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1 INTRODUCTION
Bending elements, plates and shells, using only out-of-plane translational degrees of

freedom are not new but, so far as we know for shell analysis, with triangular shape only, the
state of the art has been given by Oñate and Zarate in [1]. In the context of sheet-metal
forming analysis, Brunet and Sabourin [2] [3] have proposed an approach to compute the
constant curvature field within each triangle in terms of the six out-of-plane displacements of
the neighbouring nodes. More recently, Sabourin and Fayet [4] have shown the kinematical
aspects of the patch formed by the four triangular elements using the reciprocal screws
formulations. In this paper, the formulation is extended to the 4-node quadrilateral element
and based on the area quadrilateral coordinates interpolation of the rigid body angles in term
of the out-of-plane nodal deflections of the patch surrounding the element and related to the
bending angles along the four sides of the quadrilateral. Since warping modes are possible
modes of deformation, two additional bending angles must be considered along the diagonals
of the quadrilateral. The one-point quadrature is achieved at the center for the membrane
strains with a warping correction. The membrane hourglass control is obtained by the
perturbation or the physical stabilization procedure. Spring-back analysis of a U-shape strip
sheet and the crash simulation of a beam-box complete the demonstration of the bending
capabilities of the proposed rotation-free triangular and quadrilateral elements.

2 ROTATION-FREE TRIANGLE “S3”
Let us consider the triangular element (1,2,3) of Fig. 1 and its immediate neighbours and,

for example, triangle (3,2,5) sharing the boundary 2-3 with the element (1,2,3). After the
rotational angle 1α  for triangle (1,2,3) and 5α  for triangle (3,2,5), the two lines perpendicular
to their respective mid-plane give the point C. The sketching of CH defines the bending
angles 1θ  and 5θ  whose sum is assumed to be equal to 51 α+α  such that:
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Figure 1: Triangular patch, bending and rigid body angles on common side 2-3.

Assuming that { } [ ]{ }wC=α  relates the rigid body rotations to the normal displacements iw ,
this purely kinematical relation can be obtained by several ways. The interpolation by the
triangular area coordinates /AAi  are used here since the extension to the 4-node quadrilateral
with quadrilateral area functions will be straightforward:
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Then the rigid body rotations: )).(( ii nwdgra �

�
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which leads to the bending strains in the local frame:

{ } [ ][ ][ ] { } [ ]{ }wBzwCHRz b δ=δ=δε (4)

where [R] is the transformation matrix between the director cosines of the outward pointing
normals in  and the local x,y in plane coordinates.

3 ROTATION-FREE QUADRANGLE “S4”

1

2

3

4

A

AA

A
P

x

y

n
t n

nn

t

t

t

1

2

4

11

2

233

3

4

4 w
x

y
z

1
2

3
4

5

6
7

8

9
10

11
12

1

2

3
4

5

6
7

8

9

10
11

12 w

w w

w
w

w

w

w

w

w
w

Figure 2: Projected in-plane areas and quadrilateral patch..
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If it is noted that 4
n
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n ,,, εεεε  are the normal strains at any depth z at the mid-point of the

sides joining (2-3),(3-4),(4-1) and (1-2) respectively, it is assumed for example that:
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where m,k,j,iα  means the rotational angle α at mid-side (i-j) for the quadrilateral (i,j,k,m). j,ih
is the corresponding height from node i to side (j) where (1)=(2-3), (2)=(3-4), (3)=(4-1) and
(4)=(1-2). Since quadrilateral may undergoes warping kinematic modes of deformation,
additional bending strains must be taken account in the quadrilateral to avoid singular
stiffness matrix. A possible way to achieve this requirement is to consider the normal bending
strains along the two diagonals named (5)=(2-4) and (6)=(3-1) such that for example:
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where k,j,iα  is the rotational angle α along diagonal (i-j) for the internal triangle
(i,j,k), kh being the height from node k to diagonal (i-j).
Applying as for the triangular element: )).(( ii nwdgra �
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of { } [ ]{ }wC=α  and then the local [B] bending matrix as: [ ]
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b CHRB = . The one point

quadrature is achieved at the centred local frame for the membrane strains using the
perturbation or the physical stabilisation procedures and the necessary warping corrections.

4 NUMERICAL EXAMPLES

4.1 Springback analysis:

Figure 3: Mesh size sensitivity with conventional assumed stain element on the left and with rotation-free shell
elements on the right.

This U-bending test was used as a benchmark problem for NUMISHEET’93 [2] to
compare various FEM codes. On Fig. (3), the example shows the great mesh size sensitivity
of conventional assumed strain 4-node shell elements which is not the case for the rotation-
free elements. The mesh size sensitivity is mainly due to the rotational d.o.f. because they are
not controlled by the contact algorithms.



M. Brunet, F. Sabourin.

4

4.2 Crash of a box beam:
The rotation-free element “S3” has been implemented in the commercial explicit code

“RADIOSS” of MECALOG (France) under the name “S3N6” and has been compared to two
other 3-node triangles: “DKT18” for Discrete Kirchhoff Triangle and “T3C0” for the
Belytschko-Tsay triangular element. A box beam of rectangular cross section is impacted by
an infinite mass with a constant velocity of 1.27 m/s:

DKT18 T3C0 S3N6

Figure 4: Normal force in the impacting rigid-wall versus displacement (3x3 mm mesh size)
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