
considered and the element stiffness matrix and the resulting system of linear equations
are shown. Finally, in Section 5, the shell obstacle course proposed by Belytschko et al. [2]
is performed.

2 PRELIMINARIES

A shell is a geometrical object, which is in one dimension significantly smaller compared
to the other directions. In other words, the 3D-shell continuum can be described by its
middle surface Γ. The middle surface is embedded in the physical space R3 as illustrated
in Figure 1. In general, the surface may be described explicitly with a map x(r) : R2 →
R3 (see Figure 1a) or implicitly (see Figure 1b), i.e. with level-set functions. In both
descriptions, there exists a unit outward normal vector nΓ ∈ R3, a tangential vector t∂Γ,
which is at the boundary ∂Γ and a co-normal vector n∂Γ, which is perpendicular to nΓ
and t∂Γ pointing „outwards“ of the middle surface in tangential direction.
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(b) Implicitly defined surface with a master
level-function φ(x) = 0 (yellow) and slave
level-set functions ψi for the boundary
definition (gray)

Figure 1: Examples of explicitly and implicitly definition of middle surfaces

2.1 Tangential differential calculus

In tangential differential calculus (TDC), surface derivatives can be defined in terms of a
Cartesian coordinate system. In the following, the surface gradients and surface divergence
operators are briefly defined. A more detailed introduction to TDC is given in [9].
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The orthogonal projection operator or normal projector P, which projects vectors to
the tangent space TPΓ of the manifold, is defined as

P = I− nΓ ⊗ nΓ . (1)

Let us consider a scalar function f(xΓ) : Γ→ R. A smooth extension of f in the neigh-
bourhood U of the surface Γ can be achieved by a closest point projection η(x) : U → Γ,
i.e. f̃ = f ◦ η. Alternatively, the function f̃(x) may also be defined in the physical space
R3 and is then restricted to the manifold Γ. In this case, we introduce the surface gradient
operator ∇Γ for scalar valued functions

∇Γf(xΓ) = P(xΓ) · ∇f̃(xΓ) . (2)

For parametrized manifolds with the map x(r) : R2 → R3 and a given scalar function
defined in the reference space f(r) : R2 → R, the surface gradient can be expressed in
terms of the Jacobi-matrix J = ∂x

∂r
and the gradient in the reference space ∇r

∇Γf = J · (Jᵀ · J)−1 · ∇rf . (3)

The components of∇Γf are denoted as ∂Γ
xi
f or f,i with i = 1, 2, 3. The directional surface

gradient ∇dir
Γ for vector valued functions v(xΓ) : Γ → R3 is defined as the application of

the surface gradient for scalars to the components of the vector v

∇dir
Γ v(xΓ) =

∇Γu
ᵀ(xΓ)

∇Γv
ᵀ(xΓ)

∇Γw
ᵀ(xΓ)

 =

∂
Γ
xu ∂Γ

y u ∂Γ
z u

∂Γ
xv ∂Γ

y v ∂Γ
z v

∂Γ
xw ∂Γ

yw ∂Γ
zw

 = ∇Γṽ ·P (4)

where ṽ is defined in a similar manner as the scalar function f̃ above. Note that the
directional gradient of v is not in the tangent space TPΓ, i.e. nᵀ

Γ ·∇dir
Γ v 6= 0. An additional

projection with P onto the tangent space TPΓ of the directional gradient ∇dir
Γ yields the

covariant gradient ∇cov
Γ

∇cov
Γ v = P · ∇dir

Γ v ·P = P · ∇dir
Γ v , (5)

with the important properties ∇cov
Γ v = P · ∇cov

Γ v · P and nᵀ
Γ · ∇cov

Γ v = ∇cov
Γ v · nΓ = 0.

Furthermore, we also need to introduce the directional derivative ∇dir
Γi

of 2nd-order tensor
functions A : Γ→ R3×3

∇dir
Γi
A = ∂ΓA

∂Γ
xi

=

∂
Γ
xi
A11 ∂Γ

xi
A12 ∂Γ

xi
A13

∂Γ
xi
A21 ∂Γ

xi
A22 ∂Γ

xi
A23

∂Γ
xi
A31 ∂Γ

xi
A32 ∂Γ

xi
A33

 . (6)

In the following, partial surface derivatives of components of vector or tensor fields are
denoted as udir

,i for directional and ucov
,i for covariant derivatives. The tangential divergence

of a vector v is defined as

divΓv = tr(∇dir
Γ v) = tr(∇cov

Γ v) (7)
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and for 2nd-order tensor functions A

divΓA =

divΓ[A11, A12, A13]
divΓ[A21, A22, A23]
divΓ[A31, A32, A33]

 (8)

where, the trace of the surface gradient is invariant of the kind of gradient (directional or
covariant), although the components are differ.

Next, 2nd-order derivatives of scalar functions are introduced. The directional 2nd-order
derivative of a scalar function f(xΓ) is the tangential Hessian matrix Hedir and is defined
as

[Hedir]ij = ∂Γdir
xj

(∂Γ
xi
f) = ∂Γdir

xjxi
f = fdir

,ji , (9)

which is in general not symmetric [9], i.e. fdir
,ji 6= fdir

,ij . With a projection onto the tangent
space TPΓ, the covariant Hessian matrix Hecov = P ·Hedir is defined, which is symmetric
as well known in differential geometry [23].

Finally, the Weingarten mapping H = ∇cov
Γ nΓ is introduced as in [16], which is equiv-

alent to the second fundamental form in differential geometry. The Weingarten mapping
is symmetric and in the tangent space of TPΓ. The non-zero eigenvalues of H are the
principle curvatures κ1,2 and the mean curvature is defined as κ = tr(H).

3 KIRCHHOFF-LOVE SHELL EQUATIONS

In this section, the linear Kirchhoff-Love shell theory is formulated in the frame of
tangential operators based on a global Cartesian coordinate system. In the following,
we restrict ourselves to small deformations, which means that the reference and spacial
configuration are indistinguishable crucial for the linearised theory. Furthermore, a linear
elastic material, which obeys Hooke’s law, is assumed. As usual in the Kirchhoff-Love
shell theory, the transverse shear deformations and the change of curvature in the material
law may be neglected, which restricts the model to thin shells (tκmax � 1).

3.1 Kinematics

The domain of the shell Ω with thickness t is defined by

Ω =
{
x ∈ R3 : |ζ| ≤ t

2

}
(10)

with ζ being the thickness parameter. The middle surface Γ is defined by Γ := Ω|ζ=0,
and a point on the middle surface is denoted as xΓ. The displacement field uΩ of a point
P (xΓ, ζ) in the shell continuum Ω takes the form

uΩ(xΓ, ζ) = u(xΓ) + ζw(xΓ) (11)

with u(xΓ) = [u, v, w]ᵀ being the displacement field of the middle surface and w(xΓ)
being the difference vector, as illustrated in Figure 2. With the absence of transverse
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Figure 2: Displacement field uΩ of shell continuum

shear deformations, the difference vector w expressed in terms of tangential differential
calculus is defined as in [7]

w(xΓ) = −
[
∇dir

Γ u+ (∇dir
Γ u)ᵀ

]
· nΓ = −


udir
,x · nΓ

udir
,y · nΓ

udir
,z · nΓ

 . (12)

Consequently, the displacement field of the shell continuum is then only a function of the
middle surface displacement u, the unit normal vector nΓ and the thickness parameter ζ.

The linearised, in-plane strain tensor εΓ is then defined by the projection with P of
the symmetric part of the directional gradient of the displacement field uΩ [12]

εΓ(xΓ, ζ) = P · 1
2
[
∇dir

Γ uΩ + (∇dir
Γ uΩ)ᵀ

]
·P = P · εdir

Γ ·P (13)

where, we have the identity

εΓ(xΓ, ζ) = 1
2 [∇cov

Γ uΩ + (∇cov
Γ uΩ)ᵀ] . (14)

Finally, the whole strain tensor may be split into a membrane and bending part, as usual
in the classical theory

εΓ = εΓ,M(u) + ζεΓ,B(w) , (15)

with

[εΓ,M]ij = 1
2(ucov

i,j + ucov
j,i ) ,

[εΓ,B]ij = −ucov
,ij · nΓ .

Note that in the linearised bending strain tensor εΓ,B, the term (∇dir
Γ u)ᵀ ·H is neglected

as in classical theory [21, Remark 2.2] or [24].
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3.2 Constitutive Equation

As already mentioned above, the shell obeys Hooke’s law and plane stress, which is a
suitable assumption for thin structures. Similar to the strain tensor εΓ the stress tensor
σΓ needs to be in-plane, too [12]

σΓ(xΓ, ζ) = P · [2µεΓ + λtr(εΓ)I] ·P (16)
= P ·

[
2µεdir

Γ + λtr(εdir
Γ )I

]
·P (17)

where µ = E
2(1+ν) and λ = Eν

(1−ν2) are the Lamé constants and εdir
Γ is the directional strain

tensor from Eq. 13.

3.2.1 Stress resultants

The stress tensor is only a function of the middle surface displacement vector u, the dif-
ference vectorw and the thickness parameter ζ. This enables an analytical pre-integration
w.r.t. the thickness and stress resultants can be identified. The following quantities are
equivalent to the stress resultants in the classical theory [21, 1], but they are expressed in
terms of TDC using a global Cartesian coordinate system. Moreover, the stress resultants
may be computed only with directional derivatives, see Eq. 17. The moment tensor is
defined as

mΓ = t3

12σΓ(εΓ,B) = P ·mdir
Γ ·P , (18)

with

mdir
Γ = −D


(udir

,xx + νudir
,yy + νudir

,zz) · nΓ
1−ν

2 (udir
,yx + udir

,xy) · nΓ
1−ν

2 (udir
,zx + udir

,xz) · nΓ

(udir
,yy + νudir

,xx + νudir
,zz) · nΓ

1−ν
2 (udir

,zy + udir
,yz) · nΓ

sym. (udir
,zz + νudir

,xx + νudir
,yy) · nΓ


where D = Et3

12(1−ν2) is the flexural rigidity of the shell. The two non-zero eigenvalues of
mΓ are the principle bending moments m1,2. For the effective normal force tensor ñΓ we
have

ñΓ = tσΓ(εΓ,M) = P · ndir
Γ ·P , (19)

with

ndir
Γ = Et

1− ν2


udir
,x + ν(vdir

,y + wdir
,z ) 1−ν

2 (udir
,y + vdir

,x ) 1−ν
2 (udir

,z + wdir
,x )

vdir
,y + ν(udir

,x + wdir
,z ) 1−ν

2 (vdir
,z + wdir

,y )

sym wdir
,z + ν(udir

,x + vdir
,y )

 .

Similar to the moment tensor, the two non-zero eigenvalues of ñΓ are in agreement with
the effective normal force tensor expressed in local coordinates. Note that for curved
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shells this tensor is not the physical normal force tensor. This tensor only appears in the
variational formulation, see Section 4. The physical normal force tensor nreal

Γ is defined
by

nreal
Γ = ñΓ + H ·mΓ (20)

and is in general not symmetric and also has one zero eigenvalue. The occurrence of the
zero eigenvalues in mΓ, ñΓ and nreal

Γ is due to fact that these tensors are in-plane tensors,
i.e. mΓ · nΓ = nᵀ

Γ ·mΓ = 0 . In other words, the normal vector nΓ is the corresponding
eigenvector to the zero eigenvalue.

3.3 Equilibrium

Based on the stress resultants above, we obtain the equilibrium for a curved shell in
strong form

divΓñΓ + nΓdivΓ(P · divΓmΓ) + 2H · divΓmΓ + [∂xΓ
i H]jk[mΓ]ki = −f , (21)

with f being the load vector per area on the middle surface Γ. With boundary condi-
tions similar to the classical theory, the complete 4th-order BVP in terms of tangential
differential calculus using a global Cartesian coordinate system is defined. The obtained
equilibrium does not rely on a parametrization of the middle surface and is equivalent to
the equations in [1, 24]. From this point of view, the reformulation of the linear Kirchhoff-
Love shell equations in terms of TDC is more general than the classical definition based
on parametrizations and local coordinates.

The shell equations in strong form are converted to a weak form by multiplying Eq. 21
with a suitable test function v and using integration by parts, leading to the continuous
weak form of the equilibrium.

Find u ∈ H2(Γ)3 : Γ→ R3 such that

a(u, v) = 〈f , v〉+ B.T. ∀ v ∈ H2
0(Γ)3 , (22)

with

a(u, v) =
∫

Γ
[∇dir

Γ v]ij[ñΓ]ij − (v,ji · nΓ)[mΓ]ij dΓ ,

〈f , v〉 =
∫

Γ
f · v dΓ .

In the bending part of the bilinear form a(u, v) remain partial 2nd-order surface deriva-
tives which requires that the trial and test functions need to be in the Sobolev space
H2(Γ)3. In the case of simply supported edges, the boundary conditions are

u|∂ΓD
= 0 and mt∂Γ = 0 , (23)

with mt∂Γ = (m · n∂Γ) · n∂Γ being the bending moment along the boundary. In the case
of clamped edges, the corresponding boundary conditions are

u|∂ΓD
= 0 and n∂Γ ·

[
(∇dir

Γ u)ᵀ · nΓ
]

= 0 (24)

7
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In the case of free edges, the effective boundary forces appear similar as in the classical
theory. For more information about boundary conditions and effective boundary forces,
we refer to [1].

4 IMPLEMENTATIONAL ASPECTS

The continuous weak form is discretized using isogeometric analysis as proposed by
Hughes et al. [15]. The NURBS patch defines the middle surface of the shell and elements
are defined by the knot spans of the patch.

There is a fixed set of local basis functions {Nk
i (r)} of order k with i = 1, . . . , nk

being the number of control points and the nodal displacements {ûi, v̂i, ŵi} stored at the
control points i are the degrees of freedom. Using the isoparametric concept, the shape
functions Nk

i (r) are NURBS of order k. The surface derivatives of the shape functions are
computed as in the surface FEM [11, 10] using NURBS instead of Lagrange polynomials
as ansatz and test functions.

The resulting element stiffness matrix KElem is a 3×3 block matrix and is divided into
a membrane and bending part

KElem = KElem,M + KElem,B . (25)

The membrane part is defined by

KElem,M = t
∫

Γ
Pik · [K̂]kj dΓ (26)

[K̂]kj = µ(δkjNdir
,a ·Ndirᵀ

,a +Ndir
,j ·Ndirᵀ

,k ) + λNdir
,k ·Ndirᵀ

,j . (27)

The matrix K̂ is determined by the directional 1st-order derivatives of the shape functions
N , where a summation over a = 1, 2, 3 has to be performed. One may recognize that the
structure of the matrix K̂ is similar as the stiffness matrix of 3D linear elasticity problems.
For the bending part we have

[KElem,B]ij = D
∫

Γ
ninjK̃ dΓ (28)

K̃ = (1− ν)N cov
,ab ·N covᵀ

,ab + νN cov
,cc ·N covᵀ

,dd . (29)

Again a summation over a, b, c, d has to be performed. The first term of K̃ is the
contraction of the covariant Hessian matrix Hecov

Γ and the second term may be identified as
the Bi-Laplace operator. Note that for the Bi-Laplace operator also directional derivatives
may used, due to fact that the trace of second order derivatives is invariant. This suggests
a further rearrangement of the contraction of the covariant Hessian matrix in order to
only use directional derivatives, which is preferred from an implementational aspect of
view.

When the shell is given through a parametrization, the resulting element stiffness
matrix in the classical theory is equivalent to the element stiffness matrix above, but in
the classical setting the computation is more cumbersome due to fact that the local basis
vectors and the metric tensor in co- and contra-variant form has to be computed.

8
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The boundary conditions are weakly enforced by Lagrange multipliers. The Lagrange
multipliers are discretized by the trace of the shape functions of the domain. The usual
assembly yields a linear system of equations in the form[

K C
Cᵀ 0

]
·
[
û

λ̂

]
=
[
f
0

]
, (30)

with [û, λ̂]ᵀ = [û, v̂, ŵ, λ̂] being the sought displacements of the control points and
Lagrange multipliers. With the nodal shape functions of the Lagrange multipliers NL,
the constraint matrix C for simply supported edges is defined by

Cᵀ =
∫
∂ΓD

NL ·N ᵀ 0 0
0 NL ·N ᵀ 0
0 0 NL ·N ᵀ

 d∂Γ (31)

and for clamped edges

Cᵀ =
∫
∂ΓD


NL ·N ᵀ 0 0

0 NL ·N ᵀ 0
0 0 NL ·N ᵀ

NL · (nxn∂Γi
Ndirᵀ

,i ) NL · (nyn∂Γi
Ndirᵀ

,i ) NL · (nzn∂Γi
Ndirᵀ

,i )

 d∂Γ . (32)

5 NUMERICAL RESULTS

An example, the Scordelis-Lo roof of the shell obstacle course proposed by Belytschko
et al. [2] is chosen. For the convergence analyses the problem is computed with uniform
meshes of different polynomial orders p = [2, 3, 4, 5, 6] and h = [2, 4, 8, 16, 32] elements
per side. As already mentioned the resulting stiffness matrix is equivalent to the stiffness
matrix expressed in the classical setting. Therefore, the same convergence properties as
shown in [6, 17] are expected. Other examples (e.g., pinched cylinder, pinched hemispher-
ical shell, . . . ) have been considered but are omitted here for brevity.

5.1 Scordelis-Lo roof

The Scordelis-Lo roof is a cylindrical shell loaded by gravity, which is supported with
two rigid diaphragms at it curved ends, see Figure 3. In Figure 4a, the deformed shell
is illustrated. The colours on the surface are the Euclidean norm of the displacement
field u. In Figure 4b, the convergence to the reference displacement wmax, ref is plotted
up to a polynomial order of p = 6 as function of the element size 1

h
. The results of the

convergence analysis are in agreement with the results in e.g. [6, 17].

6 CONCLUSION & OUTLOOK

We have presented a reformulation of the linear Kirchhoff-Love shell theory in terms of
the tangential differential calculus (TDC) using a global Cartesian coordinate system. The
obtained equations do not hinge on a parametrization of the middle surface of the shell,
which might be seen as a generalization of the classical shell equations. Furthermore, the
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Geometry: Cylindrical shell
L = 50
R = 25
φ = 80◦

t = 0.25

Material parameters: E = 4.32× 108

ν = 0.0

Load: Gravity load f = [0, 0, −90]ᵀ

Support: Rigid diaphragms at it curved ends

Reference displacement: wmax, ref = 0.3024

Figure 3: Definition of Scordelis-Lo roof problem [2]

(a) Displacement u, exaggerated by one or-
der of magnitude

(b) Normalized convergence of reference dis-
placement wmax,Ref = 0.3024

Figure 4: Scordelis-Lo roof

equilibrium in strong form and stress resultants are derived and compared to the classical
theory.

For the discretization surface FEM is used with NURBS as trial and test functions.
In comparison to the classical theory the reformulation leads to a more compact and
intuitive implementation. The numerical results confirm that the proposed formulation is
equivalent to the classical formulation and higher-order convergence rates are achieved.

There is a large potential in the reformulation of the shell equations because the ob-
tained PDE may discretized with new finite element techniques such as TraceFEM or
CutFEM with implicitly defined surfaces. In our future work, the shell equations are
discretized on implicitly defined surfaces without the usage of a parametrization of the
middle surface. Furthermore, the Reissner-Mindlin shell equations are recast in terms of
TDC.
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