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Abstract. In this study, the analytical investigation using the analytical system coupled with 

hydration model, diffusion-reaction model and crack propagation model were conducted in 

order to validate the size effect of sulfate attack. This analytical system can reconstruct 

hydration process, transformation of liquid-solid phase and manifestation and propagation of 

expansion cracking behavior due to sulfate attack. Using this analysis, the transformation of 

solid phase and expansion crack of mortar specimens, which cross-section area were 10x10, 

20x20 and 40x40 mm, were evaluated in order to clarify the size effect of sulfate attack 

precisely. As a result, this analytical system can evaluate the difference of expansion behavior 

due to cross-section area and visualize stress distribution and expansion cracking behavior in 

cross-section area. Furthermore, it can be said that the size effect of expansion cracking 

behavior due to sulfate attack could be interpreted by the internal constraint due to remaining 

compressive stress. 
 

 

1 INTRODUCTION 

It is well-known that cementitious materials constructed in certain environments including 

sulfate ions chemically react with sulfate ions which either weakens the cement hardened body 

or causes an expansion cracks, or both. These phenomena are generally called by external 

sulfate attack and this deterioration mainly comes from sulfate salt such as gypsum and 

ettringite ([1], [2]). The mechanisms of sulfate attack have been understood and two hypotheses 

were suggested to explain how to generate expansion pressure. The swelling theory proposed 

by Mehta [3] said that expansion pressure can generate as ettringite absorbs water molecule 

which increases the volume of ettringite. On the other hand, the crystallization pressure theory 
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proposed by Wellman et al. [4] and applied to sulfate attack by Flatt and Scherer [5], explains 

the expansibility due to ettringite as process in which after that ettringite becomes 

supersaturated in pore solution and crystallization starts, ettringite crystal grows in a pore and 

expansion pressure generates since it gets in contact with pore wall. Many researchers have 

contributed in order to judge which hypothesis is adequate and consistent with the experimental 

results under several conditions. To date, there is no consensus on which theory is more 

applicable. This further suggests that sulfate attack is a complicated phenomenon that is linked 

to diffusion, reaction (dissolution and precipitation), and mechanics. 

In previous study, the numerical analytical system, which can reconstruct hydration process, 

transformation of solid-liquid phase and manifestation and propagation of expansion cracking 

behavior, is proposed (Miura et al. [6]). This analytical system is composed of a hydration 

model using Computational Cement-Based Material model (CCBM) (Maruyama et al. [7]) that 

can predict the change in solid phase, porosity, and mechanical behaviors due to hydration; a 

diffusion-reaction model that can predict transportation of sulfate ion and transformation of 

solid-liquid phase due to sulfate attack; and RBSM which can evaluate expansion cracking 

behavior. In this paper, we investigate how expansion behavior is influenced by size effect due 

to sulfate attack. 

2 ANALYTICAL MODEL 

The analytical flow of modeling sulfate attack is shown in Figure 1. This analysis is 

composed of CCBM for hydration process, diffusion-reaction model for sulfate attack, and 

RBSM for manifestation and propagation behavior of expansion crack. The complete details of 

these modeling approaches will be shown in the succeeding sections. 

2.1 Cement Hydration Model 

CCBM is one of the cement hydration model proposed by Maruyama et al. [7]. This model 

has been constructed by physical and chemical properties that can influence to the hydration 

process of cementitious material under different relative humidity and temperature based on 

many experimental data. CCBM can predict phase assemblage, porosity, strength of cement 

paste and concrete in a hydration process under several conditions. In this section, the capillary 

porosity, pcap0, is estimated by subtracting gel porosity from total porosity. Indeed, gel porosity 

was defined as the difference between molecular volume of C1.7SH2.5 and C1.7SH4.0. The 

details of the physical properties can be found in Maruyama et al. [7]. 

2.2 Diffusion-Reaction Model 

The authors have proposed diffusion-reaction model for sulfate attack by using finite volume 

method. Intrinsically, all of aluminate phase can be involved into the reaction of ettringite. 

These reaction rate constants, however, are not yet fully understood. In this model, sulfate attack 

is simply described by a reaction rate with regard to the reaction between sulfate ion and 

portlandite because dissolved portlandite involves both precipitation reactions of ettringite and 

gypsum. 

The concise model for sulfate attack is shown in Figure 1. It is assumed that the aluminate 

phase consumed by the reaction of ettringite is only monosulfate. Then, the precipitation 

reaction of ettringite which reacted with sulfate ion, portlandite and monosulfate, and the 
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reaction of gypsum are modeled.  

Ion transfer and consumption with regards to sulfate ion in cement matrix are modeled by 

Equation (1). 
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where, Cliquid, is the concentration of sulfate ion in liquid phase (mol/l); Csolid, is the 

concentration of sulfate ion in solid phase (mol/l); D, is a diffusion coefficient of sulfate ion 

(mm2/sec); and pcem, is the porosity in cement paste (cm3/cm3). 

Based on Garboczi and Bentz [8] study, the influence of the change in pore structure can be 

introduced using Equation (2). 
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where, D0, is the diffusion coefficient of sulfate ion in dilute solution (mm2/sec); and H(x), is 

the Heaviside function (if x>0, H(x)=1, if x≤0, H(x)=0). 

The reaction with sulfate ion and portlandite is defined using Equation (3).  
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where, KCH, is the coefficient value of reaction rate of portlandite (cm3/g/sec); and CHcem, is the 

amount of portlandite in cement paste (g/cm3). 

 

 
Figure 1: Analytical flow 
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2.3 Expansion Pressure Model 

The expansion model is represented such that the expansion strain can generate the 

corresponding amount of ettringite. In addition, it is known that after the supersaturation of 

ettringite, ettringite crystal precipitates in the pore solution and expansion pressure is generated 

whenever the crystal gets into contact with pore wall as mentioned above. Then, the introduced 

time lag in the expansion model which suggests that expansion pressure will begin to generate 

when the ratio of temporal porosity to certain porosity at averaged volume becomes lower than 

threshold porosity ratio named as pTH in reference to Tixier et al. [9, 10] and Ikumi et al. [11]. 

The expansion strain is estimated by the amount of effective ettringite which is able to 

contribute to the expansion pressure derived by subtracting “the temporal amount of ettringite” 

with “the amount of ettringite in cement paste at previous time step” (ETT- ETTpre.) 

 preex ETTETT   (4) 

where, εex, is the expansive strain, α, is the conversion factor of expansive strain (cm3/g); ETT, 

the temporal amount of ettringite in cement paste (g/cm3); ETTpre, the amount of ettringite in 

cement paste at previous time step (g/cm3). 

2.4 Calculation of Porosity 

Porosity should be changed corresponding to the change in solid phase such as portlandite, 

monosulfate, ettrignite, and gypsum. The calculation equation of porosity in cement paste and 

capillary porosity are provided in Equations (5) and (6). In addition, after cracking, in 

calculating the total porosity to compare it with the experimental results, the volume of crack 

has to be considered. Using RBSM, the volume of crack can be calculated from the change in 

crack width and the area of boundary surface of each element as shown in Equation (7). Then, 

the total porosity can be calculated using Equation (8). 

 GYPETTAFmCH0cemcem VVVVpp   (5) 

 GYPETTAFmCH0capcap VVVVpp   (6) 
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where, pcem0 is the initial porosity in cement paste (cm3/cm3); VCH and VAFm are the solid volume 

reduction in cement paste due to consumption of portlandite and monosulfate (cm3/cm3), 

respectively; VETT and VGYP are the solid volume increment due to precipitation of ettringite and 

gypsum (cm3/cm3), respectively; Vcra is the volume ratio of crack to total volume of specimen 

(cm3/cm3); wi is the crack width of ith boundary surface (mm); Ai is the area of ith boundary 

surface (mm); V is the volume of each element(cm3); ptotal is the total porosity in mortar 

(cm3/cm3) ; and Pvol is the coefficient factor of the amount of cement paste. 

2.5 Crack Propagation Analysis 

In this study, expansion cracking behavior is evaluated using three-dimensional RBSM 
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which is one of the discrete analyses proposed by Kawai [12]. Figure 2 shows the voronoi 

particle definition of one RBSM element. The rigid body element is discretized using random 

voronoi mesh. One normal spring and two shear springs are set at integration points defined on 

element’s boundary surface in which numerical constitutive law are introduced allowing the 

evaluation of crack propagation and crack width with a high degree of accuracy. Figure 3 shows 

the material models of mortar. Tensile and compression models, and shear models are set into 

normal springs and shear springs, respectively, where, ft is the tensile strength; E is the elastic 

modulus; Gf is the tensile fracture energy; τ is the shear strength; G is the shear stiffness; and fc
’ 

is the compressive strength. The adopted compression model of normal spring is based on 

Yamamoto et al. [13]. Prior to the analytical investigation, compression test of cylindrical 

specimen is modeled, and compression and tensile strength are evaluated using RBSM in order 

to determine the mechanical properties at mesoscale.  If we attain the mechanical properties of 

experiment, these coefficient values of mechanical properties are then decided in a way that is 

consistent with the compression and tensile test of experiment and analysis. Otherwise, we have 

to define macroscopic mechanical properties from fc
’ calculated by CCBM and the coefficient 

values set based on Yamamoto et al. [13]. 

The expansion strain, introduced at every normal spring as initial strain, is shown in Equation 

(9). This expansion strain should be imposed uniformly to the normal springs set at every 

integration points on the boundary surfaces and is used to calculate by the amount of ettringite 

at the pyramid which consists of the center of element and boundary surface area as will be 

described later. 

exNT    (9) 

where, εT total strain, and εN is the strain of normal spring, respectively. 
 

 
Figure 2: Overview of RBSM 

 

 
(a) tensile response                                (b) shear response 

Figure 3: Stress-strain relationships of mechanical springs 
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2.6 Truss Network Model 

Diffusion-reaction model for sulfate attack and RBSM can be coupled by Truss Network 

Model as proposed by Nakamura et al. [14]. In this model, one-dimensional pipe elements, 

which cannot be influenced mechanically, are set between the center of element and the center 

of boundary surface (Ep1), and between the center of boundary surface and the center of line 

constructing boundary surface (Ep2). This is done in order to describe ion diffusion between the 

element and a crack, and between crack to an adjacent crack as shown in Figure 4. Ep1 

represents ion transfer in element and Ep2 represents ion transfer in crack. Before cracking, 

sulfate ion can transfer into only Ep1. After cracking, sulfate ion can transfer not only in Ep1 but 

also in Ep2 corresponding to a crack width. In addition, the temporal solid phase in each pyramid 

is calculated from temporal sulfate ion content in Ep1. 

 

 
Figure 4: The arrangement of Truss Network Model 

 

3 ANALYTICAL OBJECTIVE AND CONDITION 

In this paper, the expansion behavior due to sulfate attack is verified by comparing the 

experimental results referred from Cheng et al. [15]. The description of the objective 

experimental and analytical condition is explained as below. 

In the objective experiment, the mix proportion of mortars, which were made from mix 

proportion in reference to EN196-1 [16], are shown in Table 1. The mortars were immersed in 

sodium sulfate solution and the mineral composition of cement (CEM I 52.5) is also shown in 

Table 1. The concentrations of sulfate ion were 3 g/L and curing time was 90 days. The 

experimental parameter was cross-section area of specimen, which size were 10x10, 20x20 and 

40x40 mm. 

In our proposed analysis, analytical model was focused on center part of cross section area 

of mortar and was constructed by voronoi element as shown in Figure 5. The cross-section area 

was set to 10x10, 20x20 and 40x40 mm and the average element size was 1.0 mm as shown in 

Figure 5(b). Mix proportion and mineral composition shown in Table 1 were introduced to 

CCBM as input data and the change in phase assemblage, porosity, and fc
’ were predicted. In 

addition, the input data for diffusion-reaction model was a solid phase, and porosity calculated 

by CCBM and diffusion coefficient of sulfate ion is in dilute solution. D0 was set to 2.0x10-9 

m2/s in reference to Lorthenbach et al. [18]. In this study, since the information about the 

expansion cracking behavior and the mechanical characteristics such as fc
’ is not available, the 
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analytical parameters for expansion cracking behavior; KCH, pTH and α were set to 0.01, 0.95 

and 10.0 as expansion cracking behavior at cross-section area was close to the experiment by 

El-Hachem et al. [19] and fc
’ was estimated by CCBM. The macroscopic and mesoscopic 

mechanical properties are shown in Table 2. ft is defined as one-tenth of fc
’. E and Gf were 

estimated using JSCE standard [17]. The coefficient values were used based on Yamamoto et 

al. [13]. 

Table 1: Mineral composition and mix proportion of objective experiment 

CEM I 42.5 
Mineral Composition 

(g/100g) 
EN196-1 [16] 

Mix proportion 

(kg/m3) 

C3S 65.8 W 266 

C2S 16.5 C 483 

C3A 6.6 S 1450 

C4AF 7.2 W/C (%) 0.55 

CaSO3 2.2 S/C (%) 3.0 

 

Table 2: Constitutive law of RBSM 

 Macroscopic 

constitutive law 

Mesoscopic 

constitutive law 

Coefficient factor 

(meso/macro) 
Note 

fc‘ (MPa) 48.15 72.23 1.5 CCBM 

ft (MPa) 4.82 3.86 0.8 0.1fc‘ 

E (GPa) 32.6 45.64 1.4 JSCE [17] 

Gf (N/m) 0.04584 0.02292 0.5 JSCE [17] 

c (MPa) ― 6.74 0.14 f
c
‘ Yamamoto [13] 

 

 
                  (a) specimen size                                                 (b) analytical model 

Figure 5: Analytical model 
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4 ANALYTICAL RESULTS 

The first page has to include the Editorial Heading, as shown in the first page of these 

instructions. Successive pages will include the name of the authors. 

4.1 Phase Assemblage, Porosity and Compressive Strength before Sulfate Attack 

The change in phase assemblage, total porosity, and capillary porosity in mortar and fc
’ due 

to hydration process calculated by CCBM are shown in Figures 6 and 7. 

As shown in Figure 6, in the initial stage, ettringite produced in conjunction with the 

consumption of C3A and gypsum. After gypsum was completely consumed, ettringite decreased 

by the reaction of monosulfate and it completely transformed to monosulfate during few days. 

In addition, the amount of portlandite and C-S-H increased along with time in association with 

the consumption of C3S and C2S. As shown in Figure 7(a), it can be confirmed that the total 

porosity and capillary porosity decreased with time after the curing time was about 0.15 days. 

After 28 days curing, total porosity and capillary porosity were found to be 0.192 and 0.090 

cm3/cm3, respectively. As shown in Figure 7(b), fc
’ increases with time until a curing time of 

about 0.15 days and the increment of fc
’ gradually decreased as well as the porosity. The fc

’ after 

90 days is found to be 48.15 MPa. 

 

 
Figure 6: Phase assemblage                            (a) porosity                          (b) compressive strength 

of hydration process                   Figure 7: The change in porosity and compressive strength 

 

4.2 The Change in Solid-Liquid phase due to Sulfate Attack 

The distribution of gypsum, ettringite and monosulfate in solid phase and sulfate ion in liquid 

phase at the depth from the surface to 5mm of the center of cross-section area after 0, 50 and 

100 days immersion are shown in Figure 8. 

According to transformation of solid phase (Figures 8(a) ~ (c)), it is found that the 

distributions of gypsum, ettringite and monosulfate are very close to each other and these 

tendencies are in independent to the difference of cross-section area. In particular, in case of 

10x10 mm, ettringite and monosulfate are also precipitated at deeper area in comparison to 

20x20 and 40x40 mm cases. As shown in Figure 8(d), it is also confirmed that sulfate ion in 

case of 10x10 mm can penetrate deeper area than the other cases. These differences are 

attributed to that sulfate ion can also penetrate from opposite side surface because of small 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.00E-02 1.00E-01 1.00E+00 1.00E+01 1.00E+02 1.00E+03



Taito Miura, Hikaru Nakamura and Yoshihito Yamamoto 

 9 

cross-section area and transformation of solid phase can be easy to occur in comparison to the 

other cases. In addition, according to sulfate ion distribution, the results of 50 days immersion 

are close to 100 days immersion one. This tendency could be interpreted by that penetrated 

sulfate ion is consumed by transformation of solid phase, especially gypsum precipitation and 

its penetration could be retarded. 

 

 
(a) gypsum         (b) ettringite           (c) monosulfate                   (d) sulfate ion  

Figure 8: The change of transformation of solid phase and sulfate ion 

 

 

 

4.3 Expansion Cracking Behavior 

The change in expansion behavior is shown in Figure 9. Besides, expansion is calculated by 

the deformation in X-axis direction divided by initial width. According to this figure, it is 

clearly found that the expansion is bigger as cross-section area is smaller. These tendencies are 

similar to experimental results [15]. However, the expansion rate is bigger than objective 

experimental results, the final expansion rate in case of 10x10, 20x20 and 40x40 mm cases are 

4.5, 8.5 and 7.0 times of experiment one, respectively. In fact, the definition of expansion of 

analysis is different from experiment. The experimental expansion is calculated by the 

longitudinal deformation but, in analysis, it is calculated by circumferential deformation. In the 

future, we will try to figure out the expansion behavior three-dimensional expansion behavior 

in order to clarify the relationship between expansion behavior and expansion cracking behavior. 

Next, the reason why the size effect of expansion behavior due to sulfate attack will be 

discussed by using stress distribution, deformation and cracking behavior as shown in Figure 

10. In case of 10x10 mm case, the tensile stresses are appeared at surface area and compressive 

stresses are also appeared at inner area of cross-section area after 30 days. As immersion time 

increases, tensile stresses generate at inner area and compressive stresses generate dispersedly 

and both stresses gradually decrease until 120 days. In case of 20x20 and 40x40 mm cases, the 

tensile stresses mainly appear at the surface area and gradually become advanced inward as 

well as 10x10 mm case. On the other hands, the compressive stresses after 120 days are still 

existing at cross-section area. According to cracking distribution, expansion crack after 120 

days reaches to center part of cross-section area in case of 10x10 mm case. However, in case 

of 20x20 and 40x40mm cases, expansion crack remained at near the surface area. These 

differences could influence to the expansion behavior as shown in Figure 9. That is to say, 

when cross-section area is smaller, the compressive stresses at inner area diminish earlier and 

expansion crack is easy to occur because internal constraint become smaller at cross-section 
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area. On the other hands, when cross-section area is bigger, the compressive stresses at inner 

area still remain and expansion crack cannot propagate to inner area comparatively because 

internal constraint still maintains at cross-section area. Thereby, it can be said that the size effect 

of expansion cracking behavior due to sulfate attack could be interpreted by the internal 

constraint due to remaining compressive stress. 

 

 
Figure 9: The change in expansion behavior in X-axis direction 

 

 
Figure 10: The distribution of stress distribution, deformation and  crack width 

5 CONCLUSION 

In this paper, the size effect of expansion cracking behavior due to sulfate attack was 

evaluated by proposed analytical system. As a result, it was found that the change in expansion 

rate of smaller cross-section area became bigger although the area of transformation of solid 

was independent of the difference of cross-section area. Furthermore, according to stress 

distribution and expansion crack distribution, the compressive stresses at inner area diminished 

earlier and expansion crack was easy to occur when cross-section area was smaller. On the other 

hands, when cross-section area was bigger, the compressive stresses at inner area still remained 
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and expansion crack cannot propagate to inner area comparatively because internal constraint 

was still maintained at cross-section area. Therefore, the size effect of expansion cracking 

behavior due to sulfate attack could be interpreted by the internal constraint due to remaining 

compressive stress. 
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