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Abstract. A discontinuous Galerkin formulation for the mechanical behaviour of Vari-
able Angle Tow multi-layered composite plates is presented. The starting point of the
formulation is the strong form of the governing equations, which are obtained by means
of the Principle of Virtual Displacement, the Generalized Unified Formulation and the
Equivalent Single Layer assumption for the mechanical behaviour of the whole assembly.
To obtain the corresponding discontinuous Galerkin formulation, an auxiliary flux vari-
able is introduced and the governing equations are rewritten as a first-order system of
partial differential equations. To link neighbouring mesh elements, suitably defined nu-
merical fluxes are introduced and an Interior Penalty discontinuous Galerkin formulation
is obtained and presented. hp-convergence analyses for straight-fiber composite plates
and a comparison with the results available in the literature for variable angle tow plates
show the accuracy of the proposed formulation as well as the computational savings in
terms of overall degrees of freedom.

1 INTRODUCTION

Classically, laminated fiber-reinforced composite plates are made of a sequence of layers
of unidirectional long fibers, which are conveniently oriented, stacked and bonded together
to obtain one or more desired properties in the final assembly [1]. The current advance-
ments in materials manufacturing, and more specifically in fiber placement technology,
now allow to spatially control and continuously vary the orientation of the fibers within
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each layer of the laminate. Laminated composite structures obtained by employing this
process are referred to as Variable Angle Tow (VAT) composite structures. VAT composite
plates have shown superior mechanical properties in terms of static response [2], buckling
and post-buckling behavior [3, 4, 5], thanks to the possibility to optimize the spatial vari-
ation of the fibers [6] alongside the stacking sequence and the layers’ thickness. However,
despite the enhanced flexibility in terms of design parameters, VAT composites display an
inherent in-plane variable and through-the-thickness heterogeneous structure. Therefore,
their analysis and design are generally more complex than straight-fiber composites and
generally require the aid of numerical models.

In this work, a discontinuous Galerkin (dG) formulation for the mechanical behaviour
of VAT composite plates is presented. With respect to classical finite element approaches,
dG formulations have the advantage of being more flexible when complex geometries are
considered and/or when hierarchical meshes are needed [7]. The formulation is based on
the strong form of the governing equations for VAT plates, which are obtained starting
from the Principle of Virtual Displacement (PVD) for each layer [8, 9] and adopting the
Generalized Unified Formulation (GUF) in combination with the Equivalent Single Layer
(ESL) assumption for the through-the-thickness behavior of the plate assembly [10, 11].
Following Arnold et al. [12], the corresponding dG formulation is obtained by defining an
auxiliary flux variable and by rewriting the governing equations as a first-order system of
partial differential equations, which are then stated in weak sense over each mesh element.
By introducing suitably defined numerical fluxes at the boundary of the mesh elements,
the numerical model for the whole plate domain is retrieved and an Interior Penalty (IP)
discontinuous Galerkin formulation is obtained and discussed.

The proposed formulation is first tested with straight-fiber composite plates and the
results of the hp-convergence analyses on a Cartesian grid allow to assess the accuracy
of the approach for a specific selection of the penalty parameters. Then the formulation
is employed to compute the mechanical response of a variable angle tow composite plate
and the results are compared with those available in the literature showing a satisfactory
accuracy as well as noticeable savings in terms of degrees of freedom of the overall system.

2 BOUNDARY VALUE PROBLEM

Let us consider a generic VAT composite plate referred to a global reference system
x1x2x3 as shown in Fig.(1). The plate occupies the domain V and its boundary is denoted
by ∂V ≡ S = Sl ∪ St ∪ Sb, where Sl is the lateral surface of the plate and St and Sb are
the top and bottom surfaces, which are assumed to lie parallel to the x1x2 plane at the
heights x3 = τt and x3 = τb, respectively. It follows that the thickness τ of the plate is
τ = τt − τb. The plate consists of N` VAT layers and the generic `-th layer is identified
by the bottom and top faces lying at the heights x3 = τ

〈`〉
t and x3 = τ

〈`〉
b , respectively.

The layers are stacked in such a way that τ
〈`−1〉
t = τ

〈`〉
b , ∀` = 2, . . . , N`. Moreover, the

`-th VAT layer is characterized by a fiber orientation θ〈`〉 that is a function of the spatial
coordinates x1 and x2, i.e. θ〈`〉 = θ〈`〉(x1, x2), which leads to a specific layer’s constitutive
behavior as discussed in Sec.(2.1).
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Figure 1: Schematic representation of a laminated composite plate made of VAT layers.

In the next sections, u = {u1, u2, u3}, b = {b1, b2, b3}, t = {t1, t2, t3} denote the
displacements field, the volume forces and the surface tractions, respectively, and γ =
{γ11, γ22, γ33, γ23, γ13, γ12} and σ = {σ11, σ22, σ33, σ23, σ13, σ12} denote the strain and the
stress fields in Voigt notation, respectively. Moreover, quantities referred to the `-th layer
will be denoted using the superscript 〈`〉.

2.1 VAT layer’s constitutive behavior

The generic `-th layer of the VAT plate is assumed to be made of a linear elastic mate-
rial, whose mechanical properties continuously vary as a function of the spatial variables
x1 and x2 in terms of the local orientation of the fibers θ〈`〉(x1, x2), which defines a local
reference system x̃1x̃2x̃3 as shown in Fig.(1). It is worth underlining that the x̃3 direction
of x̃1x̃2x̃3 is aligned with the x3 direction of the plate reference system. In this local
reference system, the layer’s material is assumed to be orthotropic and the stress-strain
relation is modelled using the relation σ̃〈`〉 = c̃〈`〉γ̃〈`〉, where c̃〈`〉 is the 6 × 6 elasticity
coefficients matrix. When referred to the plate reference system x1x2x3, the stress-strain
relationship becomes

σ〈`〉 = c〈`〉γ〈`〉, (1)

where σ〈`〉 = T−1
σ (θ〈`〉)σ̃〈`〉, γ〈`〉 = T−1

γ (θ〈`〉)γ̃〈`〉, c〈`〉 = T−1
σ (θ〈`〉)c̃〈`〉T γ(θ

〈`〉) and T σ(θ〈`〉)

and T γ(θ
〈`〉) are suitably defined transformation matrices [1] that in this case depend on

the spatial position given by x1 and x2.

2.2 Generalized unified theories for VAT composite plates

In this work, assuming small strains, the strain-displacements relationship are written
by separating the derivatives with respect to x1 and x2 and the derivative with respect to
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x3 as follows

γ〈`〉 = I1
∂u〈`〉

∂x1

+ I2
∂u〈`〉

∂x2

+ I3
∂u〈`〉

∂x3

= Iλ
∂u〈`〉

∂xλ
+ I3

∂u〈`〉

∂x3

, (2)

where the last equality is obtained by considering the Einstein summation convention for
the subscript λ = 1, 2, and the following matrices have been introduced

I1 ≡




1 0 0
0 0 0
0 0 0
0 0 0
0 0 1
0 1 0



, I2 ≡




0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
1 0 0




and I3 ≡




0 0 0
0 0 0
0 0 1
0 1 0
1 0 0
0 0 0



. (3)

The variational statement of the Principle of Virtual Displacement for the plate assembly
is written as

N∑̀

`=1

∫

V 〈`〉
δγ〈`〉ᵀσ〈`〉 =

N∑̀

`=1

∫

V 〈`〉
δu〈`〉ᵀb〈`〉 +

N∑̀

`=1

∫

∂V 〈`〉
δu〈`〉ᵀt〈`〉, (4)

where, in order to underline the functional dependence of the involved quantities, it is
assumed that γ〈`〉 = γ(u〈`〉) by means of Eq.(2) and σ〈`〉 = σ(γ〈`〉(u〈`〉)) by means of
Eq.(1). In Eq.(4) and for the remaining part of this work, the differential indicating the
measure of integration is dropped as it is clear by means of the domain of integration.

Within the framework of generalized higher order theories for plates, the displacement
field u〈`〉 of each layer is assumed to be expressed as an expansion of products between
unknown in-plane functions and known through-the-thickness functions. Following Car-
rera [9] and Demasi [10, 11], each component u

〈`〉
i , with i = 1, 2, 3, is written using the

following series

u
〈`〉
i = u

〈`〉
i (x1, x2, x3) =

Nui∑

α=0

ui,α(x1, x2)fα(x3), i = 1, 2, 3, ` = 1, . . . , N`, (5)

where fα(x3) denotes the through-the-thickness functions, ui,α(x1, x2) denotes the in-plane
functions and Nui + 1 is the number of functions for the thickness expansion of ui. It
follows that the total number of introduced unknown functions is Nu = Nu1+Nu2+Nu3+3.
In accordance with the Equivalent Single Layer approach, Eq.(5) is assumed to be valid
for all the layers of the composite plate, that is the through-the-thickness functions and
the in-plane functions are the same for each layer. Interestingly, it is possible to see that
Eq.(5) can also be written in matricial form as follows

u〈`〉 = F (x3)U(x1, x2), ` = 1, . . . , N`, (6)

where U is a Nu × 1 vector collecting the in-plane functions and, consistently, F is a
3×Nu matrix collecting the through-the-thickness functions. It is worth noting that the
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expression given in Eq.(6) does not force to use the same number of expansion terms for
the three components of displacement. As an example, in the First Shear Deformation
Theory (FSDT) where the displacement components u1 and u2 are expanded up to the
first order with f0 = 1 and f1 = x3, and the displacement component u3 is considered
constant throughout the thickness, the matrix F would be

F =




1 0 0 x3 0
0 1 0 0 x3

0 0 1 0 0




and the vector U would be U = {u, v, w, θy, θx} where u, v and w are the displacement
components of the plate mid-plane and θy and θx are the rotations with respect to the x2

and x1 axes, respectively.
Upon substituting Eqs.(6), (2) and (1) into Eq.(4) and integrating along the thickness,

one obtains the following expression of the PVD
∫

Ω

∂δU ᵀ

∂xλ

(
Qλµ

∂U

∂xµ
+Rλ3U

)
+ δU ᵀ

(
Rᵀ
λ3

∂U

∂xλ
+ S33U

)
=

∫

Ω

δU ᵀB +

∫

∂Ω

δU ᵀT , (7)

where: Ω is the modeling plane of the plate spanned by the coordinates x1 and x2 and
∂Ω is its boundary; the Einstein summation convention is used for the subscripts λ and
µ that take value 1 and 2 only; the matrices Qλµ, Rλ3 and S33 are defined as

Qλµ ≡
N∑̀

`=1

∫ τ
〈`〉
t

τ
〈`〉
b

F ᵀIᵀλc
〈`〉IµF , Rλ3 ≡

N∑̀

`=1

∫ τ
〈`〉
t

τ
〈`〉
b

F ᵀIᵀλc
〈`〉I3

dF

dx3

(8a)

and

S33 ≡
∫ τ

〈`〉
t

τ
〈`〉
b

dF ᵀ

dx3

Iᵀ3c
〈`〉I3

dF

dx3

; (8b)

and the vectors B and T are defined as

B ≡ F ᵀ(x3 = τb)t+ F ᵀ(x3 = τt)t+

N∑̀

`=1

∫ τ
〈`〉
t

τ
〈`〉
b

F ᵀb〈`〉 and T ≡
N∑̀

`=1

∫ τ
〈`〉
t

τ
〈`〉
b

F ᵀt〈`〉. (9)

It is recalled that, given the spatial variation of the elasticity properties of the layers
with respect to the coordinates x1 and x2, the matrices Qλµ, Rλ3 and S33 are functions
of x1 and x2. Finally, upon using integration by parts in Eq.(7), it can be shown that
the behavior of VAT multilayered plate is governed by the following system of partial
differential equations

− ∂

∂xλ

(
Qλµ

∂U

∂xµ
+Rλ3U

)
+Rᵀ

λ3

∂U

∂xλ
+ S33U = B, in Ω, (10)

subject to the following set of boundary conditions
{
nλ

(
Qλµ

∂U
∂xµ

+Rλ3U
)

= T , on ∂ΩN

U = U , on ∂ΩD

, (11)

5
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where nλ is the λ-th component of the outward unit normal of the boundary ∂Ω, ∂ΩD ⊂
∂Ω is the part of the boundary where the functions U are prescribed, and ∂ΩN ⊂ ∂Ω is
the part of the boundary where the tractions t, and consequently T , are prescribed. The
boundary conditions in Eq.(11) assume that the boundary ∂ΩD or ∂ΩN is the same for
all the functions U . However, in general ∂ΩD or ∂ΩN can be different for each functions
contained in U but this aspect does not represent a restriction for the formulation.

The numerical solution of Eqs.(10) and (11) by means of the discontinuous Galerkin
approach is discussed in the next section.

3 DISCONTINUOUS GALERKIN FORMULATION

Within the dG framework, an auxiliary flux variable is introduced into the problem and
the governing equations are transformed into a first-order system of partial differential
equations [12]. In this case, given the specific form of Eqs.(10) and (11), it is convenient
to define the flux Σλ ≡ Qλµ

∂U
∂xµ

+Rλ3, where it is recalled that λ, µ = 1, 2, and to rewrite

Eq.(10) as follows

−∂Σλ

∂xλ
+Rᵀ

λ3

∂U

∂xλ
+ S33U = B (12a)

Σλ = Qλµ

∂U

∂xµ
+Rλ3U . (12b)

The equations given in (12a) and (12b) are then stated in weak sense over a generic subset
Ω(e) of the entire domain Ω. In the numerical applications, Ω(e) basically represents the
generic element of a suitably introduced mesh of Ω. In what follows, quantities referred
to the e-th mesh element will be denoted using the superscript (e).

Let us suppose that the domain Ω is divided into Ne non-overlapping elements, i.e. Ω =⋃Ne
e=1 Ω(e), and let us introduce the space Vh of discontinuous polynomials defined as

Vh ≡ {v : Ω→ R | v|Ω(e) ∈ Q(e)
p ∀e = 1, . . . , Ne}

where Q(e)
p is the space of the polynomials functions of degree p ≥ 1 on Ω(e). Accordingly,

we define the space Vdh of discontinuous polynomial vector fields as Vdh ≡ (Vh)d.
The weak form of Eqs.(12a) and (12b) is obtained by introducing the test functions

V ,Γ λ ∈ VNuh , where Nu has been defined in Section (2.2). Upon left-multiplying Eq.(12a)
by V ᵀ, integrating over the generic element e and using integration by parts, one obtains

∫

Ω(e)

∂V ᵀ

∂xλ
Σhλ + V ᵀ

(
Rᵀ
λ3

∂Uh

∂xλ
+ S33Uh

)
=

∫

∂Ω(e)

V ᵀΣ ?
λnλ +

∫

Ω(e)

V ᵀB, (13)

where ∂Ω(e) represents the boundary of Ω(e). The weak form of Eq.(12b) is instead given
by writing

∫

Ω(e)

Γ ᵀ
λΣhλ =

∫

Ω(e)

Γ ᵀ
λ

(
Qλµ

∂Uh

∂xµ
+Rλ3Uh

)
+

∫

∂Ω(e)

(Γ ᵀ
λQλµ + V ᵀRᵀ

µ3)(U ? −Uh)nµ.

(14)

6
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A few remarks follow: i) in Eqs.(13) and (14), U ? and Σ ?
λ denote the numerical fluxes,

which are approximation of U and Σλ, respectively, on the boundary ∂Ω(e). The specific
definition of the numerical fluxes is crucial in the development of a dG method as it
leads to different dG formulations and affects the stability and accuracy of the method as
well as the sparsity pattern of the resulting stiffness matrix [12]. ii) the specific form of
Eq.(14) has been chosen to obtain a symmetric dG formulation that verifies the consistency
condition as it will be shown in Section (3.1). iii) in Eqs.(13) and (14), the symbols
Uh and Σhλ denote the solutions of the weak form of the governing equations and are
approximations of U and Σλ appearing in Eqs.(12a) and (12b).

The dG formulation for the whole domain is obtained by summing Eqs.(13) and (14)
over the elements of the mesh and by giving the explicit expressions of the numerical
fluxes. Let us define ∂Ω

(e)
I as the subset of ∂Ω(e) that the e-th element shares with the

neighboring elements and ∂Ω
(e)
D and ∂Ω

(e)
N as the subsets of ∂Ω(e) where the Dirichlet

boundary conditions and the Neumann boundary conditions, respectively, are enforced.
It is clear that given the location of the element inside the mesh, some of the above sets
might be empty. Moreover, let ∂ΩI be the union of all the ∂Ω

(e)
I , i.e. ∂ΩI ≡

⋃
e ∂Ω

(e)
I ,

and, consistently, ∂ΩD and ∂ΩN , which have been introduced in Section (2.2), are ∂ΩD ≡⋃
e ∂Ω

(e)
D and ∂ΩN ≡

⋃
e ∂Ω

(e)
N , respectively. It is worth noting that ∂ΩI can also be

identified as the union of all the internal edges of the mesh, that is ∂ΩI =
⋃
i I

(i), where
I(i) denotes the generic i-th interface identified by two neighboring elements Ω(e) and Ω(e′),
i.e. I(i) = Ω(e) ∩ Ω(e′).

Considering the above definitions and summing over the mesh elements, Eqs.(13) and
(14) lead to the following equations

∑

e

∫

Ω(e)

∂V ᵀ

∂xλ
Σhλ + V ᵀ

(
Rᵀ
λ3

∂Uh

∂xλ
+ S33Uh

)
=
∑

i

∫

I(i)
{V }ᵀ[[Σ ?

λ]]λ + [[V ]]ᵀλ{Σ
?
λ}+

+
∑

e

∫

∂Ω
(e)
N ∪∂Ω

(e)
D

V ᵀΣ ?
λnλ +

∑

e

∫

Ω(e)

V ᵀB (15)

and

∑

e

∫

Ω(e)

Γ ᵀ
λΣhλ =

∑

e

∫

Ω(e)

Γ ᵀ
λ

(
Qλµ

∂Uh

∂xµ
+Rλ3Uh

)
+

+
∑

i

∫

I(i)
{Γ ᵀ

λQλµ + V ᵀRᵀ
µ3}[[U ? −Uh]]µ + [[Γ ᵀ

λQλµ + V ᵀRᵀ
µ3]]µ{U ? −Uh}+

+
∑

e

∫

∂Ω
(e)
N ∪∂Ω

(e)
D

(Γ ᵀ
λQλµ + V ᵀRᵀ

µ3)(U ? −Uh)nµ, (16)

respectively. In Eqs.(15) and (16), the following average and jump operators have been
introduced

{•}(i) =
1

2

(
•(e) + •(e′)

)
and [[•]](i)λ = n

(e)
λ •

(e) +n
(e′)
λ •

(e′), (17)

7
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which are defined for each couple of neighboring elements e and e′ sharing the interface i.
It is worth noting that in Eqs.(15) and (16), the superscripts (e) and (i) have been dropped
as the dependence of the integrand quantities is clear from the domains of integration.

To complete the dG formulation, the numerical fluxes U ? and Σ ?
λ need to be explicitly

given in terms of the unknown functions Uh and their derivatives ∂Uh/∂xλ [12]. In
this work, an Interior Penalty (IP) discontinuous Galerkin method is proposed and its
implementation is discussed next.

3.1 Interior Penalty formulation

In the proposed IP discontinuous Galerkin method for multilayered VAT plate theories,
the numerical fluxes are chosen as follows

U ? =





{Uh}, on I(i)

U , on ∂Ω
(e)
D

Uh, on ∂Ω
(e)
N

(18)

and 



Σ ?
λ = {Qλµ

∂Uh

∂xµ
+Rλ3Uh} − µ[[Uh]]λ, on I(i)

Σ ?
λ = Qλµ

∂Uh

∂xµ
+Rλ3Uh − µ(Uh −U)nλ, on ∂Ω

(e)
D

nλΣ
?
λ = T , on ∂Ω

(e)
N

, (19)

where µ denotes the penalty parameter.
Setting Γ λ ≡ ∂V /∂xλ, and substituting the expression of the numerical fluxes given

in Eqs.(18) and (19), Eqs.(15) and (16) can be combined to obtain the primal form of the
proposed IP dG as follows

BIP(V ,Uh) = RIP(V ,B,T ,U), (20)

where

BIP(V ,Uh) =
∑

e

∫

Ω(e)

∂V ᵀ

∂xλ

(
Qλµ

∂Uh

∂xµ
+Rλ3Uh

)
+ V ᵀ

(
Rᵀ
λ3

∂Uh

∂xλ
+ S33Uh

)
+

−
∑

i

∫

I(i)
[[V ]]ᵀλ

{
Qλµ

∂Uh

∂xµ
+Rλ3Uh

}
+

{
∂V ᵀ

∂xλ
Qλµ + V ᵀRᵀ

µ3

}
[[Uh]]µ+

−
∑

e

∫

∂Ω
(e)
D

nλV
ᵀ

(
Qλµ

∂Uh

∂xµ
+Rλ3Uh

)
+

(
∂V ᵀ

∂xλ
Qλµ + V ᵀRᵀ

µ3

)
Uhnµ+

+
∑

i

∫

I(i)
µ[[V ]]ᵀλ[[Uh]]λ +

∑

e

∫

∂Ω
(e)
D

µV ᵀUh (21)

and

RIP(V ,B,T ,U) =
∑

e

∫

Ω(e)

V ᵀB +
∑

e

∫

∂Ω
(e)
N

V ᵀT+

−
∑

e

∫

∂Ω
(e)
D

(
∂V ᵀ

∂xλ
Qλµ + V ᵀRᵀ

µ3

)
Unµ +

∑

e

∫

∂Ω
(e)
D

µV ᵀU . (22)

8
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(a) (b)

Figure 2: hp-convergence analyses for (a) the FSDT and (b) the ED222 theory.

It is worth noting that the obtained bilinear form BIP(•, •) is symmetric and verifies the
consistency condition, which ensures the Galerkin orthogonality property, i.e.

BIP(V ,U −Uh) = 0, ∀V ∈ VNuh ,

where U is the exact solution of Eqs.(10) and (11).

4 NUMERICAL RESULTS

In this work, the performance of developed formulation is assessed by considering
the composite structure analysed in Ref.[13] and consisting of a two-layer square plate
clamped on all its four edges, which are a = 1 m long. The two layers have thickness
τ 〈1〉 = τ 〈2〉 = 0.05 m and thus the plate has a total thickness τ = 0.1 m. The plate is
referred to a global reference system x1x2x3 located at the center of the plate midplane
such that the plate occupies the volume V = [−a/2, a/2]× [−a/2, a/2]× [−τ/2, τ/2] and
the modeling plane is Ω = [−a/2, a/2]× [−a/2, a/2]. In the following, the layers 〈`〉 = 1
and 〈`〉 = 2 are referred to as the bottom and top layers, respectively. Two cases of
fiber orientation are considered: in the first case, straight fibers are considered and the
bottom and top layers have orientation θ〈1〉 = π/2 and θ〈2〉 = 0, respectively; in the second
case, variable angle fibers are considered and the bottom and top layers have orientation
θ〈1〉(x1, x2) = (π/2)(1−|x1/a|) and θ〈2〉 = (π/2)|x1/a|, respectively. For all the considered
plate theories, a Taylor expansion of the displacement components is assumed, whereas
Legendre polynomials are chosen as test and trial functions.

The hp-convergence of the proposed formulation is investigated by setting the right-
hand side B so that the exact solution of the governing equations given in Eq.(10) has
the expression U exact = U 0 sin (πx1/a) sin (πx2/a), where U 0 is a constant vector with
components equal to 1. The straight-fiber structure is considered in this case and the
properties of the orthotropic material are chosen in an adimensionalized fashion as E11 =
25, E22 = E33 = 1, G23 = 0.2, G12 = G13 = 0.5 and ν23 = ν12 = ν13 = 0.25. The selected
mesh is a Cartesian grid with square elements of size h and the penalty parameter µ is
chosen as µ = 125/h.

Figure (2a) shows the hp-convergence results when the First Shear Deformation The-
ory is selected for the through-the-thickness behavior of the plate. Using the notation
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introduced by Demasi, see e.g. [11], the FSDT is referred to as the ED110 theory where
the E denotes the adoption of the ESL approximation, the D denotes the use of the PVD
and the three subscripts denote the order of approximation for the three components of
displacement. Referring to the same notation, Fig.(2b) shows the hp-convergence results
when the ED222 theory is selected for the through-the-thickness behavior of the plate.
Both figures show the accuracy of the proposed formulation in terms of the effect of the
order p of polynomials as well as the effect of the mesh size h on the error ||Uh−U exact||∞,
which is defined as the maximum value among the components of Uh over Ω.

The proposed formulation is then employed to compute the mechanical response in
terms of displacement field u of the considered structure under the action of uniform
pressure p = −10 kPa over the top surface. It is recalled that u is obtained from the
unknown functions Uh using Eq.(6). In this case, the properties of the considered or-
thotropic material are taken from Ref.[13] and are E11 = 137.9 GPa, E22 = E33 = 8.96
GPa, G23 = 6.21 GPa, G12 = G13 = 7.1 GPa, ν23 = 0.49 and ν12 = ν13 = 0.3.

Figures (3a), (3c) and (3e) show the converged values of the displacement components
u1 and u2 and u3, respectively, evaluated at (x1, x2) = (−a/2,−a/2) as a function of
the through-the-thickness variable x3 for three different selected theories, namely FSDT,
ED222 and ED444, in case of the straight-fiber structure. Similarly, Figs.(3b), (3d) and
(3f) show the displacement components u1 and u2 and u3, respectively, in case of the VAT
structure. Moveover, the figures shows the comparison of the results obtained with the
present dG formulation with those obtained using fourth-order triangular finite elements
and available in Ref.[13] when the ED444 theory is selected. It is worth noting that
the satisfactory level of accuracy shown in the figures is obtained with h = 1/4, i.e. 16
elements, and p = 8 that corresponds to a total number of 19440 degrees of freedom,
which is less than half the number of degrees of freedom using finite elements [13].

5 CONCLUSIONS

In this work, an Interior Penalty discontinuous Galerkin formulation for the mechanical
behaviour of VAT multi-layered composite plates has been presented. The formulation
has been developed starting from the strong form of the governing equations of general
higher-order theories of VAT plates based on the Principle of Virtual Displacement, the
Generalized Unified Formulation and the Equivalent Single Layer Assumption for the be-
havior of the plate assembly. Upon introducing an auxiliary flux variable and suitably
defined average and jump operators, the weak form of the governing equations has been
written within the discontinuous Galerkin framework and, subsequently, the explicit ex-
pressions of the numerical fluxes have defined the proposed Interior Penalty formulation.
The presented numerical results show the accuracy of the method as well as the compu-
tational savings in terms of degrees of freedom with respect to finite element approaches.
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(a) u1 (b) u1

(c) u2 (d) u2

(e) u3 (f) u3

Figure 3: Displacement components evaluated at (x1, x2) = (−a/4,−a/4) and computed
using three different plate theories as a function of the through-the-thickness variable x3.
Figures (a,c,e) refer to the straight-fiber case whereas Figs.(b,d,f) refer to the VAT case.
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