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Summary. This article presents the model used in the development of θ-STOCK program for 
application on the problem of oil flow through porous media and briefly acquaints readers 
with verification and application of the modified program on complex scenarios of light oil 
flow through funicular(continuous capillary) zone of unsaturated soils in subsurface aquifers. 

 
 
1 INTRODUCTION 

Mechanics of unsaturated soils is a fast growing area of research in soil mechanics which 
has its application in many allied fields of engineering such as geotechnical, water resources, 
environmental, and petroleum engineering1,2,3. These fields have one of their interfaces in the 
subject of contaminant flow through porous media. Taking a brief look at the prior attempts in 
this area shows a great deal of evolution in the phases which have been taken into account and 
the methods dealing with their consideration, yet little are those considering the effect of heat 
alteration and soil structure deformation on the subject of multi-phase flow in unsaturated 
underground aquifers. The THCM model introduced in the present paper is implemented in 
the θ-STOCK program as a development of the prior THM model4,5,6,7,8 whose governing 
equations are fully coupled with each other by the use of state surfaces concept. The 
formulation of state surfaces of void ratio (VRSS1) and degree of saturation (DSSS2) have 
been presented by Gatmiri4,5 for gas-water interface on the basis of experimental researches in 
CERMES. Based on water retention curves (WRCs) presented for NAPL-water interfaces9, 
the DSSS formulation has been modified and extended by Tayebi and Gatmiri1,2,3 in the new 
THCM model. Another major issue to deal with in deformable porous media is the non-
linearity of the elastic deformable soil which is considered here by the employment of 
Kondner-Duncan (hyperbolic) model4. For the sake of brevity of the text, the literature review 
is omitted from here and addressed to prior works of the authors 3,4,5,7,8.  
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2 THE PROPOSED MODEL AND SOLUTION 

Governing equations of our THCM model consist of first (equilibrium and flow equations) 
and second (constitutive and conservation equations) thermodynamic laws written for three 
phases of soil particles, water, oil (NAPL), and the term of heating. These equations are 
presented in Table 1 in which inadequacy of equations versus unknowns is obvious 1,3. 
Indeed, this set of equations is not complete without the equations of state which are given in 
Table 2 as well as secondary equations 3. These set of equations are solved by means of finite 
element method. Bubnov-Galerkin integral forms of field equations are used for spatial and 
temporal discretized matrix form of the equilibrium equations, and implicit integration 
scheme is used in time to consider their non-linearity. The algorithm of θ-STOCK which is 
based on the current THCM model is shown in Figure 1 in which the shaded areas are 
modules which have been developed, modified, or added to the prior THM-based code to 
solve the new THCM model3,7. The suffix of AXI shows the modules used for axi-symmetric 
analysis which is not used for integration of the THCM model in the code of θ-STOCK. The 
code is prepared for plain-strain analysis. More details for the STIFF subroutine which 
calculates the stiffness matrix is presented in the top-right part of Figure 1. The subroutines in 
which VRSS and DSSS are calculated are STATEVT and STATEST, respectively, whose 
formulation for our THCM model is presented in the last two rows of Table 2.  
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Energy conservation law  div Q 0
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Heat flow  pw w pn n 0Q T C U C V T T            1 1 

Total number of equations and unknowns for the main governing equations: 12 26 
a The number of underlines shows the dimension of each parameter (one for vectors; two for matrices). 
b The number of caps above each parameter shows the number of associated unknowns to it. 
c Unknowns of stress tensor are: σ11, σ13, σ33 ,and σ22. 
d Unknowns of strain tensor, under plain strain situation, are: ε11 ,ε13 ,and ε33. 

Table 1:   Summary of the equations and unknowns of the main governing equations 

 
The new equations of state, whose compatibility with the code has been approved in prior 

works, are the key in coupling different phases’ responses with each other. How this process 
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works is partly presented in Figure 2. As it is shown in Figure 2(c), hydraulic conductivity of the 
medium with regard to water and oil is a function of void spaces, temperature, and degree of 
saturation. On the other hand, the concept of state surfaces which is presented in Figures 2(a) and 
2(b) will connect the mechanical, hydraulic, chemical, and thermal domains with each other as it 
is shown in Figures 2(d) and 2(e) in which hydraulic responses of water and the chemical phase 
are also a function of mechanical (stress-deformation) state of soil. A comprehensive discussion 
on this issue is presented in prior works 1,2. 
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Total number of equations and unknowns for the complementary governing equations: 45 31 
Total number of equations and unknowns in the governing equations of the THCM model: 57 57 
a The equations are separated by semicolons in each row. 
b The number of caps above each parameter shows the number of associated unknowns to it. 
c σα= σx, σy, τα= τxy, τyx, and α is the angle between horizontal or vertical plains with the principal stress plains. 

Table 2:   Summary of the equations and unknowns of the secondary governing equations 
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Figure 1: Global flowchart of θ-STOCK FE Code and its stiffness matrix algorithm in plain strain module 
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Figure 2: Fully coupled behavior of porous media via VRSS and DSSS concepts; (a) VRSS, (b) DSSS,                     
(c) hydraulic conductivity (relative permeability) with regard to water and oil,                                                      

(d) water permeability as a function of net stress as well as in (e) for oil permeability 
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3 JUSTIFICATION 

Verification of the program in modeling the THM behavior of the medium, exposed in 
previous works of Gatmiri4,5,6,7,8 , is widely accepted. To justify the results of the code for 
oil flow, a comparison between the solution of Lewis and Rahman9 with the results of the 
present model is performed. Figure 3 shows the geometry, initial conditions, and boundary 
restrictions of the problem defined by Lewis and Rahman. The WRC (Water Retention 
Curve) and relative permeability functions for both models are presented in Figure 4. Finally, 
Figure 5 shows less than 10 percent difference between the results of the present THCM 
model and Lewis-Rahman’s, which leads us to apply the THCM model on new problems.  
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Figure 3: Geometry, initial conditions, and boundary restrictions of the verification problem 
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Figure 4: Calibration of input data; (a) DSSS and WRC, (b) relative permeability of oil and water 
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Figure 5: Comparison of NAPL concentration results of current model with Lewis-Rahman’s ; after                  
(a) 1000 seconds, (b) 3.17 years  
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4 APPLICATION 

The geometry of the medium along with its initial and boundary conditions are depicted in 
Figure 6. From the middle-top part of the medium (BC), kerosene, a thin oil product widely 
used in airplane jet engines, which is among LNAPLs (Lighter than water NAPLs) is under 
constant pressure to enter the medium, whereas beneath the leakage source a quite 
impermeable lens (GHIJ) is placed. The problem is solved for two scenarios of multi-phase 
flow: the first scenario is for isothermal condition (Case 1), and the second scenario will be 
for non-isothermal situation (Case 2) in which the medium is under heating from a core 
(KLMN) in the middle of the impermeable zone. More details could be followed in Figure 6.  
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Figure 6: Geometry, initial conditions, and boundary restrictions                                                                    

in simulation of isothermal (Case 1) and non-isothermal (Case 2) oil-water flow through deformable soil 

4.1 Results and Discussions 

Figure 7 presents the results for both scenarios as pollutant degree of saturation contours in 
different times. Figures 7(a) to 7(c) show the results for the first scenario, and Figures 7(d) to 
7(f) present the results for the second scenario. As temperature increase approaches the 
contaminant dissipation front, a recess occurs in NAPL flow which is apparent in Figure 7(e). 
As time passes, the difference between two scenarios increases until the medium and leakage 
source are disconnected from each other, shown in Figure 7(f) in which the remaining NAPL 
is pulled to the left side of the medium.  

Figure 8 depicts the temperature isopleths at the end of simulation. To show how complex 
the interactions in THCM behavior modeling are, Figures 9(a) and 9(b) are presented. Figure 
9(a) shows the changes of water and oil conductivity through time for each case, all together. 
The compatibility in rises and falls of each phase’s conductivity puts on view one of the main 
concepts of our THCM model which directly will affect dispersion of each phase’s 
concentration through the porous medium., Figure 9(b) displays the changes of NAPL 
saturation over time for both cases along with the changes of temperature. 
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Figure 7: Oil concentration contours at different times for (a,b,c) isothermal (Case 1) , and (d,e,f) non-isothermal 

conditions (Case 2) 
 
Figure 9(b) shows the involvement of stress and temperature states in the hydraulic 

response of the medium by influencing the permeability of the medium with regard to both 
water and NAPL. Once heat loading approaches the oil dissipation front, the rate of 
contamination decreases until the connection between oil leakage source and the medium is 
jammed with dominance of water in such zones. Both sensitivity of heat flow to hydraulic 
response of the media and insensitivity of heat flow to mechanical domains are exposed in 
prior applications of the program 1,2,3. 
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Figure 8: Heat distribution in the medium at the end of simulation time 
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Figure 9: Results of θ-STOCK application for (a) hydraulic conductivity, and (b) oil concentration versus time 

5 CONCLUSIONS 

 The algorithm of θ-STOCK and its developed THM model to new fully coupled 
THCM model are presented in detail along with the concept of state surfaces. 

 Comparison between the present THCM model and other verified models show great 
agreement between the results. 

 Application of the proposed THCM model on new scenarios of thermal oil flow 
through deformable porous media approves the unique capability of the current model 
in simulation of NAPL transfer within funicular zone of oil contaminated aquifers. 
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